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This book is the result of actual class- 
room use and successfully covers that 
important middle ground between 
basic mathematics and the sophisti- 
cated topics associated with modern 
electronics. 


Abstractions are minimized. As each 
new principle is introduced, its appli- 
cation is discussed and carefully-pre- 
pared illustrative examples are pre- 
sented. 


Starting with such fundamentals as 
significant figures and basic slide rule 
operations, the text includes functions, 
trigonometry, complex algebra, ma- 
trix algebra, the mathematics of two- 
port networks, Boolean algebra and 
the mechanization of logic. The last 
three chapters form a complete self- 
study course on the implementation 
of digital computer hardware. 


Among the Features 


° Bridges the gap between pure 
mathematics and applications 


® Provides abundant realistic exam- 
ples and meaningful practice ex- 
ercises 
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Several years ago, when we were first approached to teach 
applied mathematics, we spent a considerable amount of time 
in search of a suitable text. We were eventually forced to con- 
clude that such a text was simply not available, and we therefore 
resorted to information sheets as supplements to our lectures. 
This book is a direct outgrowth of these information sheets. 

We have found the practice of teaching pure mathematics 
to engineering students, without regard for its applications, 
to be largely a waste of time. The gap between the mathematics 
and its applications is sizable, and we find it most unreasonable 
to expect the average student to bridge that gap without assis- 
tance. More often than not, such methods lead to poor student 
attitude, as well as a failure of the student to understand what 
mathematics can do for him as a tool for problem-solving or 
asa method of thought. 

We therefore propose that mathematics be taught in a 
carefully integrated program. As each new principle is intro- 
duced, we discuss its applications. We follow proven teaching 
practices: teach a little, provide examples, and follow-up with 
exercises and problems that are meaningful to the student. 
We assume a knowledge of elementary electricity and elec- 
tronics, as well as the completion of high school mathematics. 

Now a word about the contents of our book. Chapter 1 
deals with fundamental ideas—electrical units, powers of ten, 
commonly-used prefixes, significant figures. Chapters 2 and 3 
are essentially a review of high school algebra. We discuss 
functions, linear and quadratic equations, and some electronic 
applications of these ideas. Also in Chapter 3, we discuss 
electrical dimensions and dimensional analysis of equations. 

We feel that a thorough grasp of systems of linear equations 
is necessary for the student of electronics. Thus, in Chapter 4, 
we cover simultaneous equations and their solution by means 
of determinants. We put this theory to use in Chapter 5; here 
we discuss the analysis of electrical networks by mesh and 
nodal methods. 

Chapter 6 is concerned with trigonometry. In it, we cover 
a large part of the usual college introductory course, placing 
heavy emphasis on applications. Electronic topics include: 
A-C generators, impedance and admittance triangles, power 
and power factor, phase and phase measurement, and amplitude 
modulation. 

A mathematical idea of paramount importance in electronics, 
yet one which is poorly understood by many students, is that 
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of complex numbers and the j operator. In Chapter 7, we give 
a detailed study of complex algebra and its application to A-C 
theory. 

In Chapter 8, we discuss common and natural logarithms, 
and exponential functions. This mathematics is applied to a 
study of the decibel, electrical transients, and the uses of loga- 
rithmic graph paper (a topic which is rarely mentioned in 
electronic texts). To conclude the chapter, we introduce the 
exponential notation for complex numbers, e” and advanced 
applications are mentioned. 

We return to linear equations in Chapter 9, this time using 
matrix notation. The basic operations of matrix algebra are 
discussed. Its application to electronics is becoming more 
important, and we feel it is desirable that the student be intro- 
duced to these ideas since many texts and periodicals use this 
form, especially in connection with transistor theory. 

Chapter 10 deals with impedance, admittance, hybrid and 
ABCD parameters. We make extensive use of matrix algebra 
and transistor design is briefly discussed. In Chapter 11, em- 
phasis is placed on those aspects of calculus that we feel are 
most useful to the emerging technologist. Here, we have tried 
to avoid the more artificial problems that are generally encoun- 
tered in applied calculus texts. The chapter includes a detailed 
discussion of the effects of differentiating and integrating 
various waveforms and a look at instruments such as the 
“ball-and-disc” integrator. 

Chapters 12, 13, and 14 make up a self-contained course 
in the theory and applications of switching algebra and logic. 
Beginning with the basic concepts of numbering systems, we 
proceed through to the mechanization of logic functions using 
all NAND or all Nor gates. 

In conclusion, we wish to express our thanks to Mr. F. C. 
Jorgenson, Principal of the Southern Alberta Institute of 
Technology, and Mr. K. M. Watt, Electronics Department 
Head, for helping to create the atmosphere that made this book 
possible. Our thanks to Mr. Carl Werbisky, Electronics In- 
structor, who critically read portions of the manuscript. To 
our wives, our very special thanks for their understanding and 
their patience. 


JOHN H. WESTLAKE / GORDON E. NODEN 


During the course of your studies in electronics technology, 
you may find occasion to question the value of some of the 
subjects that you are expected to master. It is often difficult to 
appreciate why you should be concerned with this or that theory 
when, after all, you expect to work at a bench with a soldering 
iron in one hand and a schematic diagram in the other. 

It is not likely that anyone will argue against the development 
of sound manipulative skills in an electronics training program. 
A piece of electronic equipment can be worse than useless if 
cold solder joints are the rule rather than the exception. But 
what of some of the “fringe” areas? Is English necessary? 
Or mathematics? Or physics? And why the seemingly endless 
line of lab reports that cut so deeply into the spare hours? 

If your employer assigns you the task of preparing a section 
or two of a technical proposal, will you still believe that the 
time you spent studying English was wasted? If your supervisor 
asks you to evaluate a number of oscilloscopes so that a decision 
might be taken regarding which is to be purchased, will you 
subconsciously use the very same report techniques that you 
complained about having to learn? 

And is it possible—or even likely—that all the mathematics 
you learn will be useful in your job? There is no answer to this 
one. The job requirements of electronics technology are almost 
as varied as fingerprints. But one thing is certainly true—some 
mathematics must be “over-learned” by the electronics student. 
Some topics fall into the “should know” category, while still 
others are of the “could know” variety. Which is which depends 
largely upon your plans for the future. There are times, too, 
when you will be exposed to mathematical treatments that 
are intended solely to help you to understand certain physical 
phenomena. Here, the better your understanding of the math, 
the more readily you will be able to predict the performance of 
certain electronics components. 

Unfortunately, there is no shortcut to the learning of mathe- 
matics. It is a subject that can only be mastered by actual 
participation with a reasonable attitude. It’s much like learning 
to swim: you can spend a good deal of time reading about it, 
in the belief that you are “studying,” but how much good 
will this do you if you are aboard a ship that is about to capsize? 
No matter how many people stand on the shore shouting “good 
luck,” your future depends entirely upon yourself. 

So we won’t stand around and wish you luck as you begin 
your work. The sight is far too appalling if you decide to give 
up. But remember that your instructors are standing by and 
are more than willing to help you—you need only ask. 
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_ Before we begin to apply mathematics to 
specific areas of interest in electronics 
technology, we must firmly establish cer- 
tain basic operations and techniques in 
the mind of the student. While these 
“ground rules” are more or less applicable 
to all technological disciplines, they must 
be overlearned by electronics students in 
the same sense that the students have pre- 
viously overlearned the alphabet. The 
reader is therefore encouraged to consider 
the topics in this chapter as “must know” 
material. 


BASIC 
OPERATIONS 


1. Significant Figures 


(1.1) Measurement Units and Accuracy 


Whenever we measure (as opposed to count) something, the accuracy of the 
measuring device will determine the unit of the measurement. If, for example, 
we measure a length using a tape having graduations every inch, then the 
unit of the measurement is | in. If we use a tape having graduations every 
half inch, then the unit of the measurement is 4 in. A tape graduated every 
tenth of an inch can be used to make measurements to the closest 0.1 in., so 
the unit associated with this particular tape is 0.1 in. The unit of any meas- 
urement, then, is a statement of the accuracy of the measuring device. 


Exercises 1-1.1 


What unit is associated with each of the following measurements ? 


1. 23 ft 5. 15.6 V 
2. 23.3 ft 6. 230 V 

3, 23.33 ft 7. 34-3, in. 
4, 23.333 ft 8. 0.007 A 


(1.2) Approximate Numbers and Their Significance 


If we make an accurate count of the students in a class, it is not likely that 
anyone will dispute the exactness of our answer. If there are 17 students, 
then the 17 is an exact number—not an approximation. 

On the other hand, suppose we are called upon to measure the length 
of a desk. Can we arrive at an exact answer? Let us assume that we attack 
the problem armed with six increasingly accurate measuring instruments, 
and the results that we obtain are as tabulated below. 


Unit of Measure Measurement 


ik 1in. 23 in. (Because the edge of the desk is closer 
to 23 in. than it is to 22 in. or 24 in.) 

De 0.1 in. 23.3 in. (The exact value is somewhere between 
23.25 in. and 23.35 in.) 

Se 0.01 in. 23.28 in. (The exact value is somewhere between 


23.275 in. and 23.285 in.) 
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Unit of Measure Measurement 


4. 0.001 in. ASOT Ia, (The exact value is somewhere between 
23.2765 in. and 23.2775 in.) 

5). 0.0001 in. 23.2768 in. (The exact value is somewhere between 
23.27675 in. and 23.27685 in.) 

6. 0.00001 in. 23.27683 in. (The exact value is somewhere between 


23.276825 in. and 23.276835 in.) 


As the unit of measure gets smaller, the closer we get to the exact answer— 
but we will never reach the exact value, no matter how accurate the instrument. 
Therefore, the result of any measurement is approximate, and because 
measurements are extremely important in electronics technology, we must 
learn to treat approximate numbers with the respect they deserve. To do 
this, we must first recognize that some digits in an approximate number 
are more significant than others. In the first measurement above, the 2 is 
more significant than the 3 because it tells us for sure that the value we seek 
is in the 20’s. The 3 tells us only that the answer is somewhere between 22.5 
in. and 23.5 in. So here the most significant digit (MSD) is 2, and the least 
significant digit (LSD) is 3. In measurement number 3, the MSD is 2 and 
the LSD is 8; and so on. 

All of the digits that represent a measurement are significant provided 
the capability of the measuring instrument is not exceeded. For practical 
purposes, we can say that all digits except the least significant are exact, 
and the LSD is an approximation that is in error by no more than half a 
measurement unit. 

If zeros appear in a measurement, they are only significant if they are 
between two other digits, or if they are valid at the end of a number by 
virtue of the unit of measurement. For example, the zeros in the numbers 
0015 and 0.0049 are not significant, while those in the number 1006 are 
significant. If a measurement is specified as, say, 570 ft, the zero is significant 
if the unit of measure is 1 ft, but it is not significant if the unit of measure 
is 10 ft. In the latter case, the number has two significant figures with the 
7 being the least significant. 

To summarize, consider the following examples of the significance of 
numbers that have been generated by specific measurements. 


16.3 has three significant figures. 


16.30 has four significant figures if the zero is consistent 
with the accuracy of the measuring device. It is 
common practice to include the final zero to the 
right of the decimal point only if it is significant. 


0.1300 has four significant figures, because the presence 
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0.0019 
10.0019 
0038.67 
2370 


1,200,000 


1,200,000.7 


Exercises 1-1.2 


of the zeros implies that the measurement was made 
with some device accurate to four decimal places. 


has two significant figures. 
has six significant figures. 
has four significant figures. 


has three or four significant figures, depending 
upon the accuracy of the measurement. Here, it is 
common practice to assume three significant figures 
unless one has reason to believe that the zero is 
significant. If the number has been rounded off 
from, say, 2368, then the zero is definitely not 
significant. 


has two significant figures unless any or all of the 
zeros are specifically mentioned as being significant. 
If the number is the result of a rounding off to the 
closest 100,000, then the zeros are not significant. 


has eight significant figures. 


How many significant figures are there in each of the following measurements ? 


12,76 

2. 10.30 ft 
3. 0072.81 V 
4. 100 V 

5. 101 V 


6. 100.0 V 11. 366,004 0 

7. 0.066 A 12. 1 million 

8. 0.000150 A 13. 937,006.002 

9. 17,000 O 14. 0.00000011 F 
10. 17,000.0 O 15. 0.000000110 F 


(1.3) Arithmetic with Approximate Numbers 


When we add, subtract, multiply, or divide numbers that have been gen- 
erated by measurements, we must be careful to preserve the proper signifi- 
cance in the result. For example, multiplying 3.7 by 1.6 will produce 
5.92—and this implies a greater accuracy in the result than can be justified 
by the measurements themselves. We have generated three significant figures 
in the result, when each of the measurements contains only two significant 
figures. This “creation” of significant figures is a mistake that is often made 
in the manipulation of measurements. 

When rounding off numbers to preserve the required significant figures, 
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the usual approach is to increase the preceding digit by one if the digit to be 
dropped is five or larger, and to leave the preceding digit unchanged if the 
digit to be dropped is less than five. If a number of related measurements 
are taken, for instance, to determine an average, then the accepted practice 
is to increase a digit preceding a dropped five if it is odd, and leave it un- 
changed if it is even (e.g., 12.5 becomes 12, and 13.5 becomes 14). This 
procedure reduces the possibility of accumulating an error over a number 
of related measurements. 

When approximate numbers are multiplied or divided by other approximate 
numbers, the result must not contain more significant figures than the parti- 
cipating number having the fewest significant figures. 

In Examples | through 11, all numbers are approximate. 


EXAMPLE 1. Multiply 13.2 by 12. 


Solution. 
ee oc? = 158.4 


The number having the fewest significant figures is 12, so the product should 
not contain more than two significant figures. Therefore, the product 158.4 
should be rounded off to 160. Hence, 


[32a 12-3160. 
(The symbol = means “approximately equal ts) 


EXAMPLE 2. Multiply 0.0161 by 5.5. 


Solution. 
0.0161 x 5.5 = 0.008855 

Rounding off to two significant figures produces 0.0089; so 
0.0161 x 5.5 = 0.0089. 


EXAMPLE 3. Multiply 10.002 by 7.30. 


Solution. 
10.002 x 7.30 = 73.01460 

Rounding off to three significant figures produces 73.0; S80 
10.002 x 7.30 = 73.0. 


EXAMPLE 4. Multiply 3.090 by 4.500. 
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Solution. 
3.090 x 4.500 = 13.9050 

Rounding off to four significant figures produces 13.91, so 
3.090 x 4.500 = 13.91. 


EXAMPLE 5. Divide 137.6 by 1.2. 
Solution. 
137.6 ~ 1.2 = 114.666 --- 
Rounding off the quotient to two significant figures, we obtain 
137.6 ~ 1.2 = 110. 
EXAMPLE 6. Divide 0.37 by 0.002. 
Solution. 
0.37 + 0.002 = 185 
Rounding off the quotient to one significant figure, we obtain 200; so 


0.37 + 0.002 = 200. 


When approximate numbers are to be added or subtracted, all participating 
numbers must be rounded off to the same measurement unit before the opera- 
tion is carried out. Because we cannot create significant zeros, numbers 
are rounded off as necessary, so that none has a smaller unit than the par- 
ticipating number having the largest unit. 

EXAMPLE 7. 10.013 + 15.3 + 21.76. 


Solution. In this group of numbers, 15.3 has the largest measurement unit. 
So, before the operation is carried out, 10.013 is rounded off to 10.0, and 
21.76 is rounded off to 21.8. We then obtain 


10.0 + 15.3 + 21.8 = 47:1 
or 


10.013 + 15.3 + 21.76 = 47.1. 


EXAMPLE 8. 317 + 18.68 + 9.09 + 7.6. 


Solution. Here, 317 has the largest measurement unit, so 18.68 is rounded 
off to 19, 9.09 is rounded off to 9, and 7.6 is rounded off to 8. We then obtain 
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or 


317+ 19 +948 = 353 


317 + 18.68 + 9.09 + 7.6 = 353. 


EXAMPLE 9. 662.3 — 11.77. 


Solution. Here, 11.77 is rounded off to 11.8, because the smallest acceptable 


unit is tenths. The difference, then, is 


Or 


662.3 — 11.8 = 650.5 


662.3 — 11.77 = 650.5. 


EXAMPLE 10. 138.07 — 16. 
Solution. Here, 138.07 is rounded off to 138, and 138 — 16 = 122, or 


138.07.—.16 = 122. 


EXAMPLE 11. 97.30 — 4.6863. 
Solution. Here, 4.6863 is rounded off to 4.69, and 97.30 — 4.69 = 92.61, or 


97.30 — 4.6863 = 92.61. 


Exercises 1-1.3 


Carry out the following arithmetic operations. All numbers are approximate. 


iM 


os ean Ana FF WH WN 


=" 
i—) 


Sie 185 


» 6.03 x9.1 

. 1200 x 6.04 
wl0:60 <.3.3 

. 0.0381 x 0.0002 
. 1065 + 131 

» 8.31 + 0.22 
0900 73.5 

» 900.0 + 3.50 
as 6 2.88 


11. 
12. 
13. 
14. 
i bsp 
16. 
17. 
18. 
19. 
20. 


1091.5 + 37 + 151.06 

37.05 -F Zeb br 19,00 

28.33 + 17.8 + 2.006 

366 + 0.21 + 0.66 

1300 + 1290 + 88 

0.0027 + 0.018 + 0.0006 
13:15)-= 6.6-- 12.017— 5.80 
996.2 — 274 

307.19 — 216.00 

0.0077 — 0.000388 
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Pap Standard Notation 


In scientific work we are often expected to manipulate extremely cumbersome 
numbers. For example, it is a routine requirement to multiply a frequency 
of, say, 3,789,000,000 Hz by a capacity of, say, 0.000000055 farads. The use 
of standard notation makes such numbers relatively easy to manipulate 
and reduces the possibility of error in computation, especially when a slide 
rule is used. 

The idea is quite a simple one: we express a number as a product of a 
number between 1 and 10 and a power of ten. For example, in standard 
notation, 3,789,000,000 Hz is expressed as 3.789 x 10° Hz, and 0.000000055 
farads is expressed as 5.5 x 107° F. 

To write a given number in standard notation, we first write the most 
significant digit, then place a decimal point followed by the remaining signi- 
ficant digits. We then count the number of decimal places that we moved 
the original decimal point, and this amount becomes the power of ten in the 
multiplier. If we moved the original decimal point to the left, the power of 
ten is positive, and if we moved it to the right, the power of ten is negative. 
Some examples should clarify the procedure. 


EXAMPLES. Express the given numbers in standard notation. 


(tales 23S LO, (9) 720,338.6.—= 7:2033860 218 
(2)20.68:== 6. Se qulOke (10) 0.0000184 = 1.84 x 107° 

(3) 358.6 = 3.586 x 10? (11) 2,174,380 = 2.17438 x 10° 
(4) 0.055 ='5.5 x 10°? (12) 0.00000655°= 6.55 31055 

(5) 4572.6 = 4.5726 x 10° (13)°15200,000:-S" 122" 10% 
(6)70.0091 109 al 0G* (14) 0.0000000038 = 3.8 x 10°° 
(7) 52,866 = 5.2866 x 10¢ (15) -13,770,000,000 = 1.377105 


(8) 0.000337 = 3.37 x 107 


Exercises 1-2 


Express each of the following numbers in standard notation. 


110775 5. 54,330 
2. 0.56 6. 0.00058 
Se 06.) 7. 10,500,000 
4. 0.0277 8. 0.00000801 
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9. 337,680,000,000 14. 0.13 x 10-° 


10. 0.000000000044 155331". 10 

1150 11.3,<010° 16. 0.0001317 x 108 
12. 1.66 17. 6,522,000 x 107? 
134:22:6 010+ 18. 0.000015 x 10-4 
3. Manipulation of Powers of Ten 


More often than not, the solution of a scientific problem requires the injec- 
tion of the proper numbers into the correct formula and then “turning the 
crank” until the answer evolves. A good working knowledge of how to 
handle powers of ten makes the “cranking” process much less tedious and 
time consuming. 

Our discussion will not be restricted to standard notation (in which there 
is one digit to the left of the decimal point), because it is often faster and 
more intuitive if the power of ten is chosen first, letting the decimal point 
fall where it may. 

Let us first examine the addition and subtraction of numbers expressed 
with a power-of-ten multiplier. Here, we may have to scale the numbers so 
that the addend, augend, and sum (or the minuend, subtrahend, and dif- 
ference) all have the same power of ten in their multipliers. For example, 
we can add 3.3 x 10? to 1.6 x 10? without prior scaling because the powers 
of ten are the same. Here, we obtain the sum 4.9 x 10”. 

But suppose we must add 38.6 x 10° to 27.71 x 10*. Here, we must scale 
one number or the other to bring about like powers of ten. Either number 
can be scaled to conform to the other as follows: 


iia 1Ot 2 Exel O: 386.410 == 23 86 10% 
+ 38.6 x 10° + 27.71 x 10¢ 
Sid OO; Sie. xe LOf 


Alternatively, we can extend the numbers to exclude the powers of ten, 
then carry out an ordinary addition. That is, 


38.6 x 10° can be extended to 38,600, 
27.71 x 104 can be extended to 277,100. 


The extended numbers can then be added to produce 315,700. 

Precisely the same approach is taken in subtraction, in that the minuend 
and subtrahend must include like powers of ten before the operation is 
carried out. 
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To multiply numbers expressed with power-of-ten multipliers, we first 
extract the powers of ten, then multiply, then re-insert a multiplier whose 
power of ten is the swm of the original powers. For example, let us multiply 
3.7 x 10* by 1.1 x 10°. Here we multiply 3.7 by 1.1, obtaining 4.07 (= 4.1). 
Then we sum the original powers of ten (4 + 2) to obtain the power of ten 
(6) needed in the product multiplier. In other words, 


(3.7 x 10*)\ 1.1 x 10") = 3.7 « LT 10" x10? = 4.07 ee 
== 4.07 510° (= 4.1 x 109). 

If one (or more) of the powers of ten is (are) negative, we take the sum 
of the powers with the proper regard for sign, as shown in the following 
examples: 

(32x08 41057) 15 108s? 
Sela LO (a1 2 105) 
C726 1012 a1 0) 9 2a 02 
SARI. I (= 91x 102); 
(2451 0m? (165 lO 2 en 84 nl Ona 
= 384 x 10-7 (= 380 x 10°’). 

To accommodate division, we can move a power of ten (or any number 
raised to a power) from the denominator to the numerator or from the 
numerator to the denominator, provided we change the sign of the power 
in the process. This is just another way of saying that we subtract the power 


of ten associated with the divisor from the power of ten associated with the 
dividend. For example, let us divide 24 x 104 by8 x 102. This can be written: 


24x 10* 24 «& 10*-x 10°72) 24 


cork Oy 2 
3c 10? 8 a Ca omee See Ky: 


Again if one (or more) of the powers is (are) negative, we must take the 
difference of the powers with the proper regard for sign, as shown in the 
following examples: 


36 x 10° 36 


12 <x 102 = 12 x Ci at = 5.0 x vee 
—3 

NE = oy X10 = 12 x 107 

84 x 10°? 84 


OMGIO AOA OMueUs A) ambit e Abel 


Now let us examine a situation wherein a power of ten must itself be 
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raised to another power. Here, we multiply the power of ten by the power 
to which it is to be raised. For example, (10°)? = 10°. If another number 
is associated with the power of ten, then it must be raised independently, 
because (a x b)" = a"b". This is shown in the following examples: 


(1.1 x 105)? = (1.1)? x 108? = 1.21 x 10° = (& 1.2 x 10") 
(3 x 10-48 = 3° x 10° = 27 x 10-2 = (= 30 x 107”) 
1 


(eo) = 2% Soc eo 


==.0225ex) 107 (0354105) 


Notice, in each of the foregoing examples, that we actually multiplied the 
powers of all the numbers within the brackets by the power to which the 
bracket was to be raised. This can best be appreciated if we recognize that 
1.1 = (1.1)', 3 = 3', and 2 = 2!. Rewriting the examples above, we can 
more clearly see the general case of “raising a power to a power” as follows: 


(1.1! 10°)? = 1.1*8 x 10%? = 1.1? x 10” 
(Gt X1054* = 31** x 10°54 = 38 107? 

1 3\-2 — 9(1)(-2) (3)(-2) —. 9-2 -6 
(oi <10°) 2 x 10 ea LO 


Exercises 1-3 


Carry out each of the following operations without resorting to the removal of powers 
of ten by extending numbers. 


U8 00 3.x 10+ b1530.022 1087 sx 10 a1 05" 
Dal xe 10? 7:2. 10" 12..95x 104,=- 3 x 10? 
3. 233.02 x 10° + 4779 x 10 13. 144 x 10? + 12 x 10°? 
aes Og 1078 alle x 10% 14; 0.39 x 10-* = 0.13 x' 10? 
5. 2974 10°. — 1160: x 10° 15.11065: 91035 210 
6. 3.496 x 10-® — 12.71 x 10-7 16. 7062 x 10-7 + 321 x 10° 
deat 10? < 6 x, 10° 172 (2 610) (47107)? 
8. 3.8 x 10° x 11 x 1055 18. (4.1 x 107%)? 

(2.8 x 107)? 
On27 ¥910248X% 314105" 19, (2 x 10)4(3 x 103)? 

(5 x 104)? 

10. 0.38 x 10-® x 14 x 108 20E Or 10 ey 2 ee) 


(4.4 x 107%)?(2 x 10°)-? 
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4. Metric Prefixes 


When very large or very small numbers are used to indicate the magnitudes 
associated with fundamental units like ohms, farads, volts, amperes, seconds, 
etc., it is common practice to use the shorthand notation provided by metric 
prefixes. According to Webster, metric pertains to the decimal system, and 
a prefix is a letter, word, or syllable placed at the beginning of a word. A 
metric prefix, then, is a word placed before a fundamental unit to indicate 
a particular power-of-ten multiplier. In the following table the metric prefixes 
commonly used in electronics work are marked with asterisks. 


Prefix Abbrevia- Multiplier Prefix Abbrevia- Multiplier 
tion tion 
deca da 10 deci d 10-1 
hecto h 10? centi Cc 10-2 
*kilo k 10° *milli m 10-3 
*mega M 10 *micro yp (lower-case 10-6 
Greek Mu) 
*oiga G 10° *nano n 1052 
tera ip 


10!” ae *pico p Omg 


In each of the following examples, physical quantities are written four 
different ways. The last two parts of each example show the use of metric 
prefixes. 


0.025 amperes = 25 x 10°-* amperes = 25 milliamperes = 25 mA 
0.0011 volts = 1.1 x 10-* volts = 1.1 millivolts = 1.1 mV 
0.0000032 amperes = 3.2 x 10°* amperes 

= 3.2 microamperes = 3.2 wA 
0.000005 farads = 5 x 107° farads = 5 microfarads = 5 wF 
0.000000008 seconds = 8 x 10~° seconds = 8 nanoseconds = 8 ns 
0.00000000003 farads = 30 x 107"? farads 

= 30 picofarads = 30 pF 

1000 volts = 1 x 103 volts = 1 kilovolt = 1 kV 
1380 ohms = 1.38 x 10% ohms = 1.38 kilohms = 1.38 kO 
3,760,000 hertz = 3.76 x 10° hertz = 3.76 megahertz = 3.76 MHz 
5,370,000,000 hertz = 5.37 x 10° hertz 

= 0.3/7 gigahertz —=)9.37 GHz 
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An appreciation of the shorthand value of abbreviations and metric 
prefixes can be gained if we compare the first and last entries in each of the 
foregoing examples. 

Sometimes metric prefixes are compounded in an effort to reduce the 
possibility of misunderstanding by those whose knowledge of the shorthand 
may be limited. For example, one may occasionally see “kilomega” rather 
than “giga,” or “millimicro” rather than “nano.” 


Exercises 1-4 


Write the best abbreviated metric-prefix-equivalent for the quantities in 1 to 10 inclu- 
sive. Use only those prefixes marked with an asterisk in the table. 


1. 1700 V 6. 13,750 Hz 

2. 0.0038 A 7. 3,440,000 0 

3. 56,000 0 8. 0.0000000053 s 

4. 0.000015 F 9. 19,535,000,000 Hz 
5. 0.0007 V 10. 0.000000000025 F 


Extend each of the quantities in 11 to 20 inclusive, such that there is no metric prefix 
or power-of-ten multiplier. 


11. 135 mA 16. 7.6 ns 
42776:7 KV 17; 38 pF 
1I323h mV 18. 22 kMHz 
14. 5.6 MO. 19. 85 mys 
15. 2.9 GHz 20. 135 yuk 
5. Basic Slide Rule Operations 


The electronics technologist must become proficient in the use of a slide rule 
because it is one of his basic tools. 

As you proceed through this text, you will find that the more exotic slide 
rule operations are described as they are applied to specific electronics 
problems. After studying logarithms, you will have a better understanding 
of why the slide rule operates the way that it does. But, in the meantime, 
you should be able to make use of this extremely useful device to perform 
such basic operations as multiplication, division, squaring, the extraction 
of square roots, and the solution of the general right-angled triangle. 

For the time being, then, you should accept the fact that the slide rule 
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is capable of producing results very quickly and very simply. In fact, because 
of its speed and simplicity, you may have some difficulty in learning to trust 
the device. 

To begin our discussion, let us use two ordinary 12-inch rulers to add 
2.5 to 3.5. If we align the end of ruler A with the 2.5 on ruler B (as in Fig. 
1-1), then, under 3.5 on ruler A, we find the answer, 6, on ruler B. 


FIGURE 1-1. Adding numbers using two rulers. 


Logarithms transform multiplications into additions, and divisions into 
subtractions. So if the scales of the rulers were logarithmic rather than linear, 
we could use them to multiply and divide rather than to add and subtract. 
This is the basic idea behind the construction of a slide rule. 

Before proceeding further, let us define the various parts of the slide rule 
so that we may make reference to them more easily. The definitions shown 
in Fig. 1-2 should be memorized. 


Cursor 


Crosshair 


Right-hand 
slide index 


Left-hand 
slide index oe 
Left-hand ight-han 
body index body index 


FIGURE 1-2. Defining various parts of the slide rule. 


(5.1) Multiplication and Division on a Slide Rule 


Now look at the scales labeled C and D on the slide rule. Notice that these 
identical scales are not linear, that is, there is a larger space between the 1 
and the 2 than there is between the 9 and the 10. They are logarithmic scales 
and, hence, can be used to accommodate multiplication and division. 
Because of the large space between the 1 and the 2, most slide rules are 
engraved with intermediate tenths to make it easier to locate numbers in this 
area. Between the | and the 2, then, you will notice the engravings 1.1, 1.2, 
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1.3, and so on to 1.9. The lack of space prohibits this type of engraving 
between other pairs of digits. 

While the C and D scales provide a simple means of multiplying and 
dividing, it is up to the operator to determine the location of the decimal point 
in the answer.-On a slide rule, precisely the same settings are used to perform 
each of the following multiplications: 230 x 17; 0.23 x 1.7; 23,000 x 17,000; 
0.000023 x 0.017; and so on. The problem, then, is to properly locate the 
decimal point in the answer. This is a problem that can be significantly 
simplified by means of power-of-ten multipliers as we shall soon see. Another 
important point—the accuracy obtainable with a slide rule is often less than 
that which can be obtained by longhand methods. However, the speed of 
calculation—and the significant figures in the numbers used—justifies the 
loss of accuracy in most applications. The slide rule should be used for all 
calculations within its capability, unless the required accuracy dictates that 
some other method must be used. Whenever a slide rule calculation is 
performed, “SRA” (meaning slide rule accuracy) may be written after the 
answer in order that its significance may be properly interpreted by others. 

To learn to multiply and divide on a slide rule, you should carefully 
repeat each step in the following examples. 


EXAMPLE |. 4.4 x 1.5. 


Solution. 

(a) Set the left-hand slide index to 4.4 on the D scale. 

(b) Move the cursor until the crosshair reads 1.5 on the C scale. 
(c) Read the answer, 6.6, on the D scale. 


EXAMPLE 2. 4400 x 150. 

Solution. 

(a) Write both numbers in standard notation (4.4 x 10% x 1.5 x 10°). 

(b) The settings are the same as those used in Example 1. 

(c) The partial answer, 6.6, must be multiplied by 10° (because 10° x 10? 
== 10"), 

(d) The answer is 6.6 x 10° = 660,000. (Check that the decimal point is 


properly placed by mentally performing the multiplication on the numbers 
rounded off to 4000 and 200.) 


EXAMPLE 3. 0.0044 x 0.00015. 


Solution. 


(a) Write both numbers in standard notation (4.4 « 107% « 1.5 x 10°‘). 
(b) The slide rule settings are the same as those used in Examples | and 2. 


(c) The partial answer, 6.6, must be multiplied by 1077 (because 107° x 10~4 
= 10m"): 
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(d) The answer is 6.6 <x 10-7 = 0.00000066. 


EXAMPLE 4. 238 x 21. 


Solution. 

(a) Mentally determine (and remember) the standard notation for each 
number (2.38 x 10? x 2.1 x 10'). 

(b) Set the left-hand slide index to 2.38 on the D scale. 

(c) Move the cursor so that the crosshair reads 2.1 on the C scale. 

(d) Read the partial answer, 5, on the D scale at the crosshair. 

(e) Multiply by 10°. 

(f) The answer is 5000 (SRA). 


As more practice is obtained, the need for reducing numbers to standard 
notation is lessened. You are encouraged to experiment with various methods 
of determining the location of the decimal point. 


EXAMPLE 5. 61 xX 24.6 (6.1 xX 10! x 2.46 x 10’). 


Solution. 

(a) If we set the left-hand slide index to 6.1 on the D scale, we find that 2.46 
on the C scale is off the body to the right. So we set the right-hand slide index 
to 6.1 on the D scale. 

(b) Move the cursor so that the crosshair reads 2.46 on the C scale. 

(c) With the 10? multiplier, the answer is 1500 (SRA). 


To divide on a slide rule, we set the crosshair to the dividend on the D 
scale, then move the slide until the divisor on the C scale is in line with the 
crosshair. The quotient is then read on the D scale at whichever slide index 
is on the body. Powers of ten are used whenever necessary to locate the 
decimal point. The following examples show slide rule division. 


EXAMPLE 6. 4 — 2. 

Solution. 

(a) Set the crosshair to 4 on the D scale. 

(b) Move the slide until 2 on the C scale is aligned with the crosshair. 
(c) Read the quotient, 2, at the left-hand slide index on the D scale. 


EXAMPLE 7. 880 — 53. 
Solution. 


OE Ie ah 


533 DOL 53 ‘ 
(b) Set the crosshair to 8.8 on the D scale. 
(c) Move the slide until 5.3 on the C scale is aligned with the crosshair. 
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(d) Read 1.66 at the left-hand slide index on the D scale. 
(e) The answer is 1.66 x 10 = 16.6 (SRA). 


EXAMPLE 8. 23.7 — 0.56. 


Solution. 


pee 2 STA ee 237 ; 
(a) 23.7 + 0.56 = = = Se x 10°. 


(b) Set the crosshair to 2.37 on the D scale. 

(c) Move the slide until 5.6 on the C scale is aligned with the crosshair. 

(d) Read 4.23 (approximately) on the D scale at the right-hand slide index. 
(e) Looking at (a) above, we see that the answer is 0.423 x 10? = 42.3 
(SRA). 


EXAMPLE 9. 117,000 — 5680. 


Solution. 

he Hele lip ote a ; : 
(a) 117,000 + 5680 = 568 x 10! — 568 x 10%. Alternatively, we can write 
Pe OF? 
B03 04103 
(b) Set the crosshair to 1.17 on the D scale (which is the same setting as 11.7). 
(c) Move the slide until 5.68 on the C scale is aligned with the crosshair. 
(d) Read 2.06 on the D scale at the right-hand slide index. 


(e) The answer is 20.6 (SRA). 


Exercises 1-5.1 


Use a slide rule to perform each of the indicated operations. 


1. 12 x 6 11. 84+7 
2.4.4 x 1.7 12 te 

3. 23.6 x 22.1 13. } 

4, 488 x 316 VE eeeh (Pe 

5. 777 x 26.9 15. 458 + 19 

6. 0.0038 x 0.0009 160s 

7. 1,700,000 x 650,000 17. 0.00881 + 0.00134 
8. 31.8 x 0.67 18. 9200 + 86 

9. 2208 x 0.55 19, 12 

10. 0.00000084 x 0.00000038 20, 282 
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If the answers to these exercises vary slightly from student to student (and there’s 
a very good possibility of this) then the question should arise: “Considering the 
significant figures in each number, are the differences really important rae 


(5.2) Squares and Square Roots 


If a slide rule has an A scale, or a pair of scales labeled R, and R,, these can 
be used in conjunction with the D scale to square numbers and to extract 
square roots. The process is not entirely automatic—the operator must either 
use standard notation, or mentally compute the “ball park” answer, and then 
obtain the actual answer with whatever accuracy is afforded by his slide rule. 

An A scale has two cycles. That is, it is as though we took two half-size 
D scales and placed them end to end. We’ll call the first half of the A scale 
the left-hand cycle, and the other half the right-hand cycle. On some slide 
rules, the right-hand A scale cycle is engraved with the numbers 10 to 100 
rather than | to 10. 

As we proceed from integer to integer across the D scale, we find that the 
square is read directly on the A scale (try it, if you have an A scale, and 
notice whether or not the two halves of the body and the crosshair are 
properly aligned). 

Now suppose that we wish to square, say, 960. We can set the crosshair 
to 960 on the D scale, and read 92 on the A scale—but the problem of where 
to place the decimal point again arises. So we resort to standard notation: 
960 can be written 9.6 x 102, so 960? = (9.6 x 10°)?. Because the integers 
on the D scale can be squared directly on the A scale, it is reasonable to 
assume that 9.62 ~ 92. And (102)? = 104, so 9607 = 92 x 10* = 920,000. 
To check this, we mentally divide 920,000 into pairs of digits starting at the 
decimal point (92/00/00). From this we see that the square root of 920,000 
must have three digits, and the most significant must be 9. 

To extract a square root, we first determine the “ball park” figure, then 
set the number on the cycle of the A scale that will produce a number on the 
D scale that is within the ball park. For example, let us extract the square 
root of 1,780,000. Dividing this number into pairs of digits starting at the 
decimal point (1/78/00/00) tells us that the answer has four digits, the most 
significant of which is 1. So we set 1.78 on the J/eft-hand cycle of the A scale, 
and read an answer of about 1.335 on the D scale. The answer then, to slide 
rule accuracy, is 1335. 


Exercises 1-5.2 


Use a slide rule to perform the indicated operations. 


15.6.1° Sidley 
2. 0.04? 4. 0.0034? 
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5. 166? 13544/'135 

6. 6700? 14. /0.051 

7. 0.00028? 15. 4/207 

8. 48,200? 16. / 0.00064 
9. 0.000057? 17. ./ 1500 

10. 390,000? 18. ./0.000088 
11. ./78 19. ./37,600 

12. ./0.66 20. 4/ 21,500,000 


(5.3) The Solution of Right Triangles 


Even though various problems concerning right triangles can be solved 
quickly on most slide rules, an explanation of the procedures to be followed 
may not always accompany the less expensive models. It is our purpose here 
to present procedures that can be used with most slide rules, even though 
you may not appreciate why it works the way it does. Later, during your 
exposure to trigonometry, the reasons should become apparent. For the 
time being, we will assume only a basic knowledge of geometry on the part 
of the reader, and proceed with the solution of right triangles on a slide rule. 

Because there is a large number of slide rule manufacturers, there is a 
wide variety of models and configurations from which to choose. We cannot 
hope to treat each and every type. Indeed, the “better” slide rules usually 
come complete with adequate instruction booklets and need not be discussed 
here. Our discussion is directed toward the student who has one of the less 
expensive models, and who does not appreciate the power of the device with 
respect to the solution of right triangles. 

The slide rules most generally recommended for students of electronics 
technology have on their slides three scales marked S, ST, and T. These 
scales, in conjunction with the D scale, are the ones used in right triangle 
solutions. 

The “general” right triangle is 


shown in Fig. 1-3. ow 
You should pay careful attention yee Short leg 
to the following procedures because, d 
as you will see later, a good deal of ae 
the study of alternating current re- EnoUS? 
volves around solutions of right tri- FIGURE 1-3. The “general” right 


angles. triangle. 

First, let us find the angle 6 and the 
hypotenuse when the long leg and the short leg are known. We simply set a 
slide index to the value of the long leg on the D scale, then move the cursor 
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until the crosshair reads the value of the short leg on the D scale. The angle 
6 is read directly on the T scale. We then move the slide until the angle 6 on 
the S scale is aligned with the crosshair. The value of the hypotenuse is then 
read directly on the D scale at the slide index. Which slide index we use 
in the first place is determined by the side (right or left) on which the 
short-leg value is located with respect to the long-leg value. 

Let us follow this procedure to find the angle 6 and the hypotenuse for 
a right triangle whose long-leg value is 4 units, and whose short-leg value 
is 3 units. Depending upon the type of slide rule used, it may be necessary 
at this point for you to remove the slide, turn it over, and re-insert it so that 
the S, ST, and T scales are on the same face as the D scale. Now, set the 
right-hand slide index to 4 on the D scale; then move the cursor until the 
crosshair reads 3 on the D scale. Under the crosshair, on the T scale, we find 
the angle 36° 50’ (or about 36.8°). This is the angle 6 that we seek. Now move 
the slide until 36° 50’ on the S scale is aligned with the crosshair. Read the 
value of the hypotenuse (5 units) on the D scale at the right-hand slide index. 

For another example, let us find the angle and hypotenuse for a right 
triangle whose long- and short-leg values are 38 units and 20 units, respec- 
tively. 


(1) Set the right-hand slide index to 38 on the D scale. 
(2) Move the cursor until the crosshair reads 20 on the D scale. 
(3) The angle 6 is found under the crosshair on the T scale (27° 45’). 


(4) Move the slide until 27° 45’ on the S scale is aligned with the 
crosshair. 


(5) Read the value of the hypotenuse (43 units) on the D scale at 
the right-hand slide index. 


Now let us try one with the short-leg setting to the right of the long-leg 
setting on the D scale. Assume a long-leg value of 130 units, and a short-leg 
value of 80 units. Here, if we use the right-hand slide index, we cannot 
obtain a T scale reading when we move the cursor to the short-leg value. 
So we simply use the left-hand slide index to find that 6 is approximately 
equal to 31.6°, and the value of the hypotenuse is about 152 units. 

If your slide rule does not have an ST scale, then the first engraved number 
on the S scale is probably 40’. This type of slide rule can still be used to solve 
right triangles, but one additional step must be made during the operation. 
The short-leg value must be transferred to the A scale—preferably the second 
or right-hand cycle—by means of the crosshair, after the angle has been found 
by the methods described earlier. The angle on the S scale is then aligned 
with the crosshair, and the value of the hypotenuse is read on the A scale 
at the slide index. Using the long- and short-leg values, 38 units and 20 units 
respectively, as in one of the preceding examples, we set 38 on the D scale 
using the right-hand slide index. Now move the cursor until the crosshair 
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reads 20 on the D scale. Read the angle 6 on the T scale as before (27° 45’). 
Now move the cursor so that the crosshair reads the value of the short leg 
(20) on the second cycle of the A scale. Move the slide until 27° 45’ on the 
S scale is aligned with the crosshair. Now read the value of the hypotenuse, 
43 units, on the A scale at the right-hand slide index. 

If the angle 6 and the value of the hypotenuse are known, the inverse 
process to the above—for both types of slide rules—can be used to find the 
values of the long and short legs. Assume that 6 = 32° and that the 
hypotenuse has a value of 48.5 units. We can find the values of the long 
and short legs on an ‘“‘S, ST, and T”’ scale slide rule as follows: 

(1) Set the right-hand slide index to the value of the hypotenuse 
(48.5) on the D scale. 

(2) Move the cursor until 32° on the S scale is aligned with the 
crosshair. 

(3) Read the value of the short leg (25.7) on the D scale at the 
crosshair. 

(4) Move the slide until 32° on the T scale is aligned with the 
crosshair. 

(5) Read the value of the long leg (41.2) on the D scale at the right- 
hand slide index. 

If your slide rule has S and T scales, but no ST scale, you should use 
the A scale—in the inverse process to that previously described—to arrive 
at the same answer. 


Exercises 1-5.3 


Use a slide rule to complete the following table. Use the inverse process to check each 
answer. 


Long Leg Short Leg Hypotenuse 7] 
1. q) 5 
2. 16 11 
sk 16 36° 
4. 88 Pi fee 
nF Bjeo 28.8 
6. 210 155 
de 840 40° 
8. 1270 23.0%, 
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Long Leg Short Leg Hypotenuse 6 


9. 3770 2800 
10. 14,600 9200 
11. 3950 45° 
12. 54,000 Lae 
13. 370,000 335,000 
14. 1,500,000 900,000 
15. 0.65 395 
16. 0.048 22.3" 
ie 0.68 0.54 
18. 0.017 0.008 


Review Exercises 


With due regard for significant figures, perform each of the following operations. 
(Assume each number is a measurement.) 


1.1.38 -- 5.0-=- 7.207 

~ 3108 415:6 4 228° 3.6 

- 927.5 — 866 + 23.76 — 65.09 + 130.4 

. 0.0073 + 12.246 — 0.133 + 8.8078 — 0.00041 
38.6 x 2.05 

172 x 0.05 

. 3466 X 12.1 

ez loo104 

31500 /=--. 0.03 

. 0.02 + 0.007 


= 
i—) 


Carry out each of the indicated operations using a slide rule. 


11. 23.7 x 16.6 (Hint: Divide 23.7 by 12.2. Then multiply by 16.6, and finally, 
12.2 x 19.0 divide by 19.0. This will provide the final answer without the 
need for intermediate answers.) 


12,150 10-0 0.75 107 
3.Gnxel1 032510 10=* 
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13. 45 milliunits x 63 microunits x 12 kilounits 
27 megaunits x 58 nanounits 
(Express the answer in milliunits.) 


14. 22.4 picounits x 36.6 kilounits x 54.1 megaunits 
45.7 nanounits x 62.2 milliunits x 37.8 gigaunits 
(Express the answer in milliunits.) 


15. (33.4 kilounits)? x (12.6 kilounits)? x (85.7 microunits)? 
»/ 166 picounits x 22.2 megaunits 


(Express the answer in megaunits.) 
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The concept of function is one of the most 
useful ideas found in mathematics; its 
importance can hardly be overemphasized. 
For instance, the amount of income tax 
we pay annually depends upon our income; 
the distance we travel depends on our veloc- 
ity; the voltage drop across an electrical 
circuit depends upon the amount of current 
through the circuit. Mathematically, we 
say: The income tax paid is a function of 
income; the distance travelled is a function 
of velocity; the voltage drop is a function 
of current. 

Informally, we might define the word 
“function” as being the state of dependence 
of one variable on another. In the foregoing 
examples, the variable income tax depends 
upon the variable income; the variable 
distance depends upon the variable veloc- 
ity; the variable voltage depends upon the 
variable current. The use of the word 
variable in each instance simply means a 
value which is subject to change or varia- 


tion. 


FUNCTIONS 


1. Definition of Terms 


A set is a collection or group of similar objects. The set of all students at 
a college, the set of all fish in a pond, the set of all positive whole numbers— 
these are examples of the use of the term set. 

Each object contained in a set is called an element of the set, or merely 
an element. For example: student John Smith is an element of the set of all 
students at Victoria College; the trout is an element of the set of all fish in 
the pond; the positive number 4 is an element in the set of all whole numbers. 

To each set there corresponds a number—the number of all elements con- 
tained in the set. Consider the set of fingers of the right hand. The number 
corresponding to this set is 5. 


EXAMPLE. A certain box has sides of equal length. The volume of the box 
is given by the equation 


Meats" 


where V represents the volume and s is any one side of the box. We allow the 
variable s to take successive values: 2 units, 3 units, and 4 units. When s = 2 
tite) 2 =. cubic units: whenss =-.3, units.) — 3° — 27.cubic-units; 
when s = 4 units, V = 4° = 64 cubic units. 


In the preceding example, we allowed the variable s to assume the values 
2, 3, and 4 units in succession. These values are the elements of a set. This 
kind of set is given a special name. It is called the domain of the function 
and, in this case, it contains the elements 2, 3, and 4 units. To each element 
in the domain of the function there corresponds a second element (in this 
case, the volume of the box). The totality of these corresponding elements 
constitutes the range of the function. The following table shows the situa- 
tion symbolically. The elements 2, 3, and 4 make up the domain of the 
function, and the corresponding elements 8, 27, and 64 comprise the range 
of the function. 


Special terminology is used to describe the elements in the domain and 
range. In the table, 8 is called the image of 2, 27 is the image of 3, and 64 
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is the image of 4. Conversely, 2 is called the pre-image of 8, 3 the pre-image 
of 27, and 4 the pre-image of 64. 

The formula V = s° is said to give the mapping of the domain onto the 
range. We might think of mapping as providing a blueprint which shows 
the functional relationship between the sides and the volume of the box, or 
in general, the relationship between the domain and range of any function. 

The terms discussed thus far have been defined more or less informally. 
We will complete the section by defining each important term in a more 
formal manner. 


Definition 1.1: A set is a collection of objects which bear a similarity to 
each other. For example, a set may consist of a collection of points on a line, 
a collection of whole numbers, and so on. 


Definition 1.2: An element is a member of a set. For example, the num- 
bers 2, 3, and 4 are members of the set of all whole numbers. 


Definition 1.3: A variable is a quantity which assumes different values 
throughout a problem. Variables are usually symbolized by letters from the 
latter part of the alphabet (such as 5, ¢, u, v, w, x, y, and z), although letters 
from the Greek alphabet are also used. If a variable, say y, is a function of 
a variable, say x, then y is often called the dependent and x the independent 
variable. 


Definition 1.4: A domain is any set of elements to which a variable is 
confined. For example, the domain of x might be the set of whole numbers 
12, and: 3: 


Definition 1.5: An image is an element in the range corresponding to a 
given element in the domain of the function. From the example previously 
given, the image 8 corresponds to the element 2 in the domain of the function, 
27 corresponds to 3, and 64 corresponds to 4. 


Definition 1.6: A pre-image is an element in the domain of the function. 
Again, from the example, the element 2 in the domain of the function is the 
pre-image of 8 in the range, 3 is the pre-image of 27, and 4 is the pre-image 
of 64. 

Definition 1.7: The range of a function consists of a set of elements, each 
of which are images of elements in the domain. If the domain of the function 
whose mapping is given by the equation V = s* contains the set of numbers 
2, 3, and 4, the range has as its elements the set of numbers 8, 27, and 64. 


Definition 1.8: The mapping of a function describes the relationship 
(or dependence) of the range upon the domain. From the example, s°* de- 
scribes the mapping of the domain onto the range of the function. 


The foregoing definitions enable us to define, quite rigorously, the term 
function. 


Definition 1.9: A function is uniquely defined if: (1) The domain is known, 
and (2) the mapping is specified. If two variables, say x and y, are related 
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in such a way that the assignment of a value to x results in a unique value of 
y, then y is a function of x. (If, in this operation, we obtain more than one 
value of y, the expression is not a function, but merely a relation. ) 


a Constants 


A constant is a quantity which is unchanging in nature. There are two kinds 
of constants: absolute and arbitrary. 

An absolute constant is a quantity which remains unchanged from problem 
to problem. Examples of absolute constants are the integers 2, 3, and 4; the 
fractions 4, 4, and 1; the negative numbers —4, —2, and —3; and the irra- 
tional numbers ./ 2, z, and e.t The equation 


y=2x+5 


contains two absolute constants, 2 and 5. 

An arbitrary constant remains unchanged for the duration of a problem, 
but it may have new values assigned when further problems are proposed. 
This kind of constant is usually represented by letters from the first part of 
the alphabet; the letters a, b, c,..., 1, m,n are often used to designate con- 
stants. For example, the equation 


y=mx+b 


contains two arbitrary constants, m and b. 

The equation y = 2x + 5 is a specific example of the general equation 
y= mx-+b, where m=2 and b=5. Many absolute values could be 
substituted for m and 5; in each case, a different function would be specified. 
For instance, the equations y = 3x + 4 and y = 4x + 1 belong to the same 
family as y = 2x + 5 and are generated by substitution of absolute constants 
for the arbitrary constants m and b in the general formula. 


3. Functional Notation 


The concise statement: “y is a function of x” is rather profound when we 
consider that it embraces all of the ideas and definitions from Section 1 
of this chapter. It is possible to further simplify by using the notation 


y =f) 


which is shorthand for “y is a function of x” and is read: “y is equal to f of 
x.” The symbol f is usually reserved to denote the term “function” since it is 


TV 2 =1.4142...; 7 =3.14159...; e =2.71828.... 
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mnemonic in nature. Occasionally we deal with more than one function at 
a time, in which case we have recourse to the alternate symbols g, h, F, G, H, 
, etc. Subscripts are also used to identify different functions; symbols such 
as f,, fo, fy... may be employed. It is important to note that, no matter 
what symbol is used to represent a function, the meaning remains the same. 
Thus, such statements as: y = F(x), y = $(»), etc. have the same meaning 
as the more common y = f(x). 

In our definition of the term function (Section 1), it was pointed out that 
both the domain and mapping must be known before a particular function 
is defined. The notation y = f(x), alone, does not specify the mapping of a 
function, although the domain may be given. The mapping of a function is 
defined by an equation as in the next example. 


EXAMPLE |. Consider the equation 
TQ) =e 2: 


If the domain of the function contains, for example, the set of numbers 
{1, 2, 3, 4, 5}, the function is completely described. It remains for us to find 
the range of the function by substitution of the elements from the domain 
into the equation. In doing so, we will obtain the image of each element in 
the domain, the totality of which constitutes the range. Thus: 


fQ) =P +2 =3, f(2) = 2? +2=6, 

{O=242=1), f(M)=—=+ > 2=— 18, 
and 

{S) 2097 4922 


The range of the function contains the set of numbers {3, 6, 11, 18, 27}, 
each of which is the image of a corresponding element in the domain. 
Note: The braces { } are used here to indicate a set. 


EXAMPLE 2. A function whose mapping is given by the equation 
OX) 2k ea 


and whose domain is the sum of the constants a and J, i.e., {(a + b)} has 
the following range: 


g(a + b) = 2(a + 5)? — (a+ 5) + 3 
= 2q? + 4ab + 2b? —a—b+3. 


Thus, the range of the function is given by the set: 


{(2a? + 4ab + 2b? — a — b + 3)}. 
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Exercises 2-3 


Lt fx) = 2x -- 3, find: 
(a) f(0), (6) FQ), (c) f(—2), (A) FA), (e) FY), (f) f(a + 4). 
2. If g(x) = Qx + 4)/Gx + 3), find: 
(a) g(0), (6) g(2), (©) g(—3), @) g (10), (e) g(V/ 2), (f) gle@)]. 
Saber) = x(x — 1), find: 
(ay Oy (OE 3), (c) F(a — bd), (d) FOrr 2); (ce) FO) FLIP Oo! 
4. If d(y) = Cy? — 4y + 2)/3y, find: 
(a) $(1), (6) $(—4), (©) 6), @) $@? — 1), (e) IG], P) $C/y). 
5. In the circuit shown in Fig. 2-1, 
v(t) = 12,500¢ — 50 V for times be- 
tween 0 and 0.008 seconds. Find the R 
current i(t) when: B) vit) ie 100 ohm 
(a) t = Os, (6) t = 0.004s, (c) t = 0.008. ave 


6. If power is given by the equation FIGURE 2-1. Circuit for Ques- 
p(t) = v(t)i(t), find the instantaneous tion 5. 
power in the circuit of Fig. 2-1 when: 


(a) t = 0.001 s, (6) t = 0.005 s, (c) t = 0.0075 s. 


4. Table of a Function 


Some functions are described by a table of values. When such a table is 
available, but neither a symbolic expression nor a graph exists, the table 
constitutes an original definition of the function. If a symbolic expression 
does exist, a table (or at least, a partial table) may be prepared to represent 
the function. When a function is continuous within the domain, it is not 
possible to itemize all elements in tabular form since their number would be 
infinite. However, a limited number of entries can always be made (which 
is usually enough) to show the trend of the function. If a finite number of 
elements make up the domain, a complete table is always a possibility, al- 
though it may be lengthy. 


EXAMPLE |. Prepare a table describing the equation 
fle) = xt 2 


if the domain of the function is the set {1, 2, 3, 4, 5}. 


Solution. We substitute the elements from the domain into the equation 
to obtain: 
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fQ) =3, f2)=6, fG)=11, f(4)=18, and f(5) = 27. 


These results are shown in the following table. 


Domain Mapping Range 
x Cea 2) f(x) 
1 ——-> 3 
2 — 6 
3 ——> 11 
4 — 18 
5 —> 27 


EXAMPLE 2. The following table shows the results of a lab experiment to 
confirm Ohm’s law. The circuit used is shown in Fig. 2-2. 


V (Volts) I (Milliamperes) Milliammeter 
Variable 

2.5 0.92 d-c supply ® 2700 ohm 
5.0 1.85 Voltmeter 
Us 2.14 

10.0 3.70 

1235 4.65 

15.0 5.45 


FIGURE 2-2. Ohm’s law experiment. 


Note: The current values listed are measured values and therefore tend 
to deviate slightly from the theoretical values which could be calculated using 
the equation [= V/R. 

The table in Example 2 describes a function. The set of voltage values 
comprises the domain, and the corresponding current values comprise the 
range of the function. In this experiment, we made V the independent and 
I the dependent variable, respectively. 


5. Graph of a Function 


To illustrate a function pictorially, we make use of a graph. The graphical 
method was invented by the French mathematician, Descartes (1596-1650). 

Consider a plane, that is, a flat surface which extends indefinitely in all 
directions. On this plane, draw a straight, horizontal line. Draw a second 
straight line, perpendicular to the first, and intersecting it at a point which 
we will call the origin. Scale each line (or axis) using the same unit of measure 
for each (Fig. 2-3). We have constructed a system of Cartesian coordinates 
(named in honor of Descartes). 
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The horizontal axis is called the abscissa and the vertical axis is called 
the ordinate. Positive numbers are represented by points on the abscissa to 
the right of the origin and by points on the ordinate above the origin. 
Negative numbers are represented by points on the abscissa to the left of the 
origin and by points on the ordinate below the origin. The abscissa and 
the ordinate are together known as coordinates. 

We may locate any point in the plane by using a pair of ordered numbers. 
For example, the ordered pair (3, 2) identifies point P, in Fig. 2-4. The first 
number of the pair (3) indicates three units to the right on the abscissa, and 
the second number (2) indicates two units upwards on the ordinate, counting 
from the origin in each case. The point P; (Fig. 2-4) is found in similar fashion 


Ordinate 


Ordinate 


Abscissa 


FIGURE 2-3. Cartesian coordinates. FIGURE 2-4. Location of points by 
using ordered numbers. 


by going two units to the left on the abscissa and three down on the ordinate 
to correspond to the ordered pair (—2, —3). Similarly, any point in the plane 
may be located by the use of an ordered pair of numbers having the general 
form P(a, b), where a always indicates the distance from the origin on the 
abscissa and 5 represents the distance from the origin on the ordinate. 

It may have occurred to the reader that the domain and range of a function 
could be represented by the ordered pair, P(x, y). By convention, the abscissa 
is used to represent the domain, and the ordinate the range of a function. 
The abscissa and the ordinate are often called the x-axis and y-axis, respec- 
tively. 


EXAMPLE |. Graph the equation 
tx) exe | 


if the domain of the function is given by the set {—2, —1, 0, 1, 2}. 


Solution. The computed elements of the range are: 
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f—)= 33, fH ):=—1,.. /0 =1,-/0) = 3, and aia 


The function is then shown in tabular form: 


5% (x—2x+1) f(x) 


= — =3 
=i! > =I 
0 == 1 
1 a 3 : 
5 ct fi FIGURE 2-5. Graph of the equation 


f(x) = 2x + 1, for the domain given. 


From the table, we construct a graph (Fig. 2-5). 

Note: Since the domain of the function contains a finite number of ele- 
ments, the corresponding images in the range are also finite in number. 
Therefore, the graph consists of a finite series of points (five in number) 
and is not a straight line, i.e., a graph does not necessarily have to consist 
of an infinite collection of points. 


EXAMPLE 2. Graph the equation 
fOQ)H= 2x1 


from Example 1, if the domain is allowed to contain all numbers between 
and including —2 and 2.t 


Solution. In this case, a complete table is not possible; however, a partial 
table is enough to give us a clue as to the nature of the function. We will use 
the table from Example | in the construction of the graph, which is shown 
in Fig. 2-6. 

Note: Since the resulting graph is a straight line, only two points in the 
plane are necessary to describe it. The graph is termed continuous in the 
interval —2 < x < 2, since an infinite collection of elements is contained 
in the domain of the function. 


+ Statements such as this are usually abbreviated by using the following notation: we 
write —2< x <2 meaning “the domain of x includes all numbers equal to or greater 
than —2 and equal to or smaller than 2.” If we wish to exclude —2 and 2 from the domain, 
we write —2 < x < 2 which is read “the domain of x includes all numbers greater than 
—2 and less than 2.” Occasionally, we wish to include —2 but exclude 2, or conversely; 
the notation used then is —2 < x < 2 and —2 < x <2, respectively. 


32 / FUNCTIONS 


EXAMPLE 3. Graph the result of the Ohm’s law experiment from Example 
2, Section 4. 


Solution. We may use the table shown with the example directly, assuming 
that it represents a continuous function in the interval 2.5 << V < 15. The 
graph is shown in Fig. 2-7. 


& 

a 

= 

2) 

f= 

i 

O ass; 90) 75) KOLO) (25 (EO) 
V (volts) 

FIGURE 2-6. Graph of the equa- FIGURE 2-7. Graph of the result of the 
tion f(x) = 2x + 1, for the domain Ohm’s law experiment. 


given in Example 2. 


Note: In graphs of this kind, it is not possible to scale each axis using the 
same unit of measure. Rather, the scaling is chosen so as to display the curve 
to the best advantage. 


EXAMPLE 4. Graph the equation 
fo) =x? -1 


if the domain of the function is continuous in the interval —2 < x <2. 


Solution. We construct a partial table in the usual manner: 


x nae ieee) aay (2) 


—2 = 3 
—1 ==> 0 
0 === —1 
1 —> 
2 —> 3 


FIGURE 2-8. Graph of the 
equation f(x) =x? — 1, for the 
domain given in Example 4. 


The corresponding graph is shown in Fig. 2-8. 
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oa = SO microanpers 
e B 
4 
E 
=3 
: 
n> 
1 
0 05 10 15 2025 30 35 


Y¥,(volts) 


FIGURE 2-9. Transistor collector charac- 
teristic curve. 


Exercises 2-5 


EXAMPLE 5. Figure 2-9 shows a tran- 
sistor characteristic curve, which was 
transcribed directly from an elec- 
tronic curve tracer. The graph shows 
how the collector current varies with 
changes in the collector voltage while 
the base current /, is maintained 
constant. Here, the collector current 
I, is a function of the collector 
voltage Vg. 


In each of the Questions I to 22, prepare a table and construct a graph corre- 
sponding to the given equation. (In each case, assume that the equation is con- 


tinuous within the interval indicated.) 


Loy 2x, —3 =x = 3 
DaVi Xs aX eS 
£Y Pegi Pe GO oS (5) 
Ay 2X3 aX SS 
5. y = —2x —2, -3<x<3 
Gay = xX 2 x 2 

TeV ae ex 

8. ye 2x74 2, 2 =X = 
OV DXi 
10S y, == 2x4, = 2 <x = 2 
11. y=x? +2x4+1,-3<x<1 


Rheostat 
—D-c source 


FIGURE 2-10. Testing the magnetic prop- 
erties of an iron sample. 
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12, y= —x?+2x4+1,-1<x<3 
13. y = —x*? — 2x +1, -3<x<1 
14. y= —x? — 2x — 1, -3<x<l 
15.x=y?+2y—1, -3<y<1 
16. x = —y? —2y +1, -3<y<l 
17. 2° + y? = 4,—)/ 2 <xee wo 
18. x? + 2? = 4, -2<x<2 


Xk y= 4, 2 Xe 


~_x*>—y=4,-4<x< —2 and 
PUES 836 AN 


21. P = E?/R, R = 10Q, and 
O<E<10V. 

22. P=J°R, R= 10Q and 
O<I<4A. 


23. The circuit shown in Fig. 2-10 can 
be used to test the magnetic properties 
of various ferromagnetic materials. The 
magnetizing force, H, was gradually in- 
creased (by increasing the current) until 
magnetic saturation of the iron sample 
was reached. Corresponding values of 


flux density, B, were recorded for each setting of H. Plot a magnetization curve 
for the iron sample showing B as a function of H. 


H (ampere-turns/inch) 


10 
30 
50 
70 
90 
110 
130 
150 


B (kilolines/inch?) 


10 
23 
30 
36 
41 
45 
48 
50 


24. In the amplifier circuit shown in Fig. 2-11, the load resistor, R;, was varied 
in value, and the gain, G, of the circuit was measured for each setting. Plot a curve 
showing gain (defined as the ratio of output to input signal) as a function of R;. 


R; (Load) 


100 kQ 
270 kQO 
470 kO 
1 MQ 

4.7 MQ 


G (Gain) 


30 
42 
48 
46 
3.5 


to 


Output 


FIGURE 2-11. Vacuum tube amplifier 
circuit. 


25. The National Bureau of Standards station WWV, operating on 15 MHz, 
was monitored at Calgary, Alberta over a 24-hour period during January, 1966. 
The table shows the relative signal strength during that period. Plot a graph showing 
signal strength as a function of time. 
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Time 


Signal Strength 


Midnight (MST) 
2 a.m. 

4 a.m. 

6 a.m. 

8 a.m. 

10 a.m. 

Noon 

2 p.m. 

4 p.m. 

6 p.m. 

8 p.m. 

10 p.m. 
Midnight (following day) 


Nn 


oe) 
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6. Classes of Functions 


Functions may be classified into two broad categories—algebraic and non- 
algebraic. The’ latter functions are called transcendental. 

There are two types of algebraic functions with which we shall be prin- 
cipally concerned in this book. They are the /inear and quadratic functions. 

Linear functions are of the first degree;t no variable has an exponent 
greater than one. Examples of linear equations are: f(x) = 3x + 2, V=JR 
(Ohm’s law), and X, = 2zafL (formula for inductive reactance, where 
frequency, f, is the independent variable and inductive reactance, X;,, is 
the dependent variable). The graphs of these equations are straight lines, 
hence the use of the word linear in describing them. 

Quadratic functions are of the second degree; the highest-powered variable 
has an exponent not greater than two. Examples of quadratic equations are: 
f(x) = 2x? + x — 2, and P =/°R (electrical power law). The graph of a 
quadratic may be a parabola (see Questions 6 through 16 in Exercises 2-5), 
an ellipse (see Questions 17 and 18), or a hyperbola (see Question 20), de- 
pending on the particular function or relation. 

Another type of algebraic function which we shall meet from time to time 
is the rational function. Examples of this type are the equations: f(x) = 1/x, 
and X, = 1/2zfC (formula for capacitive reactance) where frequency, f, is 
the independent variable and capacitive reactance, X,, is the dependent 
variable. 

Transcendental functions have extensive application in the field of elec- 
tronics. Examples of such functions are: the trigonometric functions, logarith- 
mic functions, and exponential functions. The theory and application of 
these functions will be discussed later in this book. 


Review Exercises 


The equations given in Questions I to 8 describe typical electric waveforms. In each, 
v represents voltage in volts, i is current in amperes, and t is time in seconds. Using 
squared graph paper, plot the graph of each equation. 


lo) = 0,0 =f ab and: = = 3 
i) lee and ee 4 


{ Functions are often classified as to degree. The term refers to the exponent(s) of the 
highest-powered variable (or variables). For example: 


(1) x + 1 is of the first degree in x. 
(2) x? + x + 2 is of the second degree in x. 
(3) x? — x? + 2x + 1 is of the third degree in x, and so on. 
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ere OL= fi lvand 1S/< p< 2:5 
1G) Of =< 1 Sand 2.5 <1< 3 


meet =< fe | and 2 F< 3 
oft) = —1,1<t<2and3<t<4 


wig)", 0 at <1 
LUN a a eee) 


waht 0 <f < 1 

ut) = —St+6,1<tf< 1.2 
Ae = Iz, 1.2 << t < 2.2 
ot) = —S5¢t+12,2.2<t<2.4 


mittee, 0 <a t <1 
ig) 2F — 3,1 < f< 2 


0G) = 2t—- 1,0 <1 =< 1 
of) = —2t+3,1<t<2 
by 2t — 55, 2-< <3 
of) = —2t+7,3<t<4 


whee 1 0 f <—)5.and 2 <7 <= 2.5 


HO, 0.5 << f < 1,5 
pal eer? and)3.5 <1 4 
O20 = 672.5 < t < 3:5 
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It would take much more space than is 
available here to deal adequately—at least, 
from the mathematician’s point of view— 
with algebraic equations. Thus, we are 
forced to confine our discussion to those 
algebraic topics which have the most direct 
application to electronics. Among these 
are: linear equations, ratio and proportion, 
linear interpolation, the solution of quad- 
ratic equations, and the dimensional anal- 


ysis of equations. 


ALGEBRAIC 
EQUATIONS 


1. The Linear Equation 


A linear equation is an algebraic equation where the variable(s) occur only 
in the first degree; a linear equation can always be described graphically 
by a straight line. Examples of such equations are: 


Veer mt, 


y= mx +b (general linear equation), 
and 
Fa NI (formula from magnetic theory, where N is a constant). 


A distinction must be made between the terms “function” and “equation.” 
An equation defines a true statement such as 1 + 1 = 2, where the quantity 
on the left of the = symbol is exactly the same as the quantity on the right. 
If we write x + 1 = 2, it is clear that one and only one value of x will satisfy 
the equation, namely x = 1. A statement such as y = 2x + 3 implies that, 
for every value we care to assign to x, there is a corresponding value of y, 
such that the equation is satisfied. For example, in the equation y = 2x + 3, 
eee eye li x ly Sit x 2, yy = — 1S More ‘generally, 
an equation defines a function; the correspondence (mapping) between 
the domain and range of the function is expressed by the equation. 

The general form of the linear equation is 


y=mx-+b, Hie 0. (3-1) 


Absolute constants may be substituted for the arbitrary constants m and b 
in Eq. (3-1), with the result that a family of linear equations is generated. 


PXAMPEerCrLOMP hd. (o-1).) i 7 — land hf 0, then y— x7 lm 2 


MCmbiesieten ay = 2X; t= 2 wand 8 br—= 4/2 then) yy 
—ix+/2. 


2. Characteristics of the Linear Equation 


The graphs of five linear equations are shown in Fig. 3-1. From an examina- 
tion of the curves in the figure, we note: 


(1) The graph of each equation is a straight line, regardless of the values 
of m and b. 
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(2) Since each equation represents a 
straight line, only two points in the 
plane of the coordinate system are 
needed to uniquely specify the par- 
ticular function. 


(3) If the domain of the function is 
assumed to be continuous from 
—oo < x < ow, each line must inter- 
cept the abscissa if we stipulate 
ia. 


FIGURE 3-1. Graphs of linear equations. 
(4) If b = 0, the line passes through 


the origin. 


(5) The slope of each line is determined by the value of m; the slope more 
nearly approaches the vertical as m grows larger. Note: In Fig. 3-1, the 
slope of the lines given by y = x + 1, y = 2x + 1, and y = 3x + 1 becomes 
progressively steeper as m becomes larger. 


3. Slope of the Linear Equation 


The notion of slope is worthy of further attention. The concept is most im- 
portant in the study of electronic amplifier circuits, to name but one example. 
Slope may be defined as the ratio of the rise to the run. The meanings of these 
terms will be illustrated in Examples | and 2, which follow. 


EXAMPLE 1. Given the graph shown in Fig. 3-2, determine the slope of the 
line, 1.e., find the value of m. 


Solution. From Fig. 3-2, if the value of x changes by 2 units (x, — x, = 2), 
the value of y changes by 4 units (y, — y, = 4). The ratio of the rise to the 
run is then: 


rises Ye Aa 
SORE a ee 


EXAMPLE 2. Figure 3-3 illustrates Ohm’s law. From the graph, the slope of 
the line is given by 


or, since the function is linear, more simply by 
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Py (Ip, Vo) 


FIGURE 3-2. Determining the slope of a FIGURE 3-3. Illustrating Ohm’s law. 
line. 


slope = 


~~ 


The ratio (slope) V/I is given a special name; it is called resistance, R, and 
represents the opposition encountered by current flow in electrical circuits. 


4. Constants of the Linear Equation 


When two points on a straight line are given, the linear equation which 
represents that line is defined. The constants of the equation, which in 
general may be symbolized by m and 6 [see Eq. (3-1)], can be determined by 
using the two-point form. Again, consider Fig. 3-2. Here, two points on 
a line are identified by the ordered numbers P,(x,, y,) and P(x», ys). The 
slope of the defining equation is given by 


We may imagine a general point P,(xo, yo) which can be thought of as 
existing anywhere on the line shown in Fig. 3-2. Since P, lies on the same 
line as P, and P,, the slope of the line is given by the relation between P, and 
P, (or P, and P,) as well as between P, and P,. Thus, if we choose to consider 
the points P, and P,, we have the following expression for the slope of the line: 


Finally, equating the two expressions for m yields 
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Vo An Va Saat (3-2) 


Xo — X1 Xo — xX, 


If absolute constants are given for P,(x,, y,) and P.(x,, y.), then a unique equa- 
tion may be determined using Eq. (3-2), as shown in Examples 1 and 2 which 
follow. 


EXAMPLE 1. Given the points (2, —1) and (3, 2), determine the representa- 
tive linear equation. 

Solution. Arbitrarily; let x, = 2, y, = —1, and x, = 3, y; = 25 bueno 
substitution in Eq. (3-2), we have 


a iia A lene 9 Rat ea 8, 
Xo — (2) 3 — (2) 


or 
Decree 2 
X, —2 1 
from which 
Veo Ne 


The last equation can be written even more simply: 
Vi SOX oa. 


EXAMPLE 2. Figure 3-4 shows a sawtooth voltage waveform. The ordinate 
is scaled in volts, and the abscissa in 
radians (see Chapter 6 for a discus- 
50v sion of the radian), i.e., in multiples 


“4 “| of the number z (z = 180 electrical 
degrees). The peak value of the 


™ 37 47/8 voltage in either of the positive or 
negative directions is 50 V. Find an 


Soy equation which describes the wave 
FIGURE 3-4. Sawtooth waveform from 1M the interval 0 < @ < 2z. 
Example 2. Solution. Strictly speaking, the value 


of V is not defined at 6 = 0 radians, 
9 = 2m radians, 6 = 47 radians, etc. However, for our purposes, we will 
assume that when 6 = 0, V = —S50 V, and when 0 = 27, V = 50 V. Hence, 
the points we will work with are described by the ordered numbers (0, —50) 
and (27, 50). Substitution of these values into Eq. (3-2) yields 


V —(—50) _ 50 —(—50) 


# — (0) 2x — (0) 
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the solution of which, for V, is 


v= 50(2 —1). 
7) i 


Exercises 3-4 


In each of the following questions, a pair of ordered numbers is given. Determine the 
representative linear equation in each case. 


1. (0, 0) and (2, 4) 4. (1, 0) and (2, —2) 
2. (0, 1) and (2, 5) 5. (1, 1) and (3, 11) 
3. (0, 0) and (2, —4) 


6. Figure 3-5 shows a sawtooth voltage 
waveform. Find equations describing 
the wave in the intervals: lOO v 


(a)(0-<-t <1 (Dy eeat 2D 


v (f) 


7. Figure 3-6 shows a triangular current 


waveform. Find equations describing e at 
the wave in the intervals: FIGURE 3-5. Waveform in Question 6. 
(a) 0 <t<0.5 (b) 0.5 <t <1 

v(t) 

5v 


ba 09 t 


FIGURE 3-6. Waveform in Question 7. FIGURE 3-7. Waveform in Question 8. 


8. Figure 3-7 shows a sawtooth voltage waveform. Find equations describing the 
wave in the intervals: 


(a) O<t<0.9 (b) 0.9 <t<1 


5. The Solution of the Linear Equation 


The curve of a linear equation must intercept the abscissa at some point. 
At this point, y = 0. Then, the general equation may be written 
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mx + b=0, ily 0! (3-3) 


A solution for x in Eq. (3-3) is called the root of the equation. Solving 
for x, we have 


mx + b=0, 
or 
ie ull (3-4) 
Equation (3-4) is the solution (or root) of Eq. (3-3). Since the curve of the 


linear equation intercepts the abscissa once, and only once, there is only 
one solution for x. 


EXAMPLE 1. Solve the equation y = 3x — 7. 


Solution. Letting y = 0, we have: 


Shee] =) 
or 

Bie 2c] 
and 

x=. 


Note: The root of the equation is 4. If the equation were displayed graphi- 
cally, we would find that the curve would intercept the abscissa at a point 
where x = 4. 

EXAMPLE 2. Solve the equation V = 50(6/z — 1). 
Solution. Equating V to 0 yields 


so(2 — eso 
Fi i 
or 
50. ORNS NO: 
14 


Dividing through by 50 yields: 
(2)-1=0. 
1 
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Finally, 


ed de 


Exercises 3-5 


Solve each of the following equations: 


1. 3x +4=0 

2. —2x —2=0 

3. 4x —4=0 

4. v(t) = 1000¢ — SO, if v(t) = 0 
5. i(f) = 4¢ — 2, if i) = 0 

6. v(t) = (t/x) — 8, if v7) =0 


6. Ratio and Proportion 


A ratio is the quotient of two numbers (or polynomials).t Such fractions as 
3. 3, and a/b are ratios. A ratio commonly encountered in electronics is V/J, 


a> 29 


the ratio of voltage to current in electrical circuits. It defines the opposition 


encountered by current flow in an electrical circuit. 


If two (or more) ratios are equal, the result is called a proportion. Some 


examples of proportions are: 


3 =, 6 
4 8? 
Lie othe 
bed 
Vy, RR 
Vea Re 
a b c ; 
eta Gabon an C (sine law from trigonometry), 
Ly eae : 
EV, (Boyle’s gas law). 


An alternate method of writing a proportion is a:b = c:d and is read 
“ais to bas cis to d.” Thus, the third example given could be written: V;: V. = 


Ri: Re; the fourth example, 2:sin A = b:sin'B = c:sin C, etc. 


+ Polynomial—an algebraic expression containing two or more terms, ie., a sum of 


algebraic terms. 
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A proportion may be manipulated, if desired, to yield equivalent forms. 
For instance, the last example given may be written in these alternate forms: 


PV; —— PVs, 
ee 

iP V; , 
PV, 

Vz P, ) 


and so on. The choice of a particular form is usually a matter of convenience 
to the user; exactly the same information is contained in the more standard 
form. (Of course, these remarks hold true for any proportion.) 

Many electronic problems lend themselves to solution by means of pro- 
portion. Ohm’s law problems may be readily solved by this method. In the 
next two examples, we will solve two such problems, first in the conventional 
way and then by means of proportion. The reader should compare these 
solutions as to the amount of time and work involved in their solution. 


EXAMPLE 1. Find the voltage drop V 
across the 30-Q resistor in the circuit 
shown in Fig. 3-8. 


Solution 1. The total resistance, R,, 
of the circuit is 20 + 30 + 25 or 75Q. 
The current in the circuit is given 
by: 


FIGURE 3-8. Circuit in Ex- 
ample 1. [jeg as LUC 1.33 A. 


Then, V is given by 
VR 1.332% 30: 39.9N; 


Solution 2. The total resistance of the circuit is 75 Q. Then, by proportion, 
V is to E ( = 100 V) as 30 Q is to Rz, or 


deere) 
Fer: 


and, after substitution of values, 


V _ 30 

100775 
from which 

V=40V. 
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Note: We have eliminated one step by using this method. It is possible to 
use proportional methods since, by Ohm’s law, E is proportional to R for 
a given current J. 


EXAMPLE 2. Find the current in the 
30-Q resistor in the circuit shown 
in Fig. 3-9. 

Solution 1. The equivalent resistance 
of the 20- and 30-Q resistors in 
parallel is given by 


(20 x 30) 2a FIGURE 3-9. Circuit in Ex- 
(20 + 30) ae ; ample 2. 


The total circuit resistance is then 10 + 12, or 22 QO, and the total current 
flow is then 


Ex, 99 100 


In = = 7 = ASA. 


The voltage drop across the 30-Q resistor is equal to /,R, or 4.54 x 12 = 
54.6 V. - 
Finally, the current in the resistor is given by: 


54.6 __ 
eG at 182A. 


Solution 2. The equivalent resistance of the 20- and 30-Q resistors in parallel 
is 12 QO. 

The voltage drop V across the 30-Q. resistor is to the source voltage as the 
equivalent resistance is to the total resistance of the circuit. Symbolically: 


ae? 
100 (12 + 10) 


and V = 54.6 V. Hence, the current in the 30-Q resistor is 54.6/30 = 1.82 A. 

Note: Again one step has been eliminated. Notice that, in these examples, 
it was not necessary to solve for total current flow when the method of 
proportion was used. 


Exercises 3-6 


Solve for x in Questions I to 4. 


1. 3x/3 — x) =4 2 75 
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2x —2  3x/4 


se 3x/2 x41 


4, 2x/(3x — 2) = (5x — 2)/x + 2) 


5. Three resistors which have values of 100, 200, and 50Q, are connected in 
series across a 100-V source. What is the voltage drop across each resistor? 


6. The total current flowing into (and away from) a network comprising three 
resistors in parallel is 7 A. The resistors have values of 5 QO, 10 ©, and 20 ©. Find 
the current in each. 


7. Four capacitors, having values of 
0.1uF, 0.2uF, 0.3uF, and 0.4uF, are 
a connected in series with a 100-V d-c 
supply. What is the voltage drop across 


(~) (M) each? 


Ry 8. Figure 3-10 shows a Wheatstone 
bridge. When the resistors are in the 
correct ratio, the bridge is said to be 
balanced, and the meter (M) indicates 
zero current. Derive an equation relating 
Ry (an unknown resistance) to the known values R;, R., and R; for the balanced 
condition. 


FIGURE 3-10. Wheatstone bridge. 


fs Linear Interpolation. 


Linear interpolation is a process whereby a value intermediate to two known 
values is found. The function concerned is usually nonlinear, in which case, 
the process of interpolation becomes an approximation. 

Let us assume two ordered numbers, P,(x,, y,) and P.(x2, y2), which repre- 
sent points on the curve of some equation. We further assume that neither 
the mapping nor the graph of the equation is readily available. It is desired 
to find an intermediate value, y,, corresponding to a given value, x,, in the 
domain of the function which is intermediate to x, and x». 

The situation is shown in Fig. 3-11. The known points, P, and P,, lie on the 
curve AB. (The curve AB is shown here to illustrate the text; in practice, it 
is often unknown.) Since the mapping of the function is unknown, we assume 
that the curve is approximately linear between P, and P,. In effect, we write 
a linear equation describing the chord P,P,. By substituting the value of 
X, into the resulting equation, we may find a value for y,. Clearly, the value 
obtained for y, is only approximately correct (from Fig. 3-11 we see that 
yi is the exact value), but recall that an equation describing the mapping of 
the arc P,P, is not available. Hence, we accept “second best.” In many cases 
this practical approach is justified by other considerations. 

The procedure just outlined yields a value slightly less than the exact value if 
the curve opens downwards (see Fig. 3-11); slightly larger if the curve opens 
upwards (see Fig. 3-12). 
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FIGURE 3-11. Approximating a point, yp. 


The difference between the exact 
and approximate values obtained is 
called the error. In general, when the 
values x, and x, differ only slightly, 
the error is usually small. If, however, 
the difference between x, and x, is 
great, the error is likely to be large. 
It is difficult to make any hard and 
fast rule. The error will vary with the 


type of function and with the values FIGURE3-12) The approximated 
of x, and x, chosen. In any case, it value of yp is slightly larger when the 
is wise to choose values of x, and x, curve opens upwards. 


as close together as is practical. In 

many instances, when a table has been prepared from empirical data (such 

as laboratory instrument readings), the error inherent in the data is greater 

than that introduced by interpolation methods. In this event, error arising 

from a mathematical process such as interpolation may be disregarded. 
The value y, may be calculated by using the formula: 


Y= ys + Bo ceed ae) (3-5) 


where x,, y;, and x, y. are the coordinates of the known points, and x, is 
the intermediate value in the domain of the unknown function. Equation 
(3-5) can easily be derived if we solve for y, in Eq. (3-2). 


EXAMPLE 1. Suppose the function sin x (see Chapter 6) is known from 
trigonometric tables for x = 30.4 degrees and x = 30.5 degrees. We desire to 
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find a value for sin x when x = 30.45 degrees. This value is not available from 
tables, so we must interpolate. We construct a table showing the situation: 


es SOAS y, = 0.50603 (from the table) 
Xe = 150:49. Yo (to be found) 
bo SV Ey y. = 0.50754 (from the table) 


We then apply Eq. (3-5): 


0.50754 — 0.50603 


Yo = 0.50603 + 39.5 30.4 


(30.45 — 30.4) = 0.50679 


with reasonable accuracy. Hence, sin 30.45° is equal to 0.50679. 


EXAMPLE 2. If the function log,, x (see Chapter 8) is known from logarithmic 
tables for x = 4530 and x = 4540, and it is desired to find log, 4536, we 
may proceed as follows: 


Xp = 4530 y, = 3.6561 (from tables) 
Xo = 4536 Yo (to be found) 
X», = 4540 Yo = 3.6571 (from tables) 


3.6571 — 3.6561 


Leo= 3.6561 iE 4540 — 4530 


(4536 — 4530) = 3.6567. 


Thus, log,) 4536 is very closely equal to 3.6567. 


EXAMPLE 3. The distortion produced by a vacuum tube amplifier with a signal 
input of 0.1 V is 0.55 percent. When the input signal is increased to 0.23 V, 
the distortion increases to 3.6 percent. Calculate the percentage distortion 
for an input signal of 0.15 V. 


Solution. We construct a table showing the situation: 


Signal (Volts) *% Distortion 
Xi 1OslO yi, = 0.55 (given) 
oe = OHS) Yo (to be found) 
5 = O28) yo = 3.6 (given) 
Then: 
he _ 3.60 — 0.55 ed: Say 
Ver 0-D),4 023 = 0 1000-!5 0.10) == 1.72; 


The approximate distortion with an input signal of 0.15 V is 1.72 percent. 
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Exercises 3-7 


1. Given: cos 18.5° = 0.94832; cos 18.6° = 0.94777. Find cos 18.52°. 
2. Given: tan 42.2° = 0.90674; tan 42.3° = 0.90993. Find tan 42.27°. 
3. Given: log;) 2.5 = 0.39794; log, 2.6 = 0.41497. Find log,, 2.535. 


4. A 6J5 vacuum tube is biased at —4 V. When the plate voltage is 100 V, the plate 
current is 1.8 mA. If the plate voltage is raised to 200 V, the plate current is 13 mA. 
Find the plate current when the plate voltage is set at 130 V. 


5. The measured radiation power from a 1-kW broadcast station is 0.01 mW/m? 
at a distance of 2.5 mi from the transmitter. The radiation power is 0.0001 mW at 
10 mi. Estimate the radiation power at a distance of 5 mi. 


8. The Load Line 


The load line is an extremely useful tool in the design of vacuum tube and 
transistor amplifiers. It may be used to predict the gain and distortion of an 
amplifier. The load line is a good 
example of the use of linear equations 
in electronics. 

Figure 3-13 shows the output 
circuit of a common-emitter tran- 
sistor amplifier. R, is the load resist- 
ance, V,., the collector source voltage, 
Vow the voltage drop between col- 
lector and emitter, and J, the FIGURE 3-13. Output circuit of a CE 
collector current. amplifier. 

Using Kirchhoff’s voltage law, we 
can write an equation describing the collector circuit: 


Veo = TR, + Vou. 
Solving for J, yields: 


Voc ] 


Ip = Roe + ee 


RE: (3-6) 
Equation (3-6) has the same form as the general linear equation, y = mx 

+ b. The slope of the equation is given by the expression —1/R,; since it is 

negative, the graph of the equation will slope downwards from left to right. 
Let the variable V,, equal zero. Then, from Eq. (3-6) we get: 
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aii gt) ai (3-7) 


Loa R, 


Let the variable J, be zero. From Eq. (3-6) we find: 
Vor ae Veo, Ig = 0. (3-8) 


Equations (3-7) and (3-8) represent two extreme conditions—the short- 
and open-circuit conditions for the collector. Using the two points just found, 
that is, (0, Vec/Rz) and (Voc, 0), we may plotia load line on the set of collector 
characteristic curves for the transistor by joining the points with a straight 
line. See Fig. 3-14. 


(0, %o/R,) 


Slope = —1/F, 


FIGURE 3-14. The load line. 


EXAMPLE. Draw a load line for the circuit of Fig. 3-13 if R; is 3000 © and 
Veo is 9 V. 


Solution. We apply Eq. (3-7) to get: 


ee 2 Ves 
° ~~ 3000 2 


and Eq. (3-8) to get: 

Vox = 9 V. 
The points on the graph are (0, 3) and (9, 0). We locate these points on the 
collector characteristic curve and join them with a straight line. This line is 


the load line representing a load resistance of 3000 © (Fig. 3-15). 


Note: If several values of load resistance were to be chosen and a load line 
plotted for each, we would find that the slope would become steeper for values 
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Ie ie 
5 
3 4 @ : R, < 30002 
a ® 
a o R, = 3000.2 
Ee s E 3 
= 2 Slope = — 1/3000 = 9 Ff, > 3000 2 
= 4 = ; 
O Cy ee a 0 Set mn ge ee 
Volts Volts 
FIGURE 3-15. Load line for R, = FIGURE 3-16. Load lines drawn for 
3000 ohm. Rr, <3000, Rr = 3000 and R; +3000 
ohm. 


of Jow load resistance. Conversely, the slope would be less steep for the 
higher values of load resistance (Fig. 3-16). 


Exercises 3-8 


1. Consider the output circuit of the vacuum tube amplifier shown in Fig. 3-17. 
Use Kirchhoff’s voltage law to derive a linear equation giving J, (plate current) 
in terms of plate voltage (V,), Rr (plate load resistance), and B+ (E,)). 


FIGURE 3-17. Amplifier of Question 1. 


2. Sketch the graph of the plate characteristics for the tube V, (Fig. 3-17) using the 
data given in the following table. 


Bias = —4 V 


Bias = —2 V 


Bias = 0 V 


V (Volts) V (Volts) 
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If E,, = 250 V, using your graph, construct a load line for: 
(a) Rz = 10,000 0 
(b) Rr = 20,000 2, 
(c) Rz = 50,000 ©. 


3. Assume a bias of —2 V and an input signal of 4 V, peak-to-peak, for the amplifier 
of Fig. 3-17. Use the results of Question 2, and the method shown in Fig. 3-18, to 
estimate the output signal for plate loads of: 

(a) 10,000 © 

(b) 20,000 

(c) 50,000 0 


Operating 
| point 


FIGURE 3-18. A graphical method for finding the output signal ampli- 
tude, given an input signal. 


4. The gain of the amplifier in Fig. 3-17 may be defined as the ratio of output signal 
to input signal (e,/ein). Find the gain of the amplifier, using the results of Question 
3, for loads of: 

(a) 10,000 © 

(b) 20,000 © 

(c) 50,000 O 


9. The Quadratic Equation 


Quadratic functions were first mentioned in Chapter 2. A quadratic equation 
is defined as one in which no variable appears with a power greater than two, 
although a variable may also be included in the equation with a power equal 
to unity. Examples of quadratic equations are: 


y=’, 
x?+2x—4=0, 
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and 
P=TI°R (electrical power formula). 


In the first example, the variable x occurs once in the equation, and then 
only in the second degree. However, in the second example, the variable ap- 
pears twice, once in the second and once in the first degree. The last example 
is from electrical theory; it 1s similar in form to the first. We shall be mainly 
concerned with quadratic equations resembling the first and second examples 
in form. 

The general form of the quadratic is 


y=ax’+bx+e, a=: (3-9) 


[If a = 0 in Eq. (3-9), the equation is no longer quadratic, but is linear.] 
Absolute constants may be substituted for the arbitrary constants a, b, 
and c in Eq. (3-9), thus generating a family of quadratic equations. 


EXAMPLE. If a = 3, b = 0, and c = 0, then 
eae 

iid — 1) — 0) and ci= —8,' then 
y=x’ — 8. 

ig 2b) —F—| and) c= 3, then 


Vie-y2ax — xX 3. 


10. The Graph of a Quadratic 
Consider the quadratic equation 
Virexicrx 4: (3-10) 


where the domain of the function is continuous in the interval —oo < 
x < oo, In order to plot the equation, we must first make a partial table by 
selecting appropriate values in the domain of the function, and by computing 
the range. The resulting table follows. 


Sec. 3-10 THE GRAPH OF A QUADRATIC / 55 


—1 —> —3 
0 ae —4 
1 aaa —3 
2 —==- 0) 
3 ==> 5) 


The information contained in the table was used to plot the graph shown 
in Fig. 3-19. 


The shape of the curve in Fig. 3-19 is parabolic in nature, and the curve 
itself is called a parabola. A parabola does not always open upwards. In 
fact, if the x? term of Eq. (3-10) is multiplied by —1, the curve is inverted 


(Fig. 3-20). 
» a 
x 
x 
FIGURE 3-19. Graph of y = FIGURE 3-20. Graph of y = 
Roe. —x?— 4, 


The point on the graph of a quadratic where y is a minimum (or maximum) 
is called the vertex. In Fig. 3-19 the vertex of the parabola is given by the or- 
dered numbers (0, —4) and is the minimum value of y. In Fig. 3-20 the vertex 
again is identified by the numbers (0, —4), but it is now a maximum value of y. 

A line parallel to the ordinate and intercepting the vertex of a parabola, 
which has the form ax’? + bx + c, is called the axis of symmetry. The axis 
of symmetry in Figs. 3-19 and 3-20 happens to be the ordinate, but this is 
not always the case. For example, the axis of symmetry of the curve shown in 
Fig. 3-21 occurs at x = —1, 1.e., it intercepts the abscissa at the point (—1, 0). 
In any case, the axis of symmetry either cuts (or can be extended to cut) 
a point on the abscissa denoted by the value 


——— (3-11) 
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FIGURE 3-21. Graph of y = x? + 2x — 4. 


The relationship given in Eq. (3-11) will be of use in Section 17 of this chapter. 
From an examination of Figs. 3-19, 3-20, and 3-21, it is possible to draw 
certain conclusions. We note: 


(1) The graph of a quadratic equation, having the form y = ax? + 
bx + c, is a parabola. 

(2) If the constant a is positive, the parabola opens upwards; 
downwards if a is negative. 

(3) If b = 0, the axis of symmetry of the curve lies on the ordinate 
of the graph. 

(4) Three points on a plane surface are sufficient to define a quadratic 
equation; we need only stipulate that these points do zot lie in a 
straight line, for in such a case, a = 0. 


11. Constants of a Quadratic Equation 


As noted in Section 10, only three points are necessary to define a quadratic 
equation. When three points are known, the procedure used to determine 
the corresponding equation is somewhat similar to that in Section 4, where 
a linear equation was determined from two points. The following examples 
show the method used in connection with the quadratic equation. 

Note: In the examples and exercises which follow, it is necessary to solve 
simultaneous equations in order to derive the constants a, b, and c. The 
method used is entirely adequate for our purposes, although it is a little time 
consuming. In Chapter 4 we discuss the determinant method of solving simul- 
taneous equations. If the reader is already familiar with this method, its use 
is recommended in connection with Exercises 3-11. 


EXAMPLE 1. Find the quadratic equation described by the points P,(1, 2), 
P,(0, —2), and Pe: 0). 
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Solution. 
(1) Substituting the ordered numbers P,(1, 2) into Eq. (3-9) yields: 


2=a+b+e. 
(2) Substituting the ordered numbers P,(0, —2) into Eq. (3-9) yields: 


—2— 0+ 05 ¢ 
or 


OE EM, 
(3) Substituting the ordered numbers P;(2, 0) into Eq. (3-9) yields: 


0= 4a + 2b +c. 


(4) From step (2), c = —2. Substituting this value into the equations of steps 
(1) and (3) gives, respectively, 

CC 
and 

2 = 4a + 2b. 


(5) Multiply the equation a+ 6 = 4 [from step (4)] by —2. This gives: 
—2a — 2) = —8. 


(6) Add the result from step (5) to the last of the equations from step (4): 


—24-— 2) = —8 
4a+2b= 2 
2a—- 0 = =—6 

or 

Sa): 


(7) Substitute the values obtained for a and c into the equation from step (1): 


a+b+c=2, 

—3+5b—2=2, 
or 

b= Te 
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(8) Lastly, substitute the values obtained for a, b, and c into Eq. (3-9) to get: 


y= —3x° + 7x —2 


The equation described by the three given points is that shown in step (8). 


EXAMPLE 2. Find the equation described by the points P,(0, 2), P.(1, 3), 
and P,(2, 4). 


Solution. 
(1) Substitute the ordered numbers P,(0, 2) into Eq. (3-9). This yields: 


2=0+0+ece 
or 


c= 2. 

(2) Substitute the ordered numbers P,(1, 3) into Eq. (3-9). This yields: 
3=a+beec. 

(3) Substitute the ordered numbers P;(2, 4) into Eq. (3-9). This yields: 
4=4a+ 2b+. 


(4) From step (1), c = 2. Substitution of this value into the equations from 
steps (2) and (3) gives: 


l=a+b, 
and 


2 = 4a + 2b, 
respectively. Dividing the last of these equations through by 2 yields: 
1 =2a-+ b. 


(5) When we multiply the first equation from step (4) by —1, and add it to 
the second, we get: 


—l=—a—b 
l= 2a+b 
O= a+0O0 
or 
a= 0. 
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Here the process grinds to a halt, since if a = 0, the equation we are seeking 
cannot be a quadratic. From this we infer that the points given must lie on 
a straight line, and the equation describing them must be linear in nature. 
If we were to investigate a little further, we would find that the equation we 
are after is y = x + 2. The moral of the story is this: When given a set of 
three points, check first to see if they should happen to describe a linear 
equation! 


Exercises 3-11 


Determine the type of equation represented by the following combinations of ordered 


numbers. 

1. (0, 4), ae 6), (—f- 2) 4. (0, —4), qd, 0), (2, 4) 
2. CE 1), (2, 4), (3, 9) 3 (0, ==); di, 2) (C5 8) 
3. dl, 0), (2, =) (3, —8) 6. (0, 2), a, 2); OF, 2) 


The following combinations of ordered numbers may describe a quadratic equation 
having the general form y = ax? + bx + c. Determine the equation in each case. 


he (0, —4), a, 3): Q, 0) 10. (0, =); d, 0), ale —8) 
8. (0, —4), (2, 6), (—2, —6) 11. (0, —2), d, —1), (—1, —5) 
953 (ONO) Sa a4) (2s 0) 12,071) ORs) 

12. Graphical Solution of Quadratics 


In Section 5 it was pointed out that the intersection of the curve of a linear 
equation and the abscissa yields a 
root for the equation. When the 
curve of a quadratic intersects the 
abscissa, we obtain a solution for the 
equation, with this important dif- 
ference: the curve of the quadratic 
may intercept the abscissa in two 
places. Thus, a quadratic has two 
solutions, or roots. 


EXAMPLE 1. The graph of the equa- 


FIGURE 3-22. Graph of y = x2 + tion 
2x — 4. Roots are approximately 
—3.25 and 1.25. y == x? + ax = 4 
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is shown in Fig. 3-22. When we set y = 0, we find that the points of inter- 
section of the curve and the abscissa are given approximately by x = —3.25 
and x = 1.25. The roots of the equation are approximately equal to these 
values. 


EXAMPLE 2. The graph of the equation 


y=x+2x4+1 


is given in Fig. 3-23. Again setting y x=-1 
; two roots 

y =0, we find that the vertex just x=-1 

touches the abscissa at the point 

where x = —1. In this case, the roots 

of the equation are identical and are 7 


equal to the number, —1. 
FIGURE 3-23. Graph of y = x2 + 
Examples | and 2 illustrate two of 2x + 1. Roots are both equal to —1. 


the three possible forms which the 

roots of a quadratic equation may 

take. The curve may intersect the af 
abscissa at two different points (Fig. 

3-22); we call the roots of such equa- 

tions real and distinct. The curve 

may touch the abscissa at only one 

point (Fig. 3-23); the roots are then 

termed real and equal. 

The third possibility is shown in 7 
Fig. 3-24. The curve may not touch 
the abscissa at all; it may lie wholly 
above or below with no contact what- 
soever. In such cases, the roots of the 
equation are said to be imaginary and cannot be expressed in terms of any 
numbers that we are familiar with; rather, we require complex numbers 
(discussed in Chapter 7) of the form, a + jb. 


FIGURE 3-24. Graph of y = x? 
+ 2x + 2. Roots are imaginary. 


Exercises 3-12 


Solve each of the following equations for x using graphical methods. 


ly=x?+4x4+4 5x7 =F yp? = 16 
2y=x?>—4x4+3 6.x —-— y= 

3. y= —2x?-—x+1 Te ¥ = (X7 — 4)/2x 
4, 2x? +y?=8 8. x? +y?—x=2 
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13. Solution of a Quadratic by Factoring 


Many quadratic equations may be easily solved by means of factoring. The 
following examples show the method. 


EXAMPLE 1. Solve the equation y = x* — x — 6. 


Solution. We may set y = 0 and factor the left-hand side of the resulting 
equation: 


Kee x 6 
or 

(x — 3)\(x + 2) = 0. 
Since the product (x — 3)(x + 2) is equal to zero, then either (x — 3) or 
(x + 2) must also equal zero. Thus, x — 3 = 0, and x = 3. Also, x + 2=0, 
and x = —2. The roots of the equation are 3 and —2; either value will satisfy 


it when y = 0. 


EXAMPLE 2. Solve the equation x? + 4x = 0. 


Solution. After factoring: 
x(x + 4) = 0; 


hence, x = 0 and x = —4. The roots of the equation are 0 and —4. 
Note: We must avoid the temptation to divide through by x in the original 
equation (x? + 4x = 0); in so doing, we would loose the root, x = 0. 


EXAMPLE 3. Solve the equation 3x? — 16x — 20 = 15. 


Solution. Rearranging terms: 

OX a Oe on): 
Factoring: 

(3H 425)0e— 1) = 0: 
Solving: 

3x 5 = 0, and «x= —$; 


or 
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a= 0, and) “x= 7; 


Therefore, the roots of the given equation are —8 and 7. 


Exercises 3-13 


In each question, solve for the roots by factoring. 


1.x? —4=0 5. 420x? + 102x +6 =0 
2. 3x? ++ 4x —4=0 6. 906? — 6 = 336 
3. 2y? + 4y = 0 7. 121x? + 44x +4=0 
4. 3¢? —86 + 4=0 8. 200s? + 60s = 8 


9. w? — 200 = 10w 
10. Solve for x: x? + xy — 2y? = 0 
11. Solve for y: x? + xy — 2y? =0 
12. Solve for t: 2t2 — Jat — 4a =0 


14. Solution of a Quadratic by Completing the Square 


Many quadratic equations cannot readily be factored, and the method used 
in Section 13 in not practical. However, any quadratic may be solved by a 
method known as completing the square. The steps used in this method are as 
follows: 


(1) Divide through the equation by a value equal to the coefficient 
of the variable in the second degree. 


(2) Transpose all constant terms to the right-hand side of the equa- 
tion. 


(3) Divide the coefficient of the variable in the first degree by 2, 
square the result and add to each side of the equation. 


(4) The left-hand side of the equation is now a trinomialt which, 
when factored, is a perfect square. 


(5) Take the square root of each side and solve for the roots. Bear 
in mind that the square root of any number may be either positive 
or negative; thus the equation will have two roots. 


EXAMPLE |. Solve the equation 


+ Trinomial—a polynomial having three terms. 
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5x? + 12x +6=0 


by the method of completing the square. 


Solution. 
(1) We divide through the equation by a value equal to the coefficient of the 
variable in the second degree, that is, by 5: 


apexes 


(2) Transposing the constant term: 


(3) We divide the coefficient of the variable in we first degree by 2, that is, 
12 divided by 2 equals £. The square of 3 is $3 6 Adding this value to each 
side of the equation in step (2) gives us: 


x2 2x 6 
e+ Bae 75° 


(4) Factoring the left-hand side of this equation results in the perfect square: 
+ 9E+9=64+9 =e. 


(5) Finally, taking roots and solving yields: 


65 EN 6) 
Nines aes 
or 
(—6+/6) 
5 
and 
pee) 


Either of these roots will satisfy the given equation. 
EXAMPLE 2. Solve the equation 
x?+2x+2=0 


by completing the square. (The graph of this equation is given in Fig. 3-24). 
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Solution. 
(1) Since the coefficient of x? is 1, we can ignore step (1). 
(2) Transpose, to obtain: 


Ce 2k = —2. 


(3) The coefficient of x in the first degree is 2. After the halving and squar- 
ing operations are completed, we obtain the result, 1. This value is added to 
each side of the equation in step (2): 


Ke taex a. i 1. 

(4) The trinomial from step (3) is the perfect square (x + 1)?; thus: 
(x + 1)? = —-1. 

(5) Solving: 
5 ph ee Veet t 


In Chapter 7, we represent ./ —1 by the symbol j; hence, the roots of the 
equation are: 


ees USS) tile eK thew) 
Note: The complex numbers (—1 + /) and (—1 — /) are the roots of the 
equation. This result is expected since the curve of the equation (Fig. 3-24) 
does not touch the abscissa. 


Exercises 3-14 


Solve by completing the square. Prove your answers. 


12x + 3 = x" 5, 2x77 — x =2 

25x02 -—- xs! —2=0 6. 10x27 +x—-1=0 

Sexe = 4( X01) 7.x7°+2x+3=0 

4. x? ++ 2x —2=0 8. Solve for x: x? + xy? —2=0 
15. The Quadratic Formula 


At the beginning of Section 14 we stated: “Any quadratic may be solved by 
a method known as completing the square.” Since Eq. (3-9) is the general 
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form of the quadratic, a solution for its roots will hold for any quadratic hav- 
ing the same form. Such a solution will be general in nature. 

Let us apply the method of completing the square to the general form, 
where y = 0. 

Given: 


ax? + bx +c=0, 
we proceed as follows: 
(1) Divide through by the coefficient a: 


bx 


2 — dee 
Ka wo he 0. 


(2) Transpose the constant term c/a: 


ie Da an Oe 
YS * 


a 


(3) Halve the coefficient b/a, square the result, and add to each side of the 
equation in step (2): 


DER RO ata Oe 
AG Aa a 


bx 

2 

x? + —+ 
(4) Factor the trinomial on the left-hand side of the equation in step (3): 


bee: Cc 
Et ehh Sree 
(5) Find the common denominator of the terms on the right-hand side of the 


equation in step (4): 


b ) a (6? — 4ac)_ 


(x a 2a 4a’ 


(6) Take the square root of each side: 


Deon SEAL Age). 


ee ae 2a 
(7) Finally, solve for x: 
us EATS 
eee ae UE Ae (3-12) 


2a 
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Equation (3-12) is the solution of the general quadratic, ax’? + bx + c= 0. It 
is called the quadratic formula. 


EXAMPLE 1. Solve the equation 
5x? + 12x +6=0 


from Example 1, Section 14. 


Solution. We will use Eq. (3-12) in our solution. We note the value of each 
coefficient in the given equation: a = 5, b = 12, and c = 6. Then, substi- 
tution into Eq. (3-12) yields: 


ve w+ VOY = OOO _ =12 + VI4— 120 
Bye witb 20 delice aelar y 4- 10 


Thus, the roots of the equation are —6/5 + »/ 6/5, and —6/5 — / 6/5. 


EXAMPLE 2. Solve the equation 
x*+2x+2=0 


from Example 2, Section 14. 
Solution. We note: a= 1, b=2, and c = 2. Substitution of these values 
into Eq. (3-12) yields: 


—2 + V¥(2)* — 40)@) 
Meee. a. 


2, ai 


Thus, the roots of the equation are —1 + j, and —1 —j. 
A study of the quadratic formula reveals several interesting facts. The 
expression under the root sign, b? — 4ac, is called the discriminant. If: 


(1) 6? — 4ac > 0, the roots of the equation are real and distinct. 
(2) b? — 4ac = 0, the roots of the equation are real and equal. 
(3) b? — 4ac < 0, the roots of the equation are imaginary. 


Let us test the truth of these statements in the following examples. 


EXAMPLE 3. From Example 1, Section 12, we have the equation x? + 2x — 
4 = 0. If we substitute the values of the coefficients into the discriminant, 
we find: 
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b? — 4ac = (2)? — 4(1)(—4) = 20. 


Since 20 > 0, the roots must be real and distinct, as was the case in the 
previous example. 


EXAMPLE 4. From Example 2, Section 12, we have the equation x? + 2x + 
1 = 0. Substitution into the discriminant yields: 


(2)* — 4(1)() = 0. 


The roots of the equation are real and equal. This was the case in the origi- 
nal example. 


EXAMPLE 5. From Example 2, Section 14, we have the equation x? + 2x + 
2 = 0. Upon evaluating the discriminant, we find: 


(2) ee 1) (2) eat 


Since —4 < 0, the roots must be imaginary. This was the case in the previ- 
ous example. 


Exercises 3-15 


1. Repeat Questions 1 through 8 from Exercises 3-14, this time using the quadratic 
formula. 


Solve each of the following equations using the quadratic formula and prove your 


answers. 
2. 10x? + 10x —2=0 5.x? —3x +5=0 
3. 0.01x? + 0.1x —1=0 6. x72 + x71—1=0 


4.2x7°+%x+2=0 


In each of the following equations, specify the nature of the roots (whether real and 
equal, real and distinct, or imaginary) by an inspection of the discriminant. 


7. 2x? +x —35=0 12. 5x? +1=0 

8. x7 —x—1=0 13. x* + 4x + 4=0 
9. — 4x44 4 — 0 14. 50x? — x — 100 = 0 
10. 2x72? ++ 4 = —x7} 15.527) —=150x =- 50 
11. 100x? + 100x + 100 = 0 16. y? — 20y + 100 = 0 


17. sin? x + 2 sin x + 1 = 0. Hint: sin? x = (sin x)’; hence, the given equation is 
similar in form to the quadratic, x? + 2x +1=0. 
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18. 2 tan’ ¢ + 2 tan d + 2 = 0. Hint: tan? ¢ = (tan ¢)*; hence, the given equa- 
tion is similar in form to the quadratic, 2x? + 2x + 2 =0. 


16. Applications of the Quadratic Equation 


Many problems in physics and electronics lead eventually to the solution of 
a quadratic. In such cases, when the root or roots must be found, it is proba- 
bly the best practice to apply the quadratic formula immediately unless the 
solution is obviously best-handled by graphs or factoring. In the following 
examples we will show the solution of some typical electronics problems 
by means of quadratics. 


EXAMPLE |. An aluminum radio chassis is 50 in? in area. If the length of the 
chassis is 5 in. greater than the width, what are the dimensions of the chassis? 
Solution. Let x equal the width of the chassis; the length is then equal to 
x + 5 in., and the area is given by the equation 

Area = x(x + 5) = x? + 5x. 


After substitution of the known area and transposing, we have: 


x? + 5x — 50=0 
or 
(x + 10)(x — 5) = 0. 
The roots of the equation are x = —10 and x = 5. Therefore, the dimen- 
sions of the chassis are 
WV tothe xt in. 
and 
Length = x + 5 = 10 in. 


Note: The root, —10, has no physical meaning and, hence, is ignored in 
the solution. 


EXAMPLE 2. The total resistance of two resistors connected in parallel is 
6 Q. If the resistance of one is 5 © greater than the other, what is the value of 
each ? 


Solution. The formula for two resistors in parallel is 


Rik, 


of Ps ee EE 
7 (Ri +R) 
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where R, and R, are the individual resistors, and R, is the total resistance of 
the combination. 

Let the value of one resistor be x Q; the second resistor then is x + 5 Q. 
Substituting into the resistance formula gives 


Rep eXEX Oe Xe ron 
— x+(x+5)” 2x4+5 


which, after cross-multiplication, has the form: 
Lr 30 =O ox 
or 
XP xe = 30 = 0. 
This result may be factored: 
(x + 3)(x — 10) = 0. 


From the factored result, the roots of the equation are x = 10 and x = —3. 
Hence, the resistors are: 


x= 100 
and 
x+5= 15 0. 
Note: The root, x = —3, obtained in the solution has no physical meaning 


and is ignored. 


EXAMPLE 3. A 20-W lamp and a 200-Q resistor are connected in series with 
a 200-V source. What is the current in the circuit (Fig. 3-25)? 


FIGURE 3-25. Circuit in Example 3. 


Solution. We may use Kirchhoff’s voltage law to write: 
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E,=VrtV;z 


or 

200 = Vz + V,,. 
But, 

Ve =IR and ae 
or 

a 00Ta ands sve a 


therefore, by substitution: 
200 = 2007 + >. 


We may put this result into the standard form: 
2007? — 2007 + 20 = 0. 
After factoring 20, we have: 
10/7 — 107+ 1=0. 
Lastly, from Eq. (3-12): 
PGs VEO AOC) 10 2 
and the roots are: J = 0.113 A and J = 0.887 A. 
Thus, either of the values, 0.887 A or 0.113 A, will satisfy the conditions 


given. The reader should verify these answers by substitution back into the 
Kirchhoff’s voltage law equation 


200 = 2007 + oa 


Exercises 3-16 


1. A radio antenna is guyed at point C (Fig. 3-26). Four 100-ft guy wires are used, 
spaced at 90° intervals around the tower. The dimension BC is 20 ft greater than 
AB. The completed installation is to be placed in a small field. What are the minimum 
dimensions of this field ? 
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2. A capacitor and resistor are con- 
nected in series. The total opposition to 
current (impedance) of the combination 
is 50Q, at a certain frequency. If the 
capacitive reactance (Xz) is 10 © greater 
than the resistance of the resistor (R), 
what are the values of X¢ and R? Hint: 
Lia RAE Xa, 


FIGURE 3-26. Antenna 
system in Question 1. 3. Two resistors, connected in parallel, 
form a total resistance of 1200 Q. If one 
of the resistors is 1000 ©, less than the other, what is the value of each? 


4. Two capacitors, connected in series, form a total capacitance of 0.24 wF. The 
measured values are such that one is 0.2 F less than twice the other. What are the 
values of the capacitors? Hint: Cp = C,C,/(C, + C,). 


5. Two resistors, one of which has a value of 3 (, are connected in parallel across 
a voltage source. The current in the 3-Q resistor is 2 A less than that in the other 
resistor. If the total power dissipation in the network is 120 W, what is the current 
in each of the resistors ? 


6. Two resistors, R; and R,, are connected in series with a 100-V source. R, dissi- 
pates 15 W; R, has a resistance of 125 (2. 

(a) What is the current in the circuit? 

(b) What is the resistance of R,? 

(c) What is the power dissipation of R,? 

(d) What is the voltage drop across R,? Across R,? 

(e) What is the total power dissipated in the circuit? 


17. Maxima and Minima 


All equations of the form, y = ax? + bx + c, have either a minimum or 
maximum value, depending upon the nature of the coefficient of the variable 
in the second degree. If a is greater than zero (positive), the equation has 
a minimum value but no maximum. Figure 3-19 shows this kind of equation. 
On the other hand, when a is less than zero (negative), the equation has 
a maximum value but no minimum (Fig. 3-20). In short: 


(1) If a>0, there is a minimum value, 
and the curve opens upwards. 

(2) Ifa <0, there is a maximum value, 
and the curve opens downwards. 


Previously, we defined the vertex as the point on a parabola where the 
value of the equation is either a minimum or a maximum. The vertex of any 
parabola may be located by the use of the relation 
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Fiala (3-11) 


and the substitution of this value of x into the original equation to obtain y. 


EXAMPLE. Find the minimum (or maximum) value of the equation 
Vax 2x — 4. 


Solution. The coefficient of x? is 1; thus a > 0, and the equation has a mini- 
mum, but no maximum. The minimum occurs at a value of 


2 


oT) aaa 


a mrss 
hence: 
y = (—1)? + A—1) — 4 = —5. 


Thus, the minimum point of the equation is represented by the ordered 
numbers (—1, —5). 


Exercises 3-17 


Find the minimum (or maximum) of each of the following equations. 


1. ye — 2x7 ot 2x — 3 40 y Xe x 2 
2a == Df - SE 5 5 y= —4x? 4+ x41 
3. i = 46? — 50 — 10 6. 6 = —a*—a+1 


7. v = 1000s? — 100s + 500 


8. The voltage at a test point in the convergence circuit of a certain color television 
receiver varies according to the equation: 


»=(-S)or+ @jo-e 


where v is voltage in volts, and 6 is in radians. 


(a) Find the maximum (or minimum) of the equation. 

(b) Find v when 6 = 0, and when 6 = 27. 

(c) From the information obtained in (a) and (5), sketch the graph of the equation 
in the interval 0 < 6 < 27. 


18. The Rational Function 


A rational function may be defined as the ratio (or quotient) of two numbers, 
where the numbers may be constants, variables, or combinations thereof. 
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Some examples of rational functions are: 1/x, x/(x? + 2), and (x? + 2x 
+ Ae = 1s 
Examples of rational equations are: 


cae) 
ies ae 
Ke ~ (a form of Ohm’s law), 
and 
4 ey Ne 
i — In fC (capacitive reactance formula). 


Let us examine the behavior of a simple rational equation, y = 1/x. Here 
we have an example of inverse variation. As the variable x increases, y de- 
creases, and conversely. Many simple equations from physics and electronics 
exhibit this kind of variation. 

To study the equation y = 1/x, we will construct a graph showing its 
behavior. After choosing a set of suitable elements in the domain of x, and 
computing the corresponding elements in the range of the function, we have 
the following table: 


55 (x — 1/x) y 

5 — 0.20 

4 — 0.25 

3 — 0.33 

2 —S 0.50 
y 1 > 1 
0.50 —> 2D. 
0.33 — 3 

0 — (undefined) 

—0.33 — —3 
x —0.50 — —2 
—1 —- > —] 

—2 —> —0.50 

—3 — —0.33 

—4 — —0.25 

—5 — —0.20 


FIGURE 3-27. Graph of y = 1/x. 


The graph corresponding to the table is shown in Fig. 3-27. 

The behavior of the function for very large or very small values of x is 
interesting. As x grows very large in either a positive or negative direction, 
y approaches zero. As x approaches zero from the positive direction, y ap- 
proaches a positive, infinite value. As x approaches zero from the negative 
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direction, y approaches a negative, infinite value. We describe this condition 
by saying: “The axes are asymptotic to the curve,” i.e., the curve approaches 
ever nearer to the axes without ever touching them. Mathematically speak- 
ing, as x approaches infinity, in the /imit y becomes zero; or, as x approaches 
zero, in the limit y becomes infinite. (The notion of limit, mentioned here, is 
of the utmost importance in mathematics and is discussed in Chapter 11 in 
connection with the calculus.) 


EXAMPLE. The formula 


peat 
ee 2x fC 


' is used to compute the reactance, X;, of a capacitor C, for a given frequency, 
f. Figure 3-28 shows a plot of reactance versus frequency for a range of 50 
to 4000 Hz. The value of C is 0.1 pF. 


) 1 kHz 2 kHz 3 kHz 4 kHz f 


FIGURE 3-28. Graph of frequency vs. reactance. 


Note: The reactance is very large at low frequencies and very low at high 
frequencies. For this reason, the capacitor may be used as a coupling compo- 
nent to link electronic circuits where high frequencies must be passed, but 
where d-c must be blocked (d-c may be considered to have a frequency of zero 
hertz). 


19. Dimensions of Equations 


In pure mathematics we are concerned with number; little or no considera- 
tion is- given to the physical meaning of the symbols used. In contrast, in 
physics and engineering, we are often vitally concerned with the physical 
units of the various symbols used. 

For example, the equation 
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yiesrax 


from pure mathematics simply states a relationship between certain numbers. 
However, the formula 


VY =IR 


from electrical theory, not only states a relationship between numbers, but 
implies a relationship between certain physical properties as well. The units 
corresponding to the symbols in the latter equation are related as follows: 


Volt = Ampere x Ohm 


It is a necessary (but not sufficient) condition that there must be an equality 
of units as well as an equality of numbers before a formula such as V = JR 
is valid. A formula such as 


3 sheep + 2 cows 5 goats 
is clearly impossible, since the units are not consistent, whereas 
3 sheep + 2 cows = 5 animals 


is valid, because the units are consistent. In both instances, the values involved 
have equality (3 + 2 = 5), but the units in the first case do not. 

The term dimension relates to some physical property of an object. We 
speak of the /ength of an object, the mass of an object, and the time involved 
in some process. The properties of length, mass, and time are fundamental 
dimensions from which other dimensions such as voltage, charge, etc. may 
be defined. 

We use the term unit to specify the magnitude or quantity of a dimension. 
In scientific work, the most commonly used unit of length is the meter; of 
mass, the kilogram; and of time, the second. From the initial letters of these 
units, we derive the abbreviation MKS. The meter-kilogram-second system 
of units is used extensively in electronics. Such electrical quantities as voltage, 
current, and power have the MKS units, volt, ampere, and watt, respectively. 

It is possible to define most of the quantities encountered in electronics 
in terms of the three fundamental dimensions: charge, voltage, and time. 
We shall use the symbols Q, V, and 7, respectively, to represent these 
quantities. 

Current, J, is defined in terms of Q and T by first considering the funda- 
mental equation ‘ 
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where / is current in amperes, Q is charge in coulombs, and f¢ is time in 
seconds. The dimensional equation for current takes the form 


i = {2! — [ory 


where the use of brackets indicates a dimensional equation, and the negative 
exponent (—1) indicates a dimensional expression found in the denominator 
of the equation. (We shall use symbols such as [T’] to indicate[7][T]; [T~*] 
to indicate 1/[7][7T]; and so on.) 

Another important electrical quantity is power. It is defined dimensionally 
in terms of Q, V, and T by using the formula 


P= EI 


where P is power in watts, E is the EMF (electromotive force) in volts, and J 
is current in amperes. Dimensionally, we have 


Al AOVe |). 


From the formula 
el! 
Tony 


where f is frequency in hertz and ¢ is time in seconds, we derive the dimen- 
sional equation for frequency. We have 


2s 
[T] 


In a somewhat similar fashion, it is possible to derive the dimensions of the 
other electrical quantities: capacity, inductance, resistance, reactance, 
impedance, conductance, susceptance, and admittance. Table 3-1 gives the 
dimensions of the important electrical quantities in terms of Q, V, and 7. 


era = lle] 


Table 3-1 


DIMENSIONS OF THE IMPORTANT ELECTRICAL 
QUANTITIES IN TERMS OF Q, V, AND T 


Quantity Symbol Unit Dimension 
Charge Q coulomb [Q] 
Voltage Eor V volt [V] 
Time torT second [T] 
Current I ampere = (eT) 
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Table 3-1 (continued) 


Quantity Symbol Unit Dimension 
Power Por W watt [P] = [OVT-] 
Frequency f hertz PAE= Teer) 
Capacity C farad (C] =(OV- 4} 
Inductance Lor M henry [L] = [O7VT?] 
Resistance R ohm [R] = [O-1VT] 
Reactance X ohm DTCs ai 
Impedance Zo ohm [Z] = [O“VT] 
Conductance G mho [G] = [OVT-}] 
Susceptance B mho [B] = (CVA 
Admittance wv mho [YJ=[OV3R | 


Note: The dimensions shown for resistance, reactance, and impedance 
are identical. The same holds true for conductance, susceptance, and admit- 
tance. This is because the first three are each defined by the ratio V/J; the 
latter three are defined by J/V. 

Table 3-1 is used to check the validity of electronic equations. The follow- 
ing examples will show the method. 


EXAMPLE 1. Check the equation, J = E/R. 
Solution. From Table 3-1: 


PASS One 
[eb [vy 
[A [On VT): 


By substitution into the given equation, we get 


[V] 
[On 


The final result shows equality of dimensions. Notice that [VV ~'] = [V°] 
= 1 (a number without dimensions, i.e., a pure number). 


[Or = 


= (VlOVT |= (OVV 172] — [Over a 


EXAMPLE 2. From electrical theory, we have the equations P = EJ and 
P=TI’R. Therefore, /?R must equal EJ. Show that the equation /?R == EJ 
is consistent in terms of dimensions. 


Solution. From Table 3-1: 
[P] = [El] = [QVT~"] 


and 
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[P] = [/?R] = [QT [QT [VT] = [(Q°T-*][Q-'* V7] = [QVT~"}. 
For this reason, [/?R] = [E/]. 


EXAMPLE 3. Check the formula 
et 
ifs 2k EC 


used to find the series resonant frequency of an LC circuit. 
Solution. From Table 3-1: 


ea Ls") 

[EL] = [Q *VT"] 

[Cj] = [QV "}- 
Substituting: . 


1 1 


ij 
NOM VT O Vin amen 1O2V ol) eA 


irl 
Note: The constant 27 in the given formula is a pure number; it has no 


dimension and thus is ignored. 


EXAMPLE 4. Check the formula 


Solution. Dimensionally, we have: 


flee = (OVs NOV IOV OV aioe] 
=[o°v"] + [@v-"}= 1+ [OV 
Clearly, this is an impossible situation. In effect, we are trying to equate 
a number, having the dimension of capacity, to a sum of numbers, one of 
which is a pure number, and the other having the dimension of capacity. 


This is inconsistent, since we have a case of mixed dimensions. Therefore, 
the given formula is not valid. 


EXAMPLE 5. Check the equation P = EI cos 6. 
Solution. We have: 


[Oy Ay NOR = lOve] 
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Note: This problem is relatively uninteresting except for the existence of 
the factor cos @. It was ignored in the dimensional analysis in the same way 
that we ignored 27 in Example 3. In general, all transcendental functions 
such as tan A, cos @, or log x are dimensionless, as are the arguments of 
such functions (the arguments in the examples being A, 0, and x, respectively). 


Exercises 3-19 


1. Find the dimension of each expression given. 


(a) EI (h) /G? + B 

(6) RC (i) GR 

(c) L/R Gi) YZ 

(d) 2xfL (k) BX 

(e) 1/2xfC (i) (CV. 

(f) GV (m) E*/R 

(2 )iA/ REX 

2. The mutual inductance between two coils L, and L, is given by the formula 
M —— ky LL, 


where k is called the coefficient of coupling. Find the dimension of k. 


3. Determine the dimension of k in the equation 


jae A 


E 


4. Check the validity (in a dimensional sense) of the following equations. 
(a) f, = 1/2z%./ 6RC 

(6b) LC = 1/477 f2 

(c) Z; = (ZaZp + ZaZo + ZpZc)[Za 

(d) R,R,/Rs re R; + 1/R, 

(ec) C= 10°L/(R? + XZ) 

(f) Pr = V?Ri/(R? + 2RRz + Ri) 

(g) Cr = Cy, + 1 + Vil Vin cos 0)Cyy 

(A) Xz/R, = R,/Xz, 

(@) @ = nlp, where wp = AV,/AV, 


Review Exercises 


Determine the equations represented by the following combinations of ordered numbers. 


1. (a, 4), (0, 8), (ql, 10) 3. (—2; 9); (0, ds 3 5) 
2. (0, 1), Ch 4), Ps 11) 4. (0, 2), (2; 6), (3, 11) 


80 / ALGEBRAIC EQUATIONS 


5. In an electronic thermometer, a current of 5 mA corresponds to 600° F; a current 
of 12.5 mA corresponds to 900° F. What is the current when the temperature is 
815° F? 


6. A 5000-Q, potentiometer is connected across a 100-V source. If the current 
drawn by a load, connected to the center arm of the potentiometer, is 12.5 mA, 
what is the resistance from the center arm to either side of the potentiometer ? 


7. Four resistors are connected in parallel (Fig. 3-29). The total current in the 
network is 3.7 A. If R, is twice R,, R; twice R,, and R, ten times greater than Ra», 
what is the current in each resistor ? 


3.7amp 

Ra 
3.7amp 
FIGURE 3-29. Circuit in Question 7. 


8. Check the following equation, using dimensional analysis. 


L 


a 
1g 2 
Cy RE G(,/2RE + hoe 1) 
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One of the most useful topics from mathe- 
matics is the theory of systems of linear 
equations. In this chapter, we shall study 
systems of linear equations with emphasis 
on their solution by means of determinants. 
Later, in Chapter 5, we will apply this 
theory to the study of elementary (resistive) 


electrical networks. 


SYSTEMS OF 
LINEAR EQUATIONS 


1. Linear Equations in Two or More Unknowns 


In Chapter 3, we discussed linear equations in one unknown. This chapter 
deals with linear equations which have two, or more, unknowns. Examples 
of such equations are: 


Ix — 3y = 0, 
D0Rer 407, = 50. 
2w + 3x — 2y =5. 


The first and second examples each have two unknown quantities: x and y 
in the first, and J, and J, in the second. The equation in the last example 
contains three unknowns: w, x, and y. 

Each of the examples given has many solutions. For example: the 
equation 2x — 3y = 0 might have as solutions x = 3 and y=2; x =4 
and y = 3; or x = $ and y = 3. None of these solutions is unique. This 
consideration leads us to the general rule: 


In order for a solution to exist, there must be as many equations as there 
are unknowns. 


If we arbitrarily set x = 2, y = —1, it is possible to construct a system 
of consistent linear equations, consistent because we will allow x and y to 
represent the same values in each equation. Since we have two unknowns, 
we will have two equations in the system. At random, let us write 3x + 3y = ? 
and substitute the values given for x and y. We get 3(2) + 3(—1) =3; 
hence, 


Be 3y 3: (4-1) 


Again at random we write 2x — y= ? and substitute. The result is 
2(2) — 1(—1) = 5; therefore, 


2x —y=5. (4-2) 


Equations (4-1) and (4-2) represent a system of linear equations in two 
unknowns; the values x = 2 and y = —1 satisfy each equation. 


EXAMPLE. Given 


ey yz A (1) 
2x—y-—z=B (2) 
Sete Y 2Z2.=31C (3) 
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and x = —1, y = 2, and z = 3. Find values for A, B, and C, i.e., construct 
a system of consistent equations having the values given for x, y, and z as 
solutions. 


Solution. After substitution into Eq. (1) we have 
1(—1) +12) ~—1G) = —2=A 

or 
x+y—z= —-2. 

Similarly, after substitution into (2) and (3), we get 
2x —y-—z=-—T7 

and 
4x+y+2z=4, 


respectively. 
Thus, we have the system of linear equations: 


x4 y— z= —2 
2x —-y-—z=-—T7 
4x+y+2z=4 


which have the solutions x = —1, y = 2,andz =3. 


2. Solution of Systems of Linear Equations 
by the Elimination Method 


We are seldom called on to construct a system of equations in the rather 
artificial manner of Section 1. On the contrary, a system of equations 
usually arises quite naturally in some problems; we are then called on to solve 
for the unknowns. 

The elimination method is often used to solve for the unknowns. When 
we use this method, we manipulate the equations until one of the unknowns 
is eliminated. We then solve for the other unknown (or unknowns). The 
process is continued until we have a solution for each unknown. Examples 
1 and 2, following, show how this method may be applied to systems of 
linear equations. 


EXAMPLE 1. Solve the system of equations: 
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3x + 3y = 3 
yXe— ey S, 


Solution. When we multiply the second equation by 3 and add the result 
to the first, we get 


Sie y == 3 
Ox. — 3y = 15 
9x+0 = 18 


or x = 2. Substitution of this value into the first equation yields 


3(2) + 3y = 3 
6 +3y=3 
and y= —l. 
The solutions of the given system of equations are x = 2and y = —1. 


EXAMPLE 2. Solve the system of equations from the Example in Section 1. 


Solution. We are given the system of equations: 


Re Vo 2 2 (1) 
2x—y- z=-—7 (2) 
4x-+y+2z = 4. (3) 


Let us select a pair of equations, say (1) and (2). We multiply (1) by —1 and 
add (2) to get 
Sy eee 
2x —y—z=-—7 
x—2y = —5, 


Let us now select a second pair of equations, say (2) and (3). We may multiply 
(2) by 2 and add the result to (3) to get 


4x — 2y — 27 = —14 


AX ie oo. 
8x — y = —10. 


We now have the pair of equations 


x —2y = —5 (4) 
8x — y= —10. (5) 
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We may continue our solution by multiplying (5) by —2 and adding the 
result to Eq. (4): 


—16x + 2y = 20 
ee Yan) 
—15x =i) 
from which x = —1. 
We may now solve for y by substitution of x = —1 into Eq. (4): 
—1—2y=—5S5 


and y= 2: 
Finally, we may find z by substituting the values found for x and y into any 
one of the equations: (1), (2), or (3). We will choose (1): 


=e 2 2 


from which we get z = 3. 

Thus, the values x = —1, y = 2, and z = 3 satisfy the system of equations 
given. These values may be substituted back into the original equations in 
order to check our work. 


A study of Examples 1 and 2 shows that there is no “special way” of 
solving systems of linear equations, i.e., there are several possible combina- 
tions of operations that will yield the same result. For this reason, we are 
perhaps justified in calling the elimination method a “cut-and-try” type of 
solution. In the remainder of this chapter, we shall present a much more 
systematic method of solution of systems of linear equations which yields 
quick, accurate results. It is called the method of determinants. 


Exercises 4-2 


Solve for the unknowns: 


1. 2x-+y =7 4. 8x + 2y = 90 
x—y=-l1 2x + 8y = 60 

2. 4x — 2y = 20 5. 10/7, — 10/7, = 100 
x—2y=8 —10/, + 30/, =0 

3. 3X + 3y = 9 6.. 0.2V, —0.1V, = 10 
8x — y=6 —0.1V, + 0.2V, =0 
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7. ever 7 = 6 8. 2x — yt z=6 9 41, —25 = 10 


2x+y—-z=1 xX+ y+t2z=18 —2I, + 41, — 2i, =0 
2x —y—z=-3 x+2y—- z=4 — 2], + 41, =0 
3. The Determinant 


Consider the general system of linear equations in two unknowns: 


Q11X1 + AyoX_ = Cy (4 3) 


A1X1 + AggXq = Co 


where x, and x, are the unknowns, and a@;, 12, @1, dos, and c,, c, are the 
constants of the equations. 

Let us solve for x, and x, in terms of the constants. (The reason for the 
use of the double subscripts to identify some of the constants will be 
apparent shortly.) When we multiply the first of Eqs. (4-3) by —a,,, the 
second by a,;, and sum the results, we get 


G11 A29X_ — Ay2Qo1 Xo = Ay Cg — Agi Cy 
the solution of which, for x5, is: 


 Qi7 Co = 253i ; (4-4) 


xo = 
11429 — AyoQo1 


When we substitute the solution obtained for x, back into either of the 
original equations and solve for x,, we get 


Ag9C1 — Qj2Co 
gpa Bae Cre aC, (4-5) 
11492 — 12421 


Solving for x, and x, in any system of two linear equations is as given in 
Eqs. (4-5) and (4-4), respectively. 

Let us study these equations. We notice a kind of symmetry about them. 
The numerator of the solution for x, contains the constants a,. and Gis, 
whereas the numerator of the solution for x, contains the constants ait 
and a.;. Both numerators contain c, and c,, except that their order of appear- 
ance is reversed. The denominator of each equation (a;,a.. — Q15Q>;) 18 the 
same. It is called the determinant. As a convenience, the determinant is often 
written in the form 


Qi Ay 


Qo, Age 


and symbolized by the letter D. 
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Col.1 Col-2 We may now discuss the significance 
of the double subscript system of 

| notation (see Fig. 4-1). The constants 

d,, and a,, are in row 1 of the deter- 

minant. Similarly, a,, and dy. are in 
row 2. The constants a,, and a,, com- 
Row 2——> a, doo prise column 1, and aj, dy., column 

2 of the determinant. Thus, a,, occu- 

FIGURE 4-1. The structure of the deter- pies row l, column 1; a@,., row 1, 


Row 1——> ay, 2 


minant. column 2; a., row 2, column 1; and 

Ay, row 2, column 2 of the determi- 
nant. Each double subscript may be thought of as giving the address or loca- 
tion of each element in the determinant (each constant is termed an element 
of the determinant). 


By definition, 
Qi1 Aye 
D= = G11 Ao — AoA). (4-6) 
Qo, Are 


We may go from the first to the second form if we multiply the elements as 
shown by the arrows: 


® © 


9 
= G11 A429 — A991. 
51 


(We must always remember to prefix the second term by a negative sign as 
shown.) 

Equations (4-3) are called a second-order system of linear equations. For 
this reason, the determinant of these equations [Eq. (4-6)] is called a second- 
order determinant, or sometimes a 2 x 2 determinant. 

EXAMPLE 1. Expand the determinant 
12 


—1 2 


Solution. Using the arrow system of multiplication we find: 


|= @@-@-D=8 


EXAMPLE 2. Expand the determinant 
| 20 —10 
5 —8 
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Solution. 


® s, 
ist (20\G= 0) (105) 110) 


Exercises 4-3 


Expand the following second-order determinants: 


1. | 10 0 4.|20 —4 

8 —1 10 8 
ene, | Sy, OOH Osi! 

4 6 0.08 0.02 
3.| 10 —4 BIS 5 10 1 

—|] yD) AL Se Oe 
4. Solution of Systems of Second-Order 


Linear Equations by Determinants 


Equations (4-3) represent a general pair of second-order linear equations. 
We already have their solutions. See Eqs. (4-4) and (4-5). Let us now investi- 
gate a method whereby we may obtain these solutions using the method of 
determinants. 

The determinant of the system was given in Eq. (4-6). If we now substitute 
the constants c, and c,, in that order, into the first column of D, we obtain a 
new determinant: 


Cy Ay 


D, = = AgoC, — AyoCo. (4-7) 


Co Are 
Similarly, substitution of these constants into the second column of D yields: 


Ay, Cy 
= G11Co — AoC. (4-8) 


Qo, Ce 


An examination of Eqs. (4-7) and (4-8) will show that they are identical with 
the numerators in Eqs. (4-5) and (4-4), respectively! Thus the solutions for 
x, and x, are given by the equations 


i 2 AnCaex t= &. (4-9) 


EXAMPLE |. Using determinants, solve the system: 
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3x + 3y = 3 


2x— y=5. 
Solution. 
2 5 
p=|) _{|-@OCD-@@=-9 
3 3 
D,=|5 _{|-@-D-@@=-18 
ae Rc 5 2)G)=9 
=|) |= @0-@@=3. 


Hence, x = D,/D = —18/—9 = 2, and y = D,/D = 9/—9 = —-1. 
EXAMPLE 2. Solve the system of equations: 


S07, + 20/7, = 120 


where /, and J, are currents in amperes. 


Solution. 

20 —10 

D= = 400 + 500 = 900 
50 20 ; 

30 —10 

Drs = 600 + 1200 = 1800 
120 20 
206730 

Da = 2400 — 1500 = 900 
50 120 


Therefore, J; = D,/D = 1800/900 = 2 A, and J, = D,/D = 900/900 = 1A. 


Exercises 4-4 
1. Solve Questions 1 through 6, Exercises 4-2, by means of determinants. 


2. Solve for the currents J, and J, if: 


61, — 41, = 10 
Ala Ole 


3. Solve.for the voltages V, and V, if: 
0.73V; — 0.25V, = 
—0.25 V; + 0.75 V~ a —2, 
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4. Solve for the resistances R, and R, if: 


R; + 2R, = 250 
2R — R, <= 0. 


5. Solve for the capacitances C, and C, (in microfarads) if: 


LCC a=. 1 61 
SCy— -C, = 0.03. 


6. Solve for the inductors L, and L, (in henries) if: 


ZL, + oy be = 30 
If == LT, = 8. 
5: Solutions of Systems of Third-Order 


Linear Equations by Determinants 


The general form of a third-order system of linear equations is: 


iN 11s hs. 1X3 = C4 
Bea Xi a GasXe + AogX3 iC, (4-10) 


Gs Xie Gs2Xe 1 Asa.X5 — C5 


where x,, X,, and x; are the unknowns, a,,,..., a3; and C1, Co, and c; are the 
constants of the equations. 
The determinant of Eqs. (4-10) is 


G1; Ay yz 
D=|a.,; oe Qo3 (4-11) 


G3; G3, 33 


Let us investigate a method of expansion for the third-order determinant 
of Eq. (4-11). (This method, of course, will be valid for any third-order 
determinant.) 

Prior to expansion, we will rewrite columns | and 2 to the right of the 
original determinant as follows: | 


Then, following the arrows, the elements are multiplied in the order shown 
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to get the six terms of Eq. (4-12). Note that the last three terms are prefixed 
by a negative sign. 
Qii1 Ayn 3 
D =| q1 gq Ag | = 11429433 + Ay2Q23A31 + 13491439 
Q3; Az 33 


— @13429QA31 — Q\1Q23QA39 — A129421Q33 (4-12) 


EXAMPLE 1. Expand the determinant 


Be geal 
Dah GE A 9) 
ie aes 


Solution. 


| 
(Goo 
Ww 
Ss 
a) 
— 
—_ 
Too 
pS 
wa 
~ 
aN 
N 
zx 
N 
wa 
mn 
—" 
V_ 
+) 
—N 
| 
—" 
_ 
oo 
— 
Na 
CaaS 
N 
wa 
| 
a 
—" 
wa 
ald 
— 
wa 
q 
— 
—S 


— (3)(2)(2) — (2)0)4) 
= —12—4—2+41-—12—8= —37. 
The solution of a third-order system of linear equations, using the 


determinant method, parallels that already discussed in connection with the 
second-order system and, as such, is best shown by the use of examples. 


EXAMPLE 2. Solve the system: 
x+y— z=-2 
XY, 
4x -+y+2z = 4, 


given in Example 2, Section 2. 


Solution. We must first expand the determinant of the given system of 


equations: - 
=) iS) 
1 1 —1 
z a gox 
eal elias 


Se ea kd eS 
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Let us now substitute the constants —2, —7, and 4 from the right side of 
the given equations into column 1 of D to get: 


SOF aMl 
Op ane 
Aeubh 


= 8 A] A a1). 
Substitution of the same constants into the second column of D yields: 


ee Sle 


1 —2 —-1 
De 2 —7 —|] 
4 “ 2 


= 14+ 8 = 8 — 28 44-1 8 = —30. 


Finally, when we substitute the constants into the third column of D, we get: 


5 DRYER ley og uty Pm eee 


The solution for the unknowns follows: 


— Dy = 30, 
De 15 5 

Dee 4 
A ols = 


EXAMPLE 3. The following system of linear equations occurred during the 
investigation of an electrical network. Solve for the voltages, Vi, V., and V3. 


0.01V, + 0.1V, — 0.02V; = 1.5 
0.2V, — 0.2V, + 0.04V; = —0.8 
0.05V, — 0.05V, + 0.05V; = 1.0 


Solution. 
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0.01 - 0.1 —0O.02 
D=/0.2 —0.2 0.04 
0.05 —0.05 0.05 
= —] <1074-42 % 1074-4 2 x 1074 — 2 xd Oe Oe aie 
— 10 x 10-* == Sse a10m, 
15 0.1 —0.02 
D,=|—0.8 —0.2 0.04 
10 —0.05 0.05 
—150 x 10-4 + 40 x 10-* — 8 x 107-4 — 40 x 10% 4230 
x 10-* + 40 X 10° = —8S ae 


I 


0.01 1.5 —0.02 
D,=|0.2 —0.8 0.04 
0.05 1.0 0.05 
— —4 x 10-4 + 30 x 10°* — 40 x 10°* — 8 x 10°* — 4 

x 10-4 — 150 x.10-* = —1763 10s 
0.01 0.1 ts) 
D,=(|0.2 —0.2 —0.8 
0.05 —0.05 1.0 

= —20 x 10-4 — 40 x 10-4 — 150 x 10°* + 150 x 10°* —4 

x 10-4 — 200 x 10°* = —264 x 10° » 


Therefore: 


—88 x 10°4 


Des ae 
Aenean tres 1 

PPD, he TGR O10n ae 
AST ESOT 

ERD, o52=-264.X 10-4 
ged eat 8 Sec Oc ara 


Exercises 4-5 


1. Solve Questions 7, 8, and 9, Exercises 4-2, by using determinants. 
2. Solve: 


x+y+2z= 11 
2x —y+5z= 10 


Si BY a a 
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3. Solve: 4. Solve: 


xe + 3X3 = 4 10/, -- 10/7, = I; = —2 
2X c= Xo a X3 a —2 I, + SI, + 2i, = 0 
x, + 2X» + 2X = —1. i a SI, Se I, — 4. 


5. The sum of three resistors R,, R,, and R;, when connected in series, is 180 Q. 
If the value of R, is doubled and added 
to twice R;, the result is 219 © greater 
than R,. The sum of R, and R;, when 
subtracted from R,, equals 20 Q. What 
are the values of R,, R,, and R;? 


6. Shown in Fig. 4-2 is a ring shunt 
ammeter circuit. The basic meter (V/) 
has a full-scale deflection of 1 mA. The 
meter resistance (Ry) is 100 Q. Calcu- 


late the values of Ry, Ro, and R; in Common 100 ma DOind ack 
order that the ammeter will have the 

current ranges specified. FIGURE 4-2. Ring shunt ammeter circuit. 
6. The nth-Order Determinant 


Thus far, we have considered only those solutions requiring the use of 
second- and third-order determinants. The methods used to expand these 
determinants are not general and cannot be extended to determinants of 
higher order. In this section we will discuss a method of expanding determi- 
nants of any order. 


Rule 6.1. If, in a determinant of order n, where n = 2, we eliminate 
all elements in the row and column occupied by a given element, there 
results a determinant of order n — 1, which is called the minor of the 
given element. 


For example, in the second-order determinant 


fa A290 


if we eliminate the elements a,, and a,, as shown, in the row and column 
of a,,, we have the first-order determinant | a,,| = a... This determinant is 
called the minor of a,,. Similarly: 


? 


MINOL-Of dyg-— |-05; | = Gai 
IMAINOTSOF 3,11 012 == Gis 
Minor Of Ass — |a,;| —- Qi. 
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Rule 6.2. If the minor of any element in a determinant is preceded 
by a positive or negative sign according to the plan shown, the result 
is called a cofactor of that element. 


+ -— + = 
! ; 


— 
EXAMPLE 1. Find the cofactor of each element in the determinant 


Qi, Aig Az 
Qo, Az9 93}. 


43; G35 433 


Solution. Using the rules given, and the symbols A4,;, Ais, ..., A33 to repre- 
sent the cofactors, we have: 


Ayo Ags 
A,, = cofactor of a,,; = + 

A35 33 

Qo, Ags 
A,, = cofactor of a,, = — 

Q3, 33 

Qo, Ago 
A,; = cofactor of a,; = + 

Q31 Azo 

Qin 43 
A,, = cofactor of a,, = — 

Q35 33 

QA, Ay3 
Ase = COlaCtOr Of Gey = -- 

431; 33 

Qi, Arp 
A,;, = cofactor of a,, = — 

431 39 

Qin Ay3 
A;, = cofactor of a,, = + 

Qo Agz 

Qi Ay3 
A;, = cofactor of a,, = — 

Qs, Ao3 

Qi, Aye 
A;,; = cofactor of a.3 = -F 

Qo; Age 
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Note: If the sum of the digits in the subscript of a cofactor is an even number, 
the preceding sign is positive; if odd, negative. 


EXAMPLE 2. Find the cofactor of each element in the determinant 


kG 2 
et 4 
Ope 3. 15 


Solution. We will use the same notation as in Example 1. Then: 


sarily ea! 

An=t) «(= +(-5+19=7 

key apa a mi = (= 10ua 18) 2 
2 5 

Pe tala. 6( 6.2) 4 
v) 3 

Pages ps b= chet) =H 
Sy es 

Ann = +, aa sien ae 
LS 

Ay = |) bea ee, 
Low 3 

An = +| " |=+@=4 
ire Aa 

Aus = -| |=-C44+9=-4 
say hie 

Aus = +| |=4+-0=— 
—2 —1l 


Any nth-order determinant may be expanded if each element in any one 
row (or column) is multiplied by its cofactor, and the resulting terms summed. 
We may choose any row (or column); the result will be the same each time. 


EXAMPLE 3. Expand the determinant given in Example 2 by the method 
of cofactors. 


Solution 1, Let us choose column 1, use the cofactors found in Example 2, 
to get: 


D = 1(411) — 2(4s:) + 2(As1) = 177) — 2(12) + 2(4) = —9. 
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Solution 2. When we choose column 2, we get: 

D = 0(A,2) — 1(Ag2) + 3(As2) = 0(2) — 1(—3) + 3(—4) = —9. 
Solution 3. If we choose column 3, we get: 

D = 4(A,3) — 4(Ag3) + 5(As3) = 4(—4) — 4(—3) + SCD) = —9. 
Solution 4. Let us choose row 1: 

D = 1(Ay,) + O(Ays) + 4(4is) = 1(7) + 0(2) + 4(—4) = —9. 
Solution 5. When we choose row 2, we find: 


D = —2(Ay,) — 1(Aos) — 4(Ags) 
= —2(12) — 1(—3) — 4(—3) = —9. 


Solution 6. Finally, when we choose row 3, we get: 
D = 2(Aj;) + 3(Asz) + 5(As3) = 2(4) + 3(—4) 4 51) 


Note: The choice of row or column obviously does not affect the final 
result, although column 2 or row | is the best choice in this problem because 
of the presence of the zero (0) element (see solutions 2 and 4). 


Exercises 4-6 


1. Find and expand the minors of each of the elements in the following deter- 
minants. 


(a) |3 8 0 (6) |100 O 2 (6) 2 a oe o0 
1 273 aoe 4, =i 02075 
Ae lene Sie lie) 2 4 80 


2. Find the cofactors of each of the elements in the determinants of Question 1. 


3. Expand the determinant of Question 1(a), using the first row as multipliers with 
the corresponding cofactors. 


4. Expand the determinant given in Question 1(a), using the first column as mul- 
tipliers with the corresponding cofactors. 


5. Expand the determinant given in Question 1(b), using the third row as multipliers 
with the corresponding cofactors. 


6. Expand the determinant given in Question 1(6), using the second column as 
multipliers with the corresponding cofactors. 


7. Expand the determinant in Question 1(c), using the second row as multipliers 
with the corresponding cofactors. 
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8. Expand the determinant in Question 1(c), using the third column as multipliers 
with the corresponding cofactors. 


9. Expand the fourth-order determinant: 


i7cs. 0 1 
lee 3100 2 
412 -1 
S 2083-2 
7 f Solution of nth-Order Systems of 


Linear Equations by Determinants 


Occasionally, a problem in electronics will call for the solution of a system of 
four (or more) linear equations. In such an event, we must call on our knowl- 
edge of determinants to aid us. We may solve n equations in n unknowns 
by using the equations 


Kid, =D, _ OD; mes : 
Sy a ae yyy: Nea Ty 2 sey ies aT): (4-13) 
We must be able to expand the determinants D, D,,..., D, in order to 


apply Eqs. (4-13). The next example illustrates the solution of a fourth-order 
system of linear equations. 


EXAMPLE. The following system of equations describes the behavior of a 
certain electrical network. Solve for the unknown currents J, 1,, J;, and 4. 
207, — 10/, = 100 
—10/, + 30/7, — 10J; = 0 
— 10/, + 30/; — 104, = 0 
— 10/, + 20/,= 0 
Solution. 
20 —10 0 0 
—10 30 —10 0 
0 —10 30 —10 
0 0 —10 20 


307 =10 0 —10 —10 0 
20") 30 —I10)\+ 10 0 307 10 
Ott) 20 On LO 20 

= 20(18,000 — 3000 — 2000) + 10(—6000 + 1000) 
== 210/000 
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D, 


D; 


D; 


Hence, 


= 


,=> 


3 


L= 


ais 0 
oe ea 
; a mie - = 100] —10 30 Veeto 
os = 0 —107 2G 
0 Wott) oi) 
= 100(18,000 — 3000 — 2000) = 1,300,000 
0 
si ms i 0 a 
Ps ; ies fal gatos 0 3010 
ae 0 —107eO 
0) 0. —10}ee0 
= —100(—6000 + 1000) = 500,000 
20s 231061100 0 
100 230 200 0 TaegaNa 
Lin Favs Fol ee 0 .—10meat0 
a = 0 Oets20 
0 ty Oe 
= 100(2000) = 200,000 
20: =10 0 100 
10°30 S10 maO ees 
i ir === 100 2 Ome OME 
O10" 300 
0 Ope 10 
0 Que =1 One 
= —100(—1000) = 100,000 
D, _ 1,300,000 _ 
a 510,000 = 0:19 A: 
D, — 500,000 _ 
Dea = 570,000 = 2-38 4; 
D; — 200,000 _ 
=p = 570,000 = 29° A: 
D, — 100,000 _ 
‘Dp - = 570,000 = 0-48 A. 


The preceding example represents about the limit as far as “pencil and 
paper” solutions are concerned. The solution of fourth-order systems of 
linear equations is often very tedious; fifth- (and higher)-order systems are 
much more so. (A rule to be presented in Section 8 relieves the situation to 
some extent, but the foregoing remarks still apply.) It is fortunate that 
many problems in electronics require only the solution of second- or third- 
order systems of linear equations. 
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Exercises 4-7 


1. Solve: 


wt+tx+2y—z=11 
2w+2x—y+2z=4 
3w + 4y — 2z = 15 
wet x + 5zZ = —5. 


2. Solve: 


Bf 2 AT es 23 
Dwele Al, 2 
Se 411, [3 
6l, +5h +2, =5 


8. Simplifying Rules 


In this section we present six important rules which are useful in simplifying 
the expansion of determinants. 


Rule 8.1. If, in a determinant, the first row is rewritten as the first 
column, the second row as the second column, the third row as the 
third column, ..., and the nth row as the nth column, the value of the 
determinant is unchanged. Conversely, the first column may be re- 
written as the first row, the second column as the second row, the 
third column as the third row,..., and the nth column as the nth 
row, again without changing the value of the determinant. 


EXAMPLE 1. Given: 


1 0 1 
D=|—2 1 —3|=6 
2 4 2 


If we now rewrite D, interchanging row and column as we go, we get the 
result: 


le == 2; 2 
D=\0 1 4/=6. 
pict et BV 
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Rule 8.2. If any two rows (or columns) of a determinant are the 
same, the value of the determinant is zero. 


EXAMPLE 2. Given: 


hl =p) 
‘Di | Wee 216 16 seen oP seen men 
any 8 


The expansion of the determinant is zero since rows 1 and 2 are the same. 
Rule 8.3. If any two rows, or any two columns, of a determinant 
are interchanged, the value of the determinant remains the same, 


except that the sign is changed. 


EXAMPLE 3. Given: 


Sart 0 
Da) T. 85 2) = 52: 
Ole! Z 


If we interchange rows | and 2 of D we get: 


Thus we have D = — D’,i.e., 52 = —(—S2). 


Rule 8.4. If any row (or column) of a determinant has all zero 
elements, the determinant value is zero. 


Rule 8.5. If all elements in a row (or column) of a determinant 
are multiplied by the same factor, the value of the determinant so 


formed is equal to the product of the factor and the original determinant. 


EXAMPLE 4. Given: 


2 
D=Alno = A OA Oe 
as 


NO —- 
nN oO = 


If we multiply row 1 of D by 3, we have: 


102 / SYSTEMS OF LINEAR EQUATIONS 


Gres 
Die 2eet » 0} = 15, 
—{ 2 2 


If we multiply column 1 of D by 3, we have: 
6 1 
DW 6 1 
2 
and so on. 


Rule 8.6. If all elements of a row (or column) are multiplied by a 
constant and added to the corresponding elements of another row 
(or column) in a determinant, the resultant determinant is equal in 
value to the original. 


EXAMPLE 5. Given: 


Let us choose row 1 of D and multiply each element therein by —3, getting 
—3, —12, and 3. When we add these values to row 3 of D, we get: 


1 4 —| 1 4 —1 
2 0 Z a=: 0 2\ == 60’ =D 
34+(-3) 5+(-—12) 8-40) 0 —7 Il 
Rule 8.6 is often very useful when we expand third- and higher-order 
determinants. By use of the rule, it is possible to reduce all elements but one, 


in any given row or column, to zero. The determinant is then relatively easy 
to expand, using cofactors. 


EXAMPLE 6. Expand the determinant given, using Rule 8.6. 


4 (Boks 
Die) 2 i ono 
5 4 | 


Solution. We multiply the elements of row 3 by —8 to get —40, —32, and 
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—8. When these values are added to the corresponding elements of row 


1, we have: 
—36 —31 0 
D= Ih aa SPAY 
5 4 1 


We multiply the elements of row 3 by —2 to get —10, —8, and —2. When 
these values are added to the corresponding elements of row 2, we have: 


—36 +31 0 
D=| —8 —I11 O|. 
5 4 1 


Lastly, we expand the resultant determinant: 


—36 —31 
D=-+41 = 396 — 248 = 148. 
—8 —l1 
Review Exercises 
1. Solve: 2. Solve: 
3w + 2x + 2y = 34 4a + 5b— c= —27 
3w — 2x + 4y = 26 a+ 6b 4+-2¢ = 2109 
w+ 3x + 3y = 37. Sa— b6+4c= 9. 


3. Solve: 


Sw— x+2y+ 3z = 42 
4w+2x+ y+ 4z= 54 
3w —3x+3y— z= 4 
4w + 4x + 4y + 4z = 80. 


Hint: Consider the use of Rule 8.6. 


4. Four capacitors are connected in parallel to yield a total capacitance of 1.8 F. 
The first and second together are 0.7 uF less than the fourth. The third is half the 
fourth. The sum of the first and the third is 0.6 F less than the sum of the second 
and the fourth. Find the value of each capacitor. 


5. Design a ring shunt ammeter circuit with the following ranges: 0-2 mA, 0-5 
mA, 0-10 mA, and 0-20 mA. The meter used has a full-scale deflection rating of 
1 mA and an internal resistance of 50 Q.. Hint: Develop four linear equations and 
solve by determinants. Use Rule 8.6. 
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In this chapter we shall apply the mathe- 
matics we discussed in Chapter 4 to the 
analysis of electrical networks. The anal- 
ysis methods presented here are based on 
Kirchhoff’s voltage and current laws and 
presuppose a good understanding of linear 
algebra. We shall restrict our discussion 
in this chapter to resistive networks. Later, 
in Chapter 7, we shall extend our discus- 
sion to include inductive and capacitive 


circuit elements. 


MATHEMATICS OF 
RESISTIVE NETWORKS 


1; Electrical Sources 


In order that we may discuss the mesh and nodal analysis of electrical net- 
works, it is necessary to have some knowledge of electrical sources. 


(1.1) Power Sources 


A power source delivers power to an electrical network. No power source 
is perfect; all such sources contain some internal resistance which causes 
a power loss to occur within the source whenever an external load is con- 
nected. A power source may be regarded as a voltage or a current source, 
depending on the nature of the load. 


(1.2) Voltage Sources 


If a source of electrical power, having low internal resistance, is connected 
to an external load which has a relatively high ohmic value, the power source 
is most conveniently regarded as a voltage source. Figure 5-1 shows an a-c 
generator connected to a load, R,. In the diagram, E represents an idealized 
(loss-free) source of electromotive force. R;,, is the internal resistance of this 
generator. The dashed lines enclosing the source are used to show that the 
internal resistance is an integral part of the source. 

When we connect a load to a 
source such as that of Fig. 5-1, the 
output or terminal voltage V appear- 
ing at the terminals will decrease. 
The amount of decrease depends 
on the value of the load and the 
internal resistance of the generator. 
The difference between the electro- 

FIGURE 5-1. Voltage source connected motive force and the _ terminal 

to a load. voltage is represented by the JR 

drop across the internal resistance 
of the source. The terminal voltage may be computed from the relation- 
ship 


Lea, (5-1) 


Vara eee 
Rint + Rz 


EXAMPLE 1. Assuming that the EMF (electromotive force) of the source of 
Fig. 5-1 is 100 V and the internal resistance is 50 O, compute the terminal 
voltage if the load is 200 ©. 


Solution. Applying Eq. (5-1), we find: 
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200 
50 + 200 


Note: From this we may conclude: the internal 7R drop is 100 — 80 
= 20 V; the internal power loss is equal to Vin./Rin, = 20/50 = 8 W. 

When the internal resistance of a voltage source is very low in comparison 
to any load resistance, it is sometimes called a constant voltage source, since 
the terminal voltage will be little affected over the range of probable load 
resistance values. This is the situation in the next example. 


Vie 100 = 80 V. 


EXAMPLE 2. Compare the terminal voltage of the source shown in Fig. 
5-2 for loads of 10 Q and 1000 Q. 


Load 


FIGURE 5-2. Voltage source in Example 2. 


Solution. For a load of 10 Q, the terminal voltage is 


10 


on =? V. 


For a load of 1000 Q, the terminal voltage is 


1000 


0.1 + 1000 100 = 100 V. 


Note: For all practical purposes, the generator of Fig. 5-2 is a constant volt- 
age source. It should be noted, however, that the only true constant voltage 
source is one having zero internal resistance, but this is not a physical reality. 


(1.3) Current Sources 


The question naturally arises: What is the situation in the circuit of Fig. 

5-1 when the internal resistance of the source is high as compared to the load 

resistance? Equation (5-2) describes the current flow in the circuit of Fig. 5-1: 

E 

a 5-2 

Rint ae R, ( ) 

If Rins >> R, (read “Rin, is very much larger than R,”), then the sum Rint 

+ R, will be approximately equal to Rj, itself. As far as the current is con- 

cerned, it does not make too much difference whether or not the term R;,, 

appears in the denominator of Eq. (5-2). We may rewrite Eq. (5-2) in the form 
of an approximation: 
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E 


d = Rint 


2 Rint = Rie (5-3) 


In short, the current is practically constant for all small values of R;; it is 
almost entirely determined by the internal resistance. 

A generator operating under the 
conditions just discussed is a current 
source. A diagram of such a source, 
| connected to an external load R,, is 
he, Re shown in Fig. 5-3. 

: In Fig. 5-3, the internal resistance 
is connected shunting the current 
generator. If R,,, is much greater 
FIGURE 5-3. A current source. than R,, almost all of the current 
The arrow points in the direc- supplied by the generator will flow 
tion of instantaneous electron as load current; practically no cur- 
flow. : : 
rent will flow through the internal 
resistance. In electronics, a good example of a current source is the pentode 
vacuum tube amplifier, since it has a very high plate resistance (i.e., internal 
resistance). 


( 


EXAMPLE 3. A certain generator has an internal resistance of 100,000 Q. 
If the EMF is 100 V, find the load current for loads of 10 O and 1000 Q. 


Solution. From Eq. (5-2), the load current for a load of 10 Q is: 


LUO 0A 


lie 100,000 + 10 = 


Similarly, the load current for a load of 1000 Q is: 


100 ~ 0.99 mA. 


! = 790,000 + 1000 = 


Note: For all practical purposes, the source is a constant current genera- 
tor. However, a true constant current source, like the true constant voltage 
source, is a physical impossibility. 


The current delivered to the load in the circuit of Fig. 5-3 may be calcu- 
lated from the formula 


Rint 


fia Sm = EA 
@ Ring + Rz 


I (5-4) 


where J represents the current generator capability. 


EXAMPLE 4. A current generator has a capacity of 1 mA and an internal resis- 
tance of 10,000 Q. How much current will it deliver to a load of 1000 Q? 
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Solution. From Eq. (5-4): 


10,000 


[, 


(1.4) Equivalence of Voltage and Current Sources 


When we consider power sources in general, two questions present them- 
selves: (1) Under what conditions will a source deliver maximum voltage? 
and (2) Under what conditions will a source deliver maximum current? 

If the circuit of Fig. 5-1 is open-circuited at its terminals, there can be 
no current flow. Hence, the terminal voltage has the same value as the EMF. 
We call the voltage at the terminals under these conditions the open-circuit 
voltage. It is symbolized by E£,.. 

On the other hand, if the source of Fig. 5-1 is short-circuited at its terminals, 
only the internal resistance is left to oppose current flow. Under these condi- 
tions, the source delivers maximum current. This current is called the 
short-circuit current and is symbolized by Isc. 

The values, E,, and /,., are related by Ohm’s law: 


Es = Tee Rint (5-5) 
and 
Le t 
ree (5-6) 


Equations (5-5) and (5-6) show the equivalence of voltage and current 
sources symbolically. To convert from a current to a voltage source, we use 
Eq. (5-5); from a voltage to a current source, Eq. (5-6). 

The generators of Figs. 5-1 and 5-3 are redrawn (and relabelled using the 
new notation) in Fig. 5-4. A voltage source is shown in Fig. 5-4(a); a current 
source in Fig. 5-4(b). 


FiGuRE 5-4. A voltage source is shown in (a); a current source in (b). 
The instantaneous polarity of the voltage source is indicated by the +, — 
signs when necessary. The instantaneous direction of electron flow is 
indicated by the arrow adjacent to the source symbol in (6). 


EXAMPLE 5. A voltage source has an open-circuit voltage of 100 V and an 
internal resistance of 50 Q. Find its current equivalent. 
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Solution. From Eq. (5-6): 


_ 100 _ 


meer ae 


Teo 


The current equivalent is shown in Fig. 5-5. 


2 amp l000.2 
SOL 2000v 
FIGURE 5-5, The current FIGURE 5-6. The volt- 
equivalent from Example 5. age equivalent from 
Example 6. 


EXAMPLE 6. A current source has a capability of 2 A and an internal resis- 
tance of 1000 ©. Find its voltage equivalent. 


Solution. From Eq. (5-5): 
E,. = 2 * 1000 = 2000 V. 
The voltage equivalent is shown in Fig. 5-6 


In conclusion to this section, we note an interesting relationship between 
the different forms of Ohm’s law and voltage and current sources. In the 
case of the voltage source, we consider that the source voltage E causes 
current to flow in an external circuit, i.e., the source voltage is the inde- 
pendent variable and Ohm’s law takes the form, J = E/R. On the other 
hand, when we consider a current source, we see that the source current 
I causes a voltage to exist across an external circuit, i.e., current is the in- 
dependent variable and Ohm’s law has the alternate form, E = JR. 


Exercises 5-1 


1. A voltage source has an open-circuit voltage of 20 V. When a 500-2 load is 
connected to its terminals, the terminal voltage is 15 V. What is the internal resis- 
tance of the source? 


2. A current source has a current capability of 500 mA. When it is connected to a 
load of 50,000 Q, the load current is 300 mA. What is the internal resistance of the 
source ? 


3. A power source has an open-circuit voltage of 100 V and a short-circuit current 
capability of 100 mA. What is its internal resistance? 
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4. A storage battery has an open-circuit voltage of 6.0 V. When the current through 


the battery is 80 A, the terminal voltage is 
4.0V. Find the equivalent current source. 


5. A vacuum tube can be represented by 
the current source shown in Fig. 5-7. 
Find the equivalent voltage source. Note: 
In the figure, g,, is the transconductance 
of the tube, r, is the plate resistance, and 
e, represents the signal applied to the 
grid. Hint: For any vacuum tube: p = 
&mrp, Where p is the amplification 
factor of the tube. 


2. Mesh Analysis 


The mesh analysis of electrical net- 
works is based on Kirchhoff’s voltage 
law, which states: 


The algebraic sum of the voltages 
around a closed path is zero. 


Consider the simple circuit shown 
in Fig. 5-8. A voltage source is shown 
connected to a load consisting of re- 
sistors R, and R, connected in series. 
By Kirchhoff’s voltage law, we have: 


ie V; ae V5 + Kins: 
Equation (5-7) may be rewritten: 


EV; ao Mert Vint) = 0. 


'p 


~Im€g 'p 


FIGURE 5-7. —_ Equivalent 
vacuum tube circuit in Ques- 
tion 5. 


i eras Ypeeceetlie er 


FIGURE 5-8. Illustrating 
Kirchhoff’s voltage law. 


(5-7) 


(5-8) 


Equation (5-8) shows symbolically that the sum of the voltages around the 
circuit of Fig. 5-8 is zero, since the source is equal in value and opposite in 
direction to the sum of the voltage drops across R,, Rs, and Rint. 

In this section we will analyze some typical electrical circuits which have 
two or more closed paths or meshes. In our analysis, we will apply the 
mathematics discussed in Chapter 4. 


(2.1) Definitions 


An element in an electrical network may be passive (inductive, capacitive, 
or resistive) or active (a voltage or current source). The networks considered 
in this chapter will always contain at least one active element and usually 
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several passive elements (resistors) arranged in various configurations. A 
passive element takes power from a network; an active element delivers power 
to the network.t 

An element is said to be Jinear if its value remains the same under all nor- 
mal conditions. Resistors, inductors, and capacitors are examples of linear 
elements. A device such as the thermistor, on the other hand, is definitely 
nonlinear. 

Any element which conducts equally well in both directions is termed 
bilateral. Resistors, capacitors, and inductors are bilateral. Devices such 
as vacuum tubes, transistors, and diodes are unilateral (nonbilateral) in nature 
because they conduct well in only one direction. 

For our purposes, a mesh (or loop) is any closed path in a network. The 
network shown in Fig. 5-9(a) has two meshes; that shown in Fig. 5-9(b) 
has three meshes. 


(a) 
(b) 


FIGURE 5-9. A two-mesh network is shown in (a); a three-mesh network 
in (b). 


In this chapter (and throughout the book), we will take the direction of 
electron movement as being the direction of current flow, that is, current 
flows away from the negative side of a source, completes an external loop, 
and flows back towards the positive side. Current flow within a mesh will 
be considered to cause positive voltage drops if the direction is counterclock- 
wise (CCW); negative drops if clockwise (CW). 


(2.2) The Two-Mesh Network 


Consider the two-mesh network shown in Fig. 5-10. Here we have a voltage 
source connected to two resistors in parallel. It is our object to write mesh 
equations for the circuit. 

Let us assume a cyclic current flowing in each mesh. J/,, flowing in mesh 
No. 1, has a CCW direction due to the polarity of the source. To be consis- 
tent, J,, which flows in mesh No. 2, is also assumed to flow in the CCW 
direction. 


+ Passive elements take power from a network. Resistive elements dissipate this power 
in the form of heat. Purely inductive and capacitive elements store the power and eventually 
return it to the network without loss. 
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R, is called a mutual resistance 
since it is common to both meshes. 
Current flow in R, is the difference 
between J, and J, since the currents 
are assumed to flow in opposite 
directions. With this point in mind, 
we may use Kirchhoff’s voltage law 
to write an equation for mesh No. 1: FIGURE 5-10. A two-mesh network. 


(7, — 7,)R, + L.Rin = E. (5-9) 
After rearranging Eq. (5-9), we get: 
(Ry + Ryd — Ru, = E. (5-10) 
Similarly, the equation for mesh No. 2 is 
(7, — 1,)R, + 1,R, = 0 
or 
—R J, + (R, + Ri, = 0. (5-11) 


(Note that the EMF in the second mesh is zero, i.e., there is no active element 
in the second mesh.) 

Note: In mesh No. 2, J, is CCW in direction and thus causes positive 
voltage drops in that mesh; /,, which enters the second mesh through the 
mutual resistance R,, opposes J, and, hence, causes a negative voltage drop 
in mesh No. 2. Thus, it is quite proper to write J, — J,, as we have done in the 
development of the equation for mesh No. 2. 


EXAMPLE 1. Given the network of Fig. 5-11, find the value and direction of 
the current through the 10-O resistor. 


FIGURE 5-11. The two-mesh network in Example 1. 


Solution. We assume the cyclic currents shown in Fig. 5-11. The mesh equa- 
tions are then: 
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(10 + 5)7, — 107, = 100 (for mesh No. 1) 
—10/7, + (15 + 10)/, = 0 (for mesh No. 2) 


The solution of these equations is left to the reader. The results are: 


1 oO 
1, = 3.644. 


Then, the current through the 10-Q resistor is equal to 9.09 — 3.64 
=~ 5.45 A and flows in the same direction as J,. 


EXAMPLE 2. Solve for all currents in the network of Fig. 5-12. 


FIGURE 5-12. The two-mesh network in Example 2. 


Solution. Prior to writing the mesh equations we note: 


(1) In mesh No. 1, generator E, opposes E,; the net EMF is 10 — 5 
5 V. 


(2) In mesh No. 2, generator E;, opposes E,; the net EMF is 5 — 10 
= —5V. 


The mesh equations are: 


30/, — 107, = 5 (mesh No. 1) 
—10/, + 30/, = —S5 (mesh No. 2) 


The solution for the currents is: 


202 202 
—-—- (0./25.4|0.1254a —— 


I, =0.12235A 
I, = —0.125 A. 


Since the solution for J, yields a 
negative current, the net current 
passing through the 10-Q, resistor is 


FIGURE 5-13. The solution to the 0.125 — (0.125) = 0.25 SAR 
problem in Example 2. current through generator E, is 0.125 
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A; through E;, 0.125 A. These currents are indicated in Fig. 5-13. Notice that 
I, actually flows in a direction opposite to that assumed initially. This is 
indicated by the negative sign in the solution for J,. 


(2.3) Three-Mesh Networks 


The system of mesh analysis discussed in connection with two-mesh networks 
may easily be extended to networks having three meshes. The next three 
examples illustrate the general attack. 


EXAMPLE 3. Find the amplitude and direction of the current flow through 
R, and R, in the network of Fig. 5-14. 


FIGURE 5-14. The three-mesh network in Example 3. 


Solution. The mesh equations are: 


87,— 41, Serer (for mesh No. 1) 
—4], + 10/, — 4/7, = 0 (for mesh No. 2) 
— 4], + 8/7, = —10 (for mesh No. 3) 


The solutions for this system of equations are: 


I,=1.25A 
I,=0A 
‘T; = —1.25A. 


Thus, the amplitudes of the currents through R, and R, are: 


Current through R, = J, — J, = 1.25 —0 = 1.25A. 
Current through R, = J, — J, = 0 — (—1.25) = 1.25A. 


The currents flow upwards through the resistors. 


It is instructive to solve the unbalanced bridge network by mesh analysis 
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methods. Several combinations of meshes may be chosen; two such possibili- 
ties are shown in Fig. 5-15. 


Mesh 
#y 


(a) (b) 


FIGURE 5-15. Two possible combinations of meshes for the bridge 
network. 


EXAMPLE 4. Find the currents flowing in all branches of the bridge network 
given in Fig. 5-16. 


FIGURE 5-16. Bridge network in Example 4. 


Solution. The mesh equations are: 


47,— I, — 2], = 10 (for mesh No. 1) 
—I,+3/,-— I,= 0 (for mesh No. 2) 
—2/,— 1,+4/,= 0 (for mesh No. 3) 


The solutions of these mesh equations are: 


[,=4.58A 
qT; a 2.50 A 
I, = 2.92 A. 


Thus, the currents in the various branches are: 
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Current through R, = J, — J, = 4.58 — 2.50 = 2.08 A. 
Current through R, = J, = 2.50 A. 

Current through R, = J, — I, = 4.58 — 2.92 = 1.66 A. 
Current through R, = J, = 2.92 A. 

Gorrent through Rh — J, f= 50) — 2.92 — 0.42 A. 


Note: The current through R, has the same direction as that assumed for 
I,. Why? The currents and their directions are indicated in Fig. 5-17. 


FIGURE 5-17. The result of the problem in Example 4. 


EXAMPLE 5. Find the currents flowing in all branches of the bridge which 
was given in Example 4. This time, use the meshes shown in Fig. 5-18. 


FIGURE 5-18. Bridge network in Example 5. 


Solution. The mesh equations are: 


37,+ I,+ J, = 10 (for mesh No. 1) 
f,+31,,— i,= 0 (for mesh No. 2) 
I,— 1,+4/7,= 0 (for mesh No. 3) 


The solutions of these equations are: 


Sec. 5-2 MESH ANALYSIS / 117 


iL = 458A 
I, = —2.08 A 
I, = —1.66 A. 


Thus, the currents through the various branches are: 
Current through R, = J, = —2.08 A. 
(This current flows opposite to the assumed direction of J,.) 


Current through R, = J, + J, = 4.58 + (—2.08) = 2.5 A. 
Current through R, = J, = —1.66A. 


(This current flows opposite to the assumed direction of J,.) 


Current through R, = J, + J, = 4.58 + (—1.66) = 2.92 A. 
Current through R; = J, — I, = —2.08 — (—1.66) = —0.42 A. 
(This current flows in the same direction as that assumed for J,.) 


The foregoing result is summarized in Fig. 5-19. How does it compare 
with Fig. 5-17? 


FIGURE 5-19. The result of the problem in Example 5. 


(2.4) n-Mesh Networks 


An attempt at the analysis of a network having more than three meshes is 
likely to prove somewhat tedious. When fourth- or higher-order determinants 
are involved, the use of the rules given in Chapter 4 is mandatory. In this 
section, we will content ourselves with an examination of a problem involv- 
ing a four-mesh network (see Example 6). 


EXAMPLE 6. Write the mesh equations for the circuit given in Fig. 5-20. 


Solution. The mesh equations are: 
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20 2 


FIGURE 5-20. Network in Example 6. 


6l, — ?27,;—. 2/7, =110 (for mesh No. 1) 
aot tow Oly 21, = 110 (for mesh No. 2) 
—2/, + 16/,— 21,= 0 (for mesh No. 3) 
—2I,— 21, + 261,= 0 (for mesh No. 4) 


Exercises 5-2 


1. Determine the load current in the circuit of Fig. 5-21. 


FIGURE 5-21. Circuit in Question 1. FIGURE 5-22. Circuit in Question 2. 


2. Determine the voltage drop, V,, in the circuit of Fig. 5-22. 


3. Find the current amplitude and direction in each branch of the circuit shown 
in Fig. 5-23. 


Rin=5 30 5.2 


FIGURE 5-23. Circuit in Question 3. FIGURE 5-24. Circuit in Question 4. 
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4. Find the current flowing through the 10-C, resistor in the circuit of Fig. 5-24. 


5. An automobile generator produces an open-circuit voltage of 14.0 V and has 
an internal resistance of 0.2.0. A storage battery has an open-circuit EMF of 
12.6 V and an internal resistance of 0.1. Both generators are connected in 
parallel across a 1-Q, load. Find the current in the load. 


6. Solve the bridge network of Example 4. Assume mesh currents as shown in 
Fig. 5-25. 


FIGURE 5-25. Bridge network in FIGURE 5-26. Lattice network in Ques- 
Question 6. tion 7. 


7. Find the current flow through R; in the lattice network shown (Fig. 5-26). What 
is its direction? 


8. Find the current amplitude in the 4-©, resistor (Fig. 5-27). 


FIGURE 5-27. Bridged-T network in FIGURE 5-28. Parallel-T network in 
Question 8. Question 9. 


9. Write mesh equations for the parallel-T network shown (Fig. 5-28). Hint: 
Rearrange the network so that the four meshes contained therein become evident. 


3. Nodal Analysis 


Nodal analysis of networks offers an alternative to the system of mesh analy- 
sis described in Section 2. Depending on the network, the nodal method may 
sometimes be the best approach of the two, although both methods obviously 
will yield the same result. 
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Nodal analysis of networks is based on Kirchhoff’s current law which 
States: 


The algebraic sum of the currents at a node or junction is zero. 


If two or more elements are joined in an electrical network, the point of 
joining is called a node. If three or more elements are joined, the node which 
is so formed is also called a junction. Figure 5-29 shows a typical network 
which has five nodes and three junctions. 


Node Node Node Node 
(Y) 
yz Nod e 
S / 


——— — — — 


FIGURE 5-29. Illustrating the concept of nodes and junctions. 


(3.1) Currents at a Node 


Figure 5-30 shows a junction having 
four distinct branches emanating 
from it. Let us assume a current /, 
flowing towards the junction. Upon 
arrival at the junction, J, splits into 
three currents which flow into the 
remaining branches, with amplitudes 
dependent on the opposition en- 
countered in each branch. Clearly, 


,=f1,+14,+ h. (5-12) FIGURE 5-30. 
If we consider any current flowing towards a junction (or node) as positive, 


and any current flowing away from the junction (or node) as negative, the sum 
of the currents at the junction (or node) will be zero. That is: 


I,—(, + 1, + I) =0 (5-13) 
where Eq. (5-13) is merely a symbolic statement of Kirchhoff’s current law. 


EXAMPLE 1. In a certain network (Fig. 5-31) current flow has the values and 
directions indicated. What is the value of J,? 


Solution. By Kirchhoff’s current law we have: 
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FIGURE 5-31. 


105s 2 eee 20 
or 


TysT-A. 


(3.2) Two-Node Networks 


Let us consider the network shown in Fig. 5-10. We will use this network as 
an example in describing the method of nodal analysis. Since nodal analysis 
is based on Kirchhoff’s current law, we will use a current source as the 
active element in this and similar problems. The network is redrawn in Fig. 
5-32, this time with a current source which is equivalent to the original volt- 
age source in Fig. 5-10. 


Reference node 
(Node 2) 


FIGURE 5-32. A two-node network. 


In our analysis, it is necessary to select one node and specify all voltage 
drops in the network with reference to it. Accordingly, we will choose 
node No. 2 in Fig. 5-32 as the reference node. The voltage drop between node 
No. 1 and the reference node is called V, in Fig. 5-32. Note the assumed 
polarity. V, is the unknown quantity in the network. When it is found, all 
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other aspects of the network are also known, either directly or indirectly. 
’ We will assume a current in each of the branches of the network flowing 
towards node No. 1. The values of these currents are: 


a 


Current in Rin = = V,Gint 
Rint 
; V3 

Current in R, = —!| = VJ,G, 
R, 
V, 

Current. in “RR, = —- = VG, 
R, 


where Gi,:, G;, and G, are the conductances of the passive elements of the net- 
work. (It will be recalled from elementary electrical theory that resistance 
is the reciprocal of conductance, i.e, G = 1/R and R = 1/G.) 

The sum of the currents at node No.1 is: 


ViGint Be V,G, = V,G, —I=0 (5-14) 


[In Eq. (5-14), J is considered to be negative because it flows away from 
node No. 1.] Solving for V, in Eq. (5-14) yields: 


gf 


(0) Ss Seve ere 
; (Gint == G, aie G,) 


(5-15) 


It should be recognized that the solution found here is somewhat simpler 
than that indicated for the same network in Section 2. One linear equation is 
sufficient here; two equations were necessary in Section 2. 


EXAMPLE 2. By the use of nodal analysis, find the current through the 10-Q 
resistor in the circuit of Fig. 5-11. 


Solution. Let us redraw the circuit of Fig. 5-11, substituting an equivalent 
current generator for the original voltage source. The result is shown in Fig. 
5-33. 


Reference node 
FIGURE 5-33. Network from Example 2. 
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The conductance of each element, including the internal resistance of the 


source, iS: 
Gas Re = a mho, 
G, = x = + mho, 
Gr = ke = * mho 


The nodal equation is: 
1 1 1 ts 
Vi (++ 75+ 75) 20=0 
from which: 


V, = 54.5 V. 


Finally, the current through the 10-Q resistor is: 


54.5 
I = 10s — 5.45 A. 


Note: Compare this result with that of Example 1, Section 2. Since V, 
is positive in sign, the direction of current flow is the same as that in Example 
1, Section 2. 


(3.3) Three-Node Networks 


The system of nodal analysis just discussed may be easily extended to net- 
works having three nodes. Example 3 shows the method. 


EXAMPLE 3. Find the amplitude and direction of the currents through R, 
and R, in the network of Fig. 5-14, using nodal analysis. The modified net- 
work, suitable for nodal analysis, is shown in Fig. 5-34. 


Node‘ Node 2 


Reference node 


FIGURE 5-34. The three-node network from Example 3. 
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Solution. From Fig. 5-34, the nodal equations are: 


1 1 1 Ve 
[= eae =) V, oe ps) (equation for node No. 1) 
-$+(4 Het) M=2 (equation for node No. 2) 
2 4 2 ae 


After simplification of these equations, we have: 
2Vie== VS 5 (node No. 1) 
—V,+2V,=5 (node No. 2) 


the solutions of which are: V; = 5V; V,=5V. 
Finally, the currents through R, and R, are: 


Current through R, = a Ais 
1 


iA 
Current through R, i 5 [225045 
2 


The direction of each current is upwards through the resistors. 

Note: Notice in particular: we have a negative term in each of the original 
equations (in the left-hand side). When node No. | is considered, we see 
the three currents flowing towards the node, as well as a current flowing 
away from it towards node No. 2. This current is regarded as the contribu- 
tion of V, towards the total current at node No. | and is equal to —V,/2. 
It is negative in sign because it flows away from node No. 1. Similarly, in the 
second node equation, the term —V,/2 represents the contribution of V, 
towards the total current at node No. 2. It too is negative, since it flows away 
from node No.2. 


(3.4) Four-Node Networks 


After an examination of the previous examples, the reader will probably 
notice that the number of linear equations required for the solution of a net- 
work by means of nodal analysis is always one less than the number of nodes, 
since one node is used as the reference node. Thus, a two-node network 
requires one equation, a three-node network two equations, and so on. We will 
now study two examples of a four-node network; each requires the solution 
of a third-order system of linear equations. Both examples give the analysis 
of the same network, but a different reference node has been chosen in each 
case. This has been done to emphasize the fact that the choice of a reference 
node is a matter of convenience and not of necessity. 


EXAMPLE 4. Find the currents flowing in all branches of the bridge network 
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of Fig. 5-16, using nodal analysis. The modified network, suitable for nodal 
analysis, is shown in Fig. 5-35. 


Sere Node 3 


FIGURE 5-35. A four-node (bridge) network. 


Solution The nodal equations for the network of Fig. 5-35 are: 


3V, — Vv, — V; = 10 (for node No. 1) 
—V,+ 3V, —V,;=0 (for node No. 2) 
—V,—V,+ DAS —10 (for node No. 3) 


123 


The solutions of the nodal equations are: 


V, = 2.08 V 
V, = —0.42 V 
Vz, = —3.33 V. 


These voltage drops are indicated 
on the network diagram of Fig. 5-36. 
V, and V, appear with the reverse 
polarity to that assumed in Fig. 5-35. 
This is because the solutions for these 
voltages yielded negative numbers; 
thus the assumed polarities are 
opposite to the actual direction of 
each voltage drop. 

FIGURE 5-36. Polarity of voltage drops. We may now calculate the currents 

in the various branches: 


Current through G, = V,G, = 2.08 A. 
Current through G, = (V, + V,)G, = 2.50 A. 
Current through G, = V,;G, = 1.66 A. 
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Current through G, = (V, — V,)G, = 2.91 A. 
Current through G; = V,G; = 0.42 A. 


How do these results compare with those of Example 4, Section 2? (The cur- 
rent amplitudes and directions are shown in Fig. 5-37.) 


4.58a 


Ref. 
Node 


Node 3 


FIGURE 5-37. Currents in the bridge. FIGURE 5-38. A different reference node. 


EXAMPLE 5. Find the currents flowing in all branches of the bridge network 
of Example 4, this time using the reference node indicated in Fig. 5-38. 


Solution. The nodal equations for the network of Fig. 5-38 are: 


3V, — V, — V; = 10 (for node No. 1) 
—V, eee (for node No. 2) 
2g a i — —10 (for node No. 3) 


The solutions for these equations are: 


V,=2.5V 
V, = 0.42 V 
Vig 2920): 


These voltages are indicated in Fig. 5-39. Notice that V, is shown with its 
polarity reversed from that assumed in Fig. 5-38, in view of the negative solu- 
tion obtained. 

The branch currents may be calculated in the same manner as in Example 
4. The reader should verify that the results are the same in both examples. 


(3.5) n-Node Networks 


As in mesh analysis of networks, the nodal method may sometimes lead to 
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FIGURE 5-39. Polarity of voltage drops. 


a system of linear equations of order four, or greater. Again, the use of the 
rules for simplification of higher-order determinants, given in Chapter 4, 
is indicated. The possibility that mesh analysis might be easier should not be 
overlooked. The reader is referred to the discussion in Section 4, where 
this situation is examined. 


Exercises 5-3 

1. Find the voltage drop, V;, in the circuit of Question 1, Exercises 5-2. What is 
the voltage drop across the load? Use nodal analysis. 

2. Solve Question 2, Exercises 5-2, using nodal analysis. 


3. Find the current flowing in all branches in the circuit of Question 4, Exercises 
5-2. Use nodal analysis. 


4. Find the amplitude and instantaneous direction of the currents in each branch 
of the network given in Fig. 5-40. Use nodal analysis. 


10.2 


+ = 
(~)20v 5.0950 20v() 
- + 


FIGURE 5-40. Network in Question 4. FIGURE 5-41. Network in Question 5. 


5, Find the load voltage in the network of Fig. 5-41. Use nodal analysis. 


6. Find the voltage drop across R; in the circuit of Question 7, Exercises 5-2 (Fig. 
5-26). Use nodal analysis. 


7. Using nodal analysis, find the voltage across the 4-CO, resistor in the circuit of 
Question 8, Exercises 5-2 (see Fig. 5-27). 
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8. Find the amplitude and instantaneous direction of the currents in the branches 
of the circuit shown in Fig. 5-42. Use nodal analysis. 


FIGURE 5-42. Network in Question 8. 


4. Topology of Elementary Networks 


The following questions may have occurred to the reader who has completed 
Exercises 5-2 and 5-3: 


(1) How is it possible to determine the minimum number of mesh 
equations required in order to solve a given network? 

(2) What is the minimum number of node equations required in 
order that a given network may be solved using this method? 

(3) For a given network, which is preferable—mesh or nodal analy- 
sis methods? 


The answers to these questions are found in a branch of network theory 
called network topology. 

Consider the network shown in Fig. 5-43(a). The topological equivalent 
of the network is shown in Fig. 5-43(b). Here we have deleted all elements 


e d e d 
(a) (b) 


FIGURE 5-43. A network and its topological equivalent. 


from the diagram, although they are still presumed to occupy the positions 
assigned to them in Fig. 5-43(a). Figure 5-43(b) may be thought of as a display 
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of the “geography” of the original network. The branches of the network 
connect the various nodes; there are seven branches in the network shown: 
ab, bc, bd, be, cd, de, and ae. 

We may convert the network of Fig. 5-43(b) into a tree by removing suc- 
cessive branches (without disconnecting any of the nodes) until no closed 
paths exist anywhere in the network. 

In Fig. 5-44(a), we have removed branches ae, cd, and de to make a tree; 
in Fig. 5-44(b), we removed branches ab, bc, and de. (Can you think of any 
other combinations such that the network is converted to a tree?) 


a b c a b Cc 


é d e d 
(a) (b) 


FIGURE 5-44. Trees of the network in Fig. 5-43. 


In Fig. 5-44, the important thing to note is this: It is always necessary to 
remove three branches to convert the network to a tree. The removal of fewer 
branches would leave at least one closed path; removal of more than three 
branches would sever the tree and leave at least one of the nodes disconnected. 

The number of branches removed from a network, when converting it to 
a tree, represents the nullity of the network. We shall use the symbol 8 to 
represent the nullity of a network. In the network of Fig. 5-43, 6 = 3. 

The number of mesh equations necessary to solve a given network is equal 
to the nullity of the network. Symbolically: 


M=B8 (5-16) 


where M represents the number of independent meshes (hence, the number 
of mesh equations necessary to solve the network) contained in the network. 

The number of nodal equations needed to solve a given network is always 
one less than the total number of nodes contained in the network when all 
voltage sources are replaced by equivalent current sources. Hence, in Fig. 
5-43 there are three nodal equations required. 


N=T-1 (5-17) 


where N is the number of independent nodes (hence, the number of nodal 
equations required) and T is the total number of nodes in the network. 


130 / MATHEMATICS OF RESISTIVE NETWORKS 


In summary: In a given network there exists one of three possibilities: 
(1) the number of independent nodes may be less than the number of inde- 
pendent meshes; (2) the number of independent meshes and nodes may be 
the same; or (3) the number of independent meshes may be less than the num- 
ber of independent nodes. In the first instance, nodal analysis is preferable; 
in the second, either is applicable; and in the third, mesh analysis should 
be used. 


EXAMPLE 1. Which is preferable, mesh or nodal analysis, for the network 
given (Fig. 5-45)? 


FIGURE 5-45. Network from Example 1. 


Solution. The topological equivalent is shown in Fig. 5-46(a); the corre- 
sponding tree is shown in Fig. 5-46(b). 


a b C a b Cc 
d d 
(a) (b) 
FIGURE 5-46. 


We broke three branches in order to establish the tree; thus M = 6 = 3. 
There are three nodes in the network; thus N = T — 1 = 2. We conclude 
that nodal analysis is preferable since only two equations are required. 
Mesh analysis of the network would require three equations. 


EXAMPLE 2. Which is preferable, mesh or nodal analysis, for the bridge 
network given (Fig. 5-47)? 


Solution. The topological equivalent of the bridge network is shown in Fig. 
5-48(a); the tree in Fig. 5-48(b). 
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d 
e 
FIGURE 5-47. 
a b fa] b 
(2) ‘S 
(a) (b) 
FIGURE 5-48. 


From Fig. 5-48(b), M = 8 = 3 and N = T — | =3. The use of either 
method of analysis is indicated. 


EXAMPLE 3. Which is preferable, mesh or nodal analysis, in the network of 
Fig. 5-49? 


FIGURE 5-49. 


Solution. From Fig. 5-50(b), M = 8B = 2; N = T— 1 = 3. Mesh analysis 
is preferred. 


FIGURE 5-50. 
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Exercises 5-4 


1. Draw trees corresponding to the networks shown in Figs. 5-51(a), (b), (c), (d), 
and (e). 


(a) (b) 
WG 
(c) (d) 


(e) 
FIGURE 5-51. Question 1. 


2. Which of the networks of Question 1 are best solved by mesh analysis? By nodal 
analysis ? 


Review Exercises 
1. The diagram of Fig. 5-52 shows the equivalent circuit of a triode vacuum tube 
driving a z-network. Find an expression for the output voltage, V,. 


2. The diagram of Fig. 5-53 shows the equivalent circuit of a pentode vacuum 
tube driving a T-network. Find an expression for the output voltage, V,. 


3. Solve for the amplitude and instantaneous direction of the currents through the 
generators E, and E, in the network of Fig. 5-54. 
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FIGURE 5-52. Question 1. FIGURE 5-53. Question 2. 


22 
2a 2a 
E, lOv 
2 & 102 fa 
~~) = S 
FIGURE 5-54. Question 3. FIGURE 5-55. Question 4. 


4. Calculate the voltage drop across R, in the circuit of Fig. 5-55. 


5. Deduce the network corresponding to the mesh equations given. Sketch the 
network, showing the polarity of all sources. 


71h, = 4, a I; = 10 
—I, ++ 51; == —5 
6. Deduce the network corresponding to the nodal equations given. Sketch the 
network. Show the active elements as voltage sources and the passive elements 
as resistors. Show the polarity of all sources. 
0.3V, — 0.2V, = 4 
—0.2V, + 0.5V, —0.2V, =0 
— 0.2V, +0.3V, =4 
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If one were to nominate a particular branch 
of mathematics as being most useful in the 
field of electronics, trigonometry would 
rate high on the list. It is, for instance, the 
basis for the study of alternating current. 
The applications of trigonometry in this 
field (and in many others) are of inesti- 
mable importance. 

The word trigonometry is of Greek 
origin. Translated, it means triangle meas- 
urement. Classic examples of trigonometric 
applications include surveying, astronomy, 
and navigation. Since the time of the 
Greeks, the scope of such physical applica- 
tions has been gradually enlarged to the 
point where trigonometry is an invaluable 
tool of modern science. The ancient peoples 
_ would be amazed to see their mathematics 
playing an important role in such projects 
as the latest moon-shot or a sophisticated 


communications complex! 


TRIGONOMETRY 


1. Angle 


What exactly do we mean when we use the word angle in a trigonometric 
sense? Consider a line OP, of arbitrary length. If we rotate OP to a new 
position, OP,, using point O as the vertex (or axis of rotation), we have the 
situation shown in Fig. 6-1(a). The amount of rotation is called the angle 
and is indicated in the sketch. 


Vertex 
+ Angle of elation 


(a) (b) 


FIGURE 6-1. (a) Positive angle. (b) Negative angle. 


If the direction of rotation is counterclockwise, the angle is considered to 
be positive; if clockwise, negative. The angle shown in Fig. 6-1(a) is positive; 
that in Fig. 6-1(b), negative. 

Now that angle has been described 
how may we measure it? The most 
common method of angle measure- 
ment is the sexagesimal system.t 
Consider Fig. 6-2. Here we have 

FIGURE 6-2. An angle having 360 rotated a line OP one complete 
degrees. revolution about the vertex O. In 
doing so, we describe a circle and 
find ourselves back at the origin. The angle of rotation is divided into 360 
parts, each of which is called a degree. If more precise measurement is 
required, we subdivide the degree into 60 parts, or minutes. In extremely 
precise measurements, the minute is further subdivided into 60 parts, called 
seconds. Thus, we have the relationship: 


RP, 


1 degree = 60 minutes = 3600 seconds. 


+t The sexagesimal system is a method of counting where the radix 60 is used (compare 
our decimal system, which uses a radix 10). For reasons now obscure, the system was used 
in Babylon. Our use of the 360° circle is a “hangover” from those times. 
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Is it possible for a trigonometric angle to exceed 360°? Although a geometric 
angle never exceeds 360°, a trigonometric angle may attain any value. Suppose 
we allow a line OP to revolve once around a vertex O, finally coming to rest 
in the position shown in Fig. 6-3. In this case, the angle of rotation is (360 
+ 6) degrees, where 6 represents the geometric angle between OP and OP,. 
Of course, there are very many such possibilities. In Fig. 6-4, for example, 
a line has been rotated twice in a clockwise direction around the vertex, 


Py O P 
oO 
F, 
FIGURE 6-3. Angle is (360 + @) FIGURE 6-4. Angle is a negative 
degrees. (720 + 6) degrees. 


ending in position OP,. The angle is 
negative because of the direction of 
rotation, and it is equal to —(720 
+ 6) degrees. 

Let us see if there is a more natural 
unit of angular measurement. Con- 
sider the arbitrary circle shown in Fig. 
6-5. If we allow the arc S to equal the 
radius r, the included angle is defined 
as 1 radian (abbreviated, 1 rad). One 
radian is approximately equal to 57.3°. FIGURE 6-5. Illustrating the 

From geometry, we have the for- radian. 
mula for the circumference of a circle: 


Cer i eh 


where C is the circumference, d the diameter, and r the radius. 
A second formula from geometry is: 


where S is an arc of a circle, r is the radius, and 0 is the angle opposite the 
arc measured in radians. 
If we let S = C = 2zr units, then from the second equation we have 
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6 = S/r = 2xr/r = 2m rad. From this we conclude: The angle around the 
center of any circle is 27 rad in magnitude. Furthermore, if 360° = 27 rad, 
then: 


270° = = rad 
180° = w rad 
90° = x rad 
45 =z rad 
30? <== - rad 
and so on. 


We shall use both the sexagesimal and radian systems of angle measure- 
ment in this book, depending on which is most applicable at the time. 


2. Vectors 


A quantity that can be completely described by its magnitude only is called a 
scalar. Examples of scalars are: the area of a field, the volume of a cube, 
and the mass of the earth. 

Other quantities are not completely described unless we state both their 
magnitudes and directions. Examples of this kind of quantity are: force, 
velocity, acceleration, and displacement. Such quantities are called vector 
quantities, or simply vectors. 

Vectors may be represented graphically by line segments, which are drawn 
with a length proportional to the 
magnitude of the quantity, and which 

North point in the appropriate direction. 

+ 40 mph. Let us consider, for example, an 
automobile moving at a constant 
speed of 40 mph in a northeasterly 
direction. We may represent this mo- 
tion by the vector shown in Fig. 6-6. 

FIGURE 6-6. A vector. It is drawn to a convenient scale and is 
inclined at an angle of 45° east of 
north. 

We may combine (add) two vectors graphically to produce a resultant 
vector by using the parallelogram law. 

Let us look at a typical example. An aircraft flies due east at a speed of 
100 mph. A crosswind, blowing from a direction 60° west of south, has a 
speed of 40 mph. What is the resultant velocity of the aircraft? 
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An approximate answer may be obtained by the method illustrated in 
Fig. 6-7. We arrange the vectors representing the wind and aircraft as shown 


FIGURE 6-7. Addition of vectors to produce a resultant, AD. 


(note that the wind vector points in a direction 60° east of north); AB is the 
aircraft vector and AC the wind vector. Each is drawn to a suitable scale, 
such that AC is =4; as long as AB. We then draw two lines: CD, equal in 
length and parallel to 4B; and BD, parallel to and equal in length to AC. 
The diagonal (AD) of the parallelogram thus formed is proportional to the 
resultant velocity of the aircraft. After measuring its length and angle, we 
find that the aircraft speed is approximately 135.5 mph in a direction 81.5° 
east of north. 

A vector may be resolved into hori- 
zontal and vertical components by 
the graphical method shown in Fig. 
6-8. Lines are drawn from the tip 
of the vector perpendicular to the 
abscissa and ordinate. In the diagram, 
OX is the horizontal and OY the FIGURE 6-8. Com- 
vertical component of vector OA. ponents of a vector. 


\ 
| 
| 

x 


Exercises 6-2 


Solve the following problems, using squared graph paper. 


1. A stream flows at the rate of 10 knots. The speed of a boat in the stream is 5 
knots in a direction directly across the stream. What is the resultant speed and 
direction of the boat? 


2. The resultant velocity of an aircraft was 100 mph in a southwesterly direction. 
If the heading of the aircraft was due west at a speed of 80 mph, what was the wind 
speed and direction? 


3. Three forces are exerted on an object. These forces are: 4 Ibs exerted to the 
north, 5 lbs exerted to the southwest, and 8 Ibs exerted to the southeast. What is 
the resultant force on the object? 
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4. An aircraft had a destination 58° east of north, at a distance of 200 mi. The time 
elapsed for the flight was 1 hr, 34 min. 
During the flight, a wind from the west 
blew with a constant speed of 50 mph. 
What heading did the pilot set? What 
was his air speed? 


5. A vector representing a 10-lb force 
acts in the direction shown in Fig. 6-9. 
Find the horizontal and vertical com- 
FIGURE 6-9. Question 5. ponents of the force. 


3. Circular Functions 


Because of the intimate relationship between trigonometric functions and the 
circle, these functions are often referred to as circular functions. 


(3.1) The Trigonometric Functions 


Consider an arbitrary circle, with a radius r (Fig. 6-10). We will superimpose 
on this circle a set of Cartesian coordinates. Let the abscissa be the reference 


2 Pa(xy) 
J P(r,0) 


FIGURE 6-10. Circle used to define the trigonometric functions. 


axis. The distance from O to the circumference of the circle, we denote as 
OP. Let us allow OP to rotate to a new position, OP,, as shown. The lines, 
OP and OP,, may be regarded as vectors; each has magnitude (equal to the 
radius of the circle) and direction. To locate points P and P, in space, we 
recall the method of ordered numbers from Chapter 2. Thus, P is described 
by the pair (r, 0); P, by (x, y). 

We will use the right triangle containing angle 6 (Fig. 6-10) to define the 
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six trigonometric functions. For 
greater clarity, the triangle is redrawn 
in Fig. 6-11. 

From the triangle, we define the 
trigonometric functions as follows: 


sine 6 = =; (6-1) 


r 
cosine 6 = =; (6-2) 

r 
tangent 6 = 2, (6-3) 
cosecant 6 = ae (6-4) 
secant 0 = <; (6-5) 
cotangent 6 = si (6-6) 


Zo 


FIGURE 6-11. Right 
triangle from Fig. 6-10. 


x 


In Eqs. (6-1) through (6-6), the names of the functions have been written 
in full; however, it is common practice to abbreviate them as follows: sin 
(for sine), cos (for cosine), tan (for tangent), csc (for cosecant), sec (for secant), 


and cot or ctn (for cotangent). 


In Eqs. (6-1) to (6-6), each function is a ratio of the sides of the triangle; 
the trigonometric functions relate either of the acute angles of the triangle to 


its sides. 


(3.2) Functions of the Angles: 0 and 90 Degrees 


In the triangle of Fig. 6-11, if 9 should happen to be 0°, side y will be zero, 


and x will equal r. We then have: 


0 


sin Ow a: 0, esc Owe 
° r ° 
cos 0 ae: sec 0 
° 0 pa On eas 
Fas gee= ——c—(). cotQ> = 
a 


Note: The values of csc 0° and cot 0° are not defined; division by zero is 


not permitted in mathematics. 


In the triangle of Fig. 6-11, if 6 is 90°, then side x will be zero, and y will 


equal r. Then: 
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sin 90° = 
cos 90° = 


oe VT N9 
tan 90 5 ‘a 


Note: The values for tan 90° and sec 90° are undefined. 


FIGURE 6-12. Defining 
diagram for functions of 


30 degrees. 

sin 30° = as — 0.50000, 

cos 30° = wt = 0.86603, 

tan 30° = —— = 0.57735 
= Fy = 0.57735, 


FIGURE 6-13. Defining 
diagram for functions of 
45 degrees. 


cos 45° = ve = 0.70711, 


tan 45° — ven = 1,0000, 
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(3.3) Functions of the Angles: 
30, 45, and 60 Degrees 


Consider a circle of radius 2 units 
(Fig. 6-12). Let the vector OP rotate 
30° to position OP,. From geometry, 
the dimensions of the right triangle 
thus created will be as shown in Fig. 
6-12. The functions of the angle, 30°, 
are then found by application of Eqs. 
(6-1) through (6-6): 


csc 30° = = — 2.0000, 


cot 30° = — ="17321 


Next, let us allow the vector OP to 
rotate through an angle of 45° to a 
new position, OP,. The dimensions 
of the triangle thus formed are given 
in Fig. 6-13. The functions of the 
angle, 45°, are: 


csc 45° = as = 1,4142, 


= 0.70711, 


Finally, we will allow the vector 
OP to rotate 60° to a position, OP; 
(Fig. 6-14). The corresponding func- 
tions are: 


i600 = vw = 0.86603, 


FiGurE 6-14. Defining 
diagram for functions of 


ek id 
esc 0U) ene = 1.1547, AIS 
anes = — 0.50000, eG = es — 2.0000, 


ua 3 — Oo poe 
tan 60° = SEEPS cot 60° = Wear 0.57735. 


The functions of the angles 0°, 30°, 45°, 60°, and 90° occur so often in 
practice, that it is well to memorize them. By doing so, we avoid having to 
continually refer to tables for these values. 


(3.4) The Reciprocal Relations 
Refer again to Eqs. (6-1) through (6-6). Consider 


sin 6 = * (6-1) 
and 
csc 9 = = (6-4) 


We note that the ratio y/r is the reciprocal of r/y; hence, 


i Lamon it . — 
Sin G— 7) (6-7) 
Similarly, 
peasy of - 
Cos 7 == ath (6-8) 
eb lve ° 
f3an0.== aa (6-9) 


Equations (6-7), (6-8), and (6-9) are called the reciprocal relations between 
the trigonometric functions. 
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(3.5) Cofunctions 


We again turn our attention to the 
triangle of Fig. 6-11. It is reproduced 
in Fig. 6-15. 

The acute angle (called the com- 
plementary angle) between sides r 
and y is, by the rules of right angles, 
equal to (90 — 6) degrees, and is so 
indicated in the sketch. Let us find 


FIGURE 6-15. Triangle from the trigonometric functions for this 
Fig. 6-11. angle: 

i e ee cue at 
sin (90° — 6) = zs csc (90 (je z. 
cos (90° —6) =~, — sec (90° — 0) =~, 
if ay 
op eres = ELS 
tan (90 0) - cot (90 Oi 7 


Compare these results with Eqs. (6-1) through (6-6). We find: 


sin (90° — 6) = cos 8, (6-10) 

cos (90° — 6) = sin @, (6-11) 

tan (90° — 6) = cot 8, (6-12) 

csc (90° — 6) = sec 8, (6-13) 

sec (90 3.0) —"cse0; (6-14) 

cot (90° — 6) = tan 0. (6-15) 
EXAMPLE 1. 


sin 60° = sin (90° — 30°) = cos 30° = 0.86603 [using Eq. (6-10)], 
tan 45° = tan (90° — 45°) = cot 45° = 1.0000 _ [using Eq. (6-12)], 
csc 30° = csc (90° — 60°) = sec 60° = 2.0000 [using Eq. (6-13)]. 


Upon inspection of Eqs. (6-10) through (6-15), we notice that the functions 
appear in pairs, the pairs being (sin, cos), (tan, cot), and (sec, csc). Since sin 8 
is equal to the cosine of the complementary angle (90° — 6), sec 6 is equal to 
the cosecant of the complementary angle (90° — 6), and tan @ is equal to the 
cotangent of the complementary angle (90° — @), we call the functions cosine, 
cosecant, and cotangent the complementary functions, or simply, cofunctions. 
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(3.6) Use of Trigonometric Tables 


How may we find the trigonometric functions of angles, other than those 
discussed so far? To find the functional value corresponding to any angle, 
we use tables of natural trigonometric functions such as those given in 
Appendix A of this book. We have produced a typical portion of such 
tables in Table 3-1. (These tables may be used to find functions of any angle; 
for the time being, we shall confine our discussion to angles less than 90°. 
Angles greater than 90° will be covered shortly.) 


Table 3-1 
Degrees sin cos tan csc sec cot Degrees 
18° 00’ 30902 95106 .32492 3.2361 1.0515 3.0777 2 mOOg 
10’ 31178 ISO15 .32814 3.2074 1.0525 3.0475 50’ 
20’ 31454 94924 33136 3.1792 1.0535 3.0178 40’ 
30’ .31730 .94832 .33460 S}ol S115) 1.0545 2.9887 30’ 
40’ .32006 .94740 .33783 3.1244 1.0555 2.9600 20’ 
50’ 32282 .94646 .34108 3.0977 1.0566 2.9319 10’ 
19° 00’ 32550 94552 34433 3.0716 1.0576 2.9042 71° 00’ 
cos sin cot sec csc tan 


EXAMPLE 2. To find the functions of angles smaller than 45°, we use the 
“degrees column” on the /eft and read down. 


Simm oe Oe 31178 
cos 18° 50’ = .94646 
tan P8200) == 33.136 
CSC els. OU f=" 352501 
secur 9.00 = 1.0576 
COm lo 30s — 2.9857 


EXAMPLE 3. To find the functions of angles greater than 45°, we use the 
“degrees column” on the right and read up. 
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Gos TNE SSN fe: 
sin 71° 10’ = .94646 
Cote te40e—= 33136 
SCCn1 2.00 2==i3.2501 
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ose: 7.1° 00*==21/0576 
tan 71° 30’ = 2.9887 


Note: Compare the answers in Examples 2 and 3. They are the same. 
Why? 


(3.7) Use of the Slide Rule 


Very often in electronics work, highly accurate values are not required for 
the trigonometric functions. The slide rule is most useful here; accuracy to 
two or three places is easily obtainable. The reader should solve several 
typical problems as he progresses through the following material; the results 
can be checked against a set of tables. 


(1) To find the sine of any angle between 0° and 5.73°: 

If the slide rule has an ST scale: 
(a) Set the slide so that the desired angle on the ST scale corresponds to the 
right-hand hairline on the reverse of the rule. 
(b) Read the value on the C scale, using the right-hand end of the D scale 
as index. 

If the slide rule does not have an ST scale: 
(a) Set the slide so that the desired angle on the S scale corresponds to the 
right-hand (or left-hand) hairline on the reverse of the rule. 


(b) Read the value on the B scale, using the right-hand (or left-hand) end 
of the A scale as index. 


(2) To find the sine of any angle between 5.73° and 90°: 

If the slide rule has an ST scale: 
(a) Set the slide so that the desired angle on the S scale corresponds to the 
right-hand (or left-hand) hairline on the reverse of the rule. 
(b) Read the value on the C scale, using the right-hand (or left-hand) end of 
the D scale as index. 


If the slide rule does not have an ST scale, the instructions given in (1) 
should be followed. 


(3) To find the cosine of any angle between 0° and 90°: 

Use the relation given in Eq. (6-10) and proceed as in (1) or (2). (Many 
slide rules have the complementary angles marked in red on the S and T 
scales.) 


EXAMPLE 4. It is desired to find cos 50° on a slide rule. Since cos 50° = sin 
(90° — 50°) = sin 40°, the value may be found as in part (2). 
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It is desired to find cos 86° on a slide rule. Since cos 86° = sin (90° — 86°) 
= sin 4°, the value may be found as in part (1). 


(4) To find the tangent of any angle between 0° and 5.73°: 
If the slide rule has an ST scale: 

Proceed in exactly the same way as described in part (1) for the sine function. 
If the slide rule does not have an ST scale: 

Proceed in exactly the same way as described in (1) for this type of slide rule. 


(We may justify this procedure by considering the relation: sin 6 = tan 6, 
Gr=16..) 


(5) To find the tangent of any angle between 5.73° and 45°: 
If the slide rule has an ST scale: 


(a) Set the slide so that the desired angle on the T scale corresponds to the 
left-hand (the right-hand, on some rules) hairline on the reverse of the rule. 


(b) Read the value on the C scale, using the left-hand (right-hand) end of 
the D scale as index. 


If the slide rule does not have an ST scale: 


Proceed as above. 


(6) To find the tangent of any angle between 45° and 90°: 
Use the relation: 


l 


tan 6 = cot (90° =< 0) — tan (90° — 0) 


and proceed as in part (4) or (5), depending on the size of the angle. 


EXAMPLE 5. Let us find tan 86° using the slide rule. We have: 


tan 86° = cot (90° — 86°) 


—— 1 — 
) tan (90° — 86°) ~tan 4° 5.0.07 = 


(7) To find the cosecant, secant, or cotangent of any angle between 0° and 90°: 
Use the reciprocal relations, Eqs. (6-7), (6-8), and (6-9). 


(3.8) Functions of Angles Greater Than 90 Degrees 


Refer to Fig. 6-16. A circle has been divided into four parts, or quadrants, 
and labelled with Roman numerals as shown. Let us allow vector OP to rotate 
from the reference position (r,0), to four successive positions: OP, in 
quadrant I, OP, in quadrant II, OP; in quadrant III, and OP, in quadrant IV. 
In the process, we create four congruent triangles: OP,X’, OP,X"", OP;X”, 
and OP,X’. In its rotation from OP to OP,, the vector describes an angle 
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6, (we will use the subscript 1 to identify a first-quadrant angle, 2 to indicate 
a second-quadrant angle, etc); when rotating from OP to OP,, an angle @,; 
when rotating from OP to OP;, an angle 6;; and when rotating from OP to 
OP,, an angle 6,. Because the triangles are congruent, we have: 


FIGURE 6-16. Defining diagram for functions of any angle. 


6, a (180° a 61), 
6, ars (180° - 6:), 
6, = (360° — 4,). 


Let us use Fig. 6-16 as a guide in defining the trigonometric functions for 


the angles in all four quadrants: 


Quadrant 1 Quadrant I 

sin 6, = 2» sin 6, = ~ 
r 1p 
r r 
x 26 x 


Quadrant III 
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Solving for the functions of 6,, 6;, and 6, in terms of the functions of 6, 
yields: 


SIGs — sin 6; sin 6, = —sin 0, 
cos 6, = —cos 6, cos 6, = —cos 6, 
tan 6, = —tan6, tan 0; = an' ¢; 
(6-17) 
COS.G, = COs 0; 
tan 0, = —tan 0, 
Finally, let us substitute Eqs. (6-16) into Eqs. (6-17): 
sin (180° — 6,) = sin 6, sin (180° + 6,) = —sin 6, 
cos (180° — 6,) = —cos 4, cos (180° + 6,) = —cos 6; 
tan (180° ne 6,) = —tan 6, tan (180° ++ 6,) = tan Of 
(6-18) 


sin (360° aa 6;) = —sin 6, 
cos (360° — 6,;) = cos 4, 
tan (360° — 6,) = —tan 0, 
Note: Henceforth, we shall not pay too much attention to the reciprocal 


functions, since their application in this book is very limited. 
From the preceding work, we draw several conclusions: 


(1) All functions of first-quadrant 
angles are positive. 


I 
sin, csc + 


(2) Only the sine and cosecant func- 
tions are positive for second-quadrant 


angles; all others are negative. 
all others — 


(3) Only the tangent and cotangent 
functions are positive for third-quad- 
rant angles; all others are negative. 


all others —- 


all others — 


tan, cot + | cos,sec + 


(4) Only the cosine and secant func- 
tions are positive for fourth-quadrant 
angles; all others are negative. 


These conclusions are summarized FIGURE 6-17. Signs of the trigo- 
in Fig. 6-17. nometric functions. 


EXAMPLE 6. Find the sine, cosine, and tangent functions for the angles 
102210300 .. 130. 220°, and30 . 


Solution. Using Eqs. 6-18, we have: 
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sin 180° = sin (180° — 0°) = sin0° = 0 
cos 180° = cos (180° — 0°) = —cos 0° = —1 
tan 180° = tan (180° — 0°) = —tan0° = 0 


sin 270° = sin (180° + 90°) = —sin 90° = — 

cos 270° = cos (180° + 90°) = —cos 90° = 0 

tan 270° = tan (180° + 90°) = tan 90° =? (undefined) 
sin 360° = sin (360° — 0°) = —sin 0° = 0 

cos 360° = cos (360° — 0°) = cos 0° = 1 

tan 360° = tan (360° — 0°) = —tan0° = 0 

sin 130° = sin (180° — 50°) = sin 50° = 0.76604 

cos 130° = cos (180° — 50°) = —cos 50° = —0.64279 
tan 130° = tan (180° — 50°) = —tan 50° = —1.1918 


I 


sin 220° = sin (180° + 40°) = —sin 40° = —0.64279 
cos 220° = cos (180° + 40°) = —cos 40° = —0.76604 
tan 220° = tan (180° + 40°) = tan 40° = 0.83910 


sin 330° = sin (360° — 30°) = —sin 30° = —0.50000 
cos 330° = cos (360° — 30°) = cos 30° = 0.86603 
tan 330° = tan (360° — 30°) = —tan 30° = —0.57735. 


(3.9) Functions of a Negative Angle 


Consider any positive angle, for instance, an angle in the second quadrant 
(Fig. 6-18) caused by the rotation of vector OP to position OP,. Now, allow 


FIGURE 6-18. Defining diagram for functions of a negative angle. 


SAN 
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OP to rotate in the opposite direction a like amount of degrees, to a position 
OP, in the third quadrant. From this definition, triangles OP,X’ and OP; X’ 
are congruent. 

The trigonometric functions of the positive angle 6 are: 


sing = ~, 
ig 


cos 6 = (=), 


tan ¢ = (2). 


x 


For the negative angle, —6, the trigonometric functions are: 
sin (—6) = —(2), 
cos (—9) = (=), 
tan (—0) = =: 


Then, by comparison, we have: 


sin (—0) = —sin 6, (6-19) 
cos (—@) = cos 6, ; (6-20) 
tan (—6@) = —tan@. (6-21) 


The relations just derived are important and should be remembered. 
Occasionally, they are useful in problem simplification. They are equally 
valid for angles which fall into quadrants other than those shown in Fig. 
6-18. The reader should have no qualms about using these relations with 
any angle whatsoever. 


Exercises 6-3 


1. Use the tables given in Appendix A to find the trigonometric functions of the 
following angles: 

(74a (bd) 15°32) (c) 28° 43% (d),60°. 45" (e) 72° 18" 

2. Use a slide rule to find the trigonometric functions of the following angles: 
(anoaetpy ela: (ey a7- (4) 58°" Fe) P7182 


3. Use a slide rule to find the sin, tan, and cos functions of the following angles: 
(Qy112 Shy 155-2 (C) 215° > (a) 280% (2) 320°" CF) 410% () 500%" (hy 715° 
(7) 920° (J) 1080° 
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4. Use a slide rule to find the sin, tan, and cos functions of the following negative 
angles: 
(a) —40° (6) —120° (c) —165° (@) —235° (e) —290° 


4. Graphs of the Trigonometric Functions 


Prior to a discussion of the graphs of 
the sine, cosine, and tangent func- 
tions, it will be helpful to introduce 
a new idea. 

If the radius of a circle is allowed 
to equal unity, the result is called a 
unit circle. See Fig. 6-19. Note that 
the circumference of such a circle ‘is 
FIGURE 6-19. Unit circle. 2z units in length. 


v 


(4.1) Graph of the Sine Function 


Let the unit vector (OP in Fig. 6-20) rotate through an angle 6, to a position 
OP,. From the triangle thus formed, we have 


P(1,0) 


FIGURE 6-20. Rotating unit vector. 


or simply, 
y=siné. (6-22) 


Equation (6-22) states that the vertical component of the vector OP,, namely 
y, is a function of the sine of angle 6. 

Let the domain of the function extend continuously from 0° to 360°. 
Arbitrarily, we shall choose values at intervals of 30° in the domain of the 
function, find the image corresponding to each, and in doing so, establish 
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the range of the function. A table of values representing the behavior of the 
function is shown below. 


r) (@ —> sin 6) y 
0° —>. 0 
30° a 0.50000 
60° webs 0.86603 
90° — 1 
120° a 0.86603 
150° => 0.50000 
180° — 0 
210° ne —0.50000 
240° => —0.86603 
270° —_ =a) 
300° — — 0.86603 FIGURE 6-21. The sine wave. 
330° >. —0.50000 
360° — 0 


The graph of the function is shown in Fig. 6-21. 

If we allow the domain of the function to extend indefinitely beyond 
360°, i.e., if we allow the vector OP (Fig. 6-20) to rotate continuously at a 
constant rate, we will notice a certain repetitive behavior about the function 
(Fig. 6-22). We note: The sine function is periodic in nature; its amplitude 


FIGURE 6-22. Illustrating the periodic nature of the sine wave. 


varies continuously, and its direction changes periodically. (Strictly speaking, 
the use of the word “amplitude” here is erroneous; mathematically, ampli- 
tude is considered as the extreme vertical component of a sinusoidal wave 
and is therefore nonvarying. However, in electrical work, the term is com- 
monly used to designate the instantaneous magnitude of a sinusoidal waveform. 
We shall use it in this sense unless otherwise specified—see also Section 5.3 
in this chapter.) 

The relation between the rotating vector and the graph of the sine function 
is illustrated in Fig. 6-23. After careful examination of Fig. 6-23, we are led 
to this conclusion: The vertical component of a vector which is rotating in a 
uniform manner is proportional to the sine of the angle of rotation. 
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Oo oe 180° 360° 


FIGURE 6-23. Relation between the rotating vector and the sine wave. 


(4.2) Graph of the Cosine Function 


We have found that the graph of the sine function is really a picture of the 
variation in amplitude of the vertical component of a rotating vector as it 
moves uniformly about the circle. In much the same way, we will show 
that the graph of the cosine function gives us a picture of the variation in 
amplitude of the horizontal component of a rotating vector. 

Let the unit vector (OP in Fig. 6-20) move through an angle @ to a position 
OP,. From the triangle thus formed, we have 

, 


x 
COS GS = = SX 
r 1 


or 
Xi COSC: (6-23) 


Equation (6-23) states that the horizontal component of the vector OP,, 
namely x, is a function of the cosine of angle 0. 

Let us examine the function graphically. We again choose values in the 
domain at intervals of 30°, find the corresponding values in the range, and 
establish the following table. 


6 (@ — cos 6) 36 
0° ——> 1 
30° —> 0.86603 
60° —> 0.50000 
90° — 0 
120° —>, —0.50000 
150° > —0.86603 
180° — —1 
210° ——> —0.86603 
240° —> —0.50000 
270° — > 0 
FIGURE 6-24. The cosine wave. 300° TON. 0.50000 
330° > 0.86603 
360° —_—> 1 


The graph of the function is shown in Fig. 6-24. 
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FIGURE 6-25. Illustrating the periodic nature of the cosine wave. 


If we allow the domain of the cosine function to extend indefinitely, the 
periodicity of the function is evident (Fig. 6-25). This function, too, varies 
continuously in amplitude and periodically in direction. 

The relation between the rotating 
vector and the graph of the cosine 
function is shown in Fig. 6-26. From 
it, we conclude: The horizontal com- 
ponent of a vector, rotating in a 


uniform manner, is proportional to the 
cosine of the angle of rotation. 


| 

| 

: 
(4.3) Graph of the Tangent Pal 

Function o ! 

| 

| 


Although the graph of the tangent 
function does not have as direct an 
application in electronics as the sine 
and cosine curves, nevertheless, we 
shall study it briefly in this chapter. 
It has considerable theoretical impor- 
tance and will prove helpful in our 
understanding of the trigonometric 
functions. 

In the development of the graphs 


270% 


of the sine and cosine functions, we 360 
used the following expressions: FIGURE 6-26. Relation 
between the rotating 
y == sin G; (6-22) vector and the cosine 
wave. 
xm—=.cos:G, (6-23) 


From Fig. 6-20, we may write the tangent function: 
Hoi, 2 
tan é = (6-24) 


Substitution of Eqs. (6-22) and (6-23) into Eq. (6-24) yields: 


sin 6 


ta = 
ae, cos 6 


(6-25) 
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Thus, from Eq. (6-25), the graph of the tangent function will illustrate the 
variation of the ratio of the vertical and horizontal components of a vector 
rotating in a uniform manner. [Equation (6-25) is more properly called an 
identity and is very useful in mathematics. We shall have more to say about 
identities later in the chapter.] 

Let us allow the domain of the tangent function to extend from 0° to 
360°. The following table results. 


6 (@ — tan @) tan 6 


0° —- 0 

30° — 0.57735 

60° —— 1 (Bye 

90° —_ undefined 
120° — — 1.7321 
150° — —0.57735 
180° — 0 
210° — 0.57735 
240° — AVAL 
270° — undefined 
300° —> —1.7321 
330° —_ —0.57735 
360° —> 0 


The graph of the tangent function is shown in Fig. 6-27. Notice the discon- 
tinuity in the curve at 90° and 270°. 


‘ 
! 
\ 
| 
I 
| 
\ 
! 
! 
| 
! 
| 
| 
| 
| 
| 
! 


FIGURE 6-27. The tangent FIGURE 6-28. Illustrating the periodic nature of the 
function. tangent function. 


If the domain of the function is allowed to extend indefinitely beyond 
180°, the repetitive pattern of the tangent function is evident (Fig. 6-28). 

Since the function is undefined at 90°, 270°, 450°, and at intervals of 180° 
thereafter, the curve approaches an imaginary line drawn vertically through 
these points in an asymptotic manner. 
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(4.4) Summary 


Quadrants 


Refer to the graphs of the sine, 
cosine, and tangent functions. Pay 
particular attention to the sign 
(whether positive or negative) of each 
function, in each of the four quad- 
rants. Now refer to the chart in Fig. 
6-29 and compare it with Fig. 6-17. 
As expected, both contain the same 
information as to sign. Perhaps some 
readers will prefer this chart to that 
shown in Fig. 6-17. 

The sine and cosine curves have x 
the same shape. For this reason, we 
may refer to either as being sinusoidal 
in nature. The cosine curve is ad- | | 
vanced 90° past the sine function. We l ! 
call this advance a phase lead. We | | 
will have more to say about phase in | | : 
Section 5. 0° —_|90° 180° 270° |360° 

The tangent curve does not resem- | | | 

| | 
l | 
l | 
| | 


| | 
| | 
| | 
| | ! 
fete 
O° —|90° 180° [270°!360° 
| | | 
heron | 
Perc 
| | 
| | 


ble either the sine or cosine curve. tan 6 
This may be expected, since it is 
determined by the ratio of the vertical 
and horizontal components of a 
uniformly rotating vector. 


Tan 


Exercises 6-4 


1. Using the general method adopted FIGURE 6-29. Signs of the trigo- 
in Section 4, plot the graph of the nometric functions. 

cosecant function over an interval of 0° 

to 540°. 


2. Using the general method adopted in Section 4, plot the graph of the secant 
function over an interval of 0° to 540°. 


3. Using the general method adopted in Section 4, plot the graph of the cotangent 
function over an interval of 0° to 540°. 


4. Discuss the graphs plotted in Questions 1, 2, and 3. Are they periodic? What are 
the points of discontinuity in each? 
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5: Alternating Current 


A sinusoidal alternating current (or voltage) is defined as one which changes 
continuously in amplitude and periodically in direction. In the previous section, 
we used similar terminology to describe the sine and cosine functions. There- 
fore, it should come as no surprise to us to learn that many alternating 
currents behave in a manner similar to the cosine and sine functions. In 
fact, the study of alternating current is largely dependent on trigonometric 
conceptions. 

The abbreviation a-c is used to denote either alternating current or voltage. 
Because of loose usage of the language, the correct meaning must be inferred 
from the statement where it is used. For example, we often speak of 120 
volts, a-c, where we really mean 120 volts, alternating voltage. 


(5.1) The A-C Generator 


An interesting application of trigonometry is found in the study of the a-c 
generator. Figure 6-30 shows an elementary generator of this kind. 

A uniform magnetic field (indicated by the dashed lines) exists between 
the north and south poles of the permanent magnet. The wire loop, shown 
here in cross section, may be rotated by mechanical means at a constant 
angular rate within the field. When the loop moves, it cuts across magnetic 
lines of force, and an EMF (electromotive force) is produced in it. The ampli- 


tude of the EMF is proportional to the rate at which the magnetic field lines 
of force are cut. 


jal 

ry 

/ | | 
Magnet . 
| 

| 

| | 

| 


(a) (b) 
FIGURE 6-30. A-C generator. FIGURE 6-31. The induced EMF 


is zero in (a); maximum in (b). 
Let us consider Fig. 6-31(a). The loop is positioned at the horizontal and 


is moving parallel to the field at this instant. No lines of force are cut, thus 
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the induced EMF is zero. The opposite is true in Fig. 6-31(b). When the 
loop is vertical, the direction of motion is perpendicular to the field, a maxi- 
mum number of lines of force are cut, and maximum EMF is induced into 
the loop. 

As we continue our analysis, it will be more convenient to represent the 
rotating wire loop by a rotating vector. In Fig. 6-32(a), the vector OP takes 
the place of the wire loop. We may translate the constant angular velocity of 
OP into linear motion by the geometric construction of Fig. 6-32(b), where 
vector PQ indicates the instantaneous direction of the rotating loop. PQ 
is equal to OP and tangent to the circle, and is thus perpendicular to OP. 
The linear motion represented by vector PQ may be resolved into vertical 
and horizontal components; QR and PR are the vertical and horizontal 
components of motion, respectively. Only PR represents useful motion; 
clearly, the rate at which the magnetic lines of force are cut (and thus the 
instantaneous EMF) is proportional to its magnitude at all times.t 

It is easy to show the congruency of triangles OPX and POR. Therefore: 


vga EX 
POSLOPR 
and 
OL. Sing. 


+ Vector OR represents vertical motion. Magnetic lines of force, although not shown in 
Fig. 6-32, are assumed to be present and aligned in a vertical direction; QR is parallel to 
them, no cutting of lines of force results, and there is no induced EMF due to this motion. 


t By definition, PR is parallel to OX; therefore, 


ZOPR = 8, 
ZOPR = 90° — 8, 


and 
ZPQR= 0. 
Since 
PQ =OP 
and 
ZPQR= 606 
=HZPOX 
OR= 0X 
and 
PR = PX. 


The triangles are congruent. 
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(a) (b) 
FIGURE 6-32. Vector representation of an A-C generator. 
But, OP (= PQ) represents the maximum induced EMF; thus: 
€ Ea sing (6-26) 


where e is the instantaneous induced EMF and E,,,x is the maximum value. 
Let us plot the curve of the function given in Eq. (6-26). A table of values 
is given below, the curve of which is shown in Fig. 6-33. 


6 (6 — Emax Sin 6) e 
0° —— 0 
30° —_ 0.50000 Emax 
60° —> 0.86603 Emax 
90° =? Emax 
120° — 0.86603 Emax 
150° — 0.50000 Emax 
180° —>- 0 
210° —- —0.50000 Emax 
240° — —0.86603 Emax 
270° ae — Emax 
FIGURE 6-33. A voltage sine wave. 300° aaa —0.86603 Emax 
330° — —0.50000 Emax 
360° —- 0 


(5.2) Definition of Terms 


Figure 6-34 shows a rotating vector, OP, and the resulting sinusoidal wave- 
form. 

One revolution of OP (starting from an arbitrary position) comprises an 
angle of 360° or, in radian measure, 27 rad. We call this single rotation, 
a cycle. In Fig. 6-34, for example, we complete one cycle in going from posi- 
tive crest to positive crest; one cycle in going from negative crest to negative 
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fama CC Camm (arn ryn) C) ccarme | 


FIGURE 6-34. The generation of a sinusoidal waveform. 


crest; or, in fact, one cycle in going between any two points on the curve 
which are separated by an interval of 27 rad on the abscissa. 

Frequency is defined as the number of cycles per unit time, usually, one 
second. We measure frequency in hertz (abbreviated Hz).t For example, 
North American power frequencies are usually 60 Hz; those in Europe and 
Asia, 50 Hz. For any frequency f, the angular velocity of the vector OP in 
Fig. 6-34 is 27f radians per second (rad/s). We symbolize 27f by the Greek 
letter omega, 1.¢.: 


o = 27f rad/s. (6-27) 


@ is sometimes called the radian frequency of the vector. 

In ¢ seconds, the angle of rotation will be equal to the product of the 
radian frequency and the time involved, that is, 27 ft or wt rad. At any time, 
angle @ in Fig. 6-34 is defined by the relation: 6 = wf rad. For this reason, 
Eq. (6-26) is usually written: 


e= £.); sin of (6-28) 


The time necessary to complete one cycle of a wave is called the period 
of the wave. From this we obtain: 


jp ae (6-29) 


y 


where TJ is the period in seconds and / is the frequency in hertz. 
One half-cycle is termed an alternation. An alternation may be either posi- 
tive or negative, and two successive alternations comprise a cycle. 


EXAMPLE 1. Find the radian frequency of 

(a) a 60-Hz alternator; 

(b) a broadcast station operating on an assigned frequency of 1010 kHz. 
Solution. 

(a) The radian frequency of the alternator is 27 f = 27(60) = 1207 rad/s. 


+ An alternate unit of frequency is the cycle per second. 
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(b) The radian frequency of the broadcast station is 2x f = 27(1.010 x 10°) 
= 2.0207 x 10° rad/s. 


EXAMPLE 2. Find the magnitude of the angle ot, for times of (a) 0.01 s, and 
(b) 0.001 s, if the frequency is 100 Hz. 

Solution. 

(a) wt = 2x ft = 27(100)(0.01) = 27 rad. 

(b) wt = 2x ft = 27(100)(0.001) = z/5 rad. 


EXAMPLE 3. Find the instantaneous voltage of a sine wave whose frequency 
is 50 Hz and whose maximum value is 50 V at (a) 0.001 s, (6) 0.02, and 
(c) 10s. 

Solution. Using Eq. (6-28), we find: 

(a) e = 50 sin (2x x 50 x 0.001) = 50 sin (7/10) = 50 sin 18° = 15.45 V. 
(b) e = 50 sin (2x7 x 50 x 0.02) = 50 sin2z7 = OV. 

(c) e = 50 sin (2x x 50 x 10) = 50 sin 1000z = OV. 


Note: Answers (b) and (c) are both zero. Why? Hint: Consider the period of 
the wave. 


EXAMPLE 4. Find the period of (a) a 50-Hz generator, (6) a commercial 
station operating on 8250 kHz, and (c) an FM station operating on 90 MHz. 


Solution. 

(A) li Vif /50 ==. 0.028: 

(6) = 1/8-25 4 10" 101212 us: 
(ce) De 1/9021 0% blelons: 


(5.3) Amplitude 


The equations 

Gt FSi OF (6-28) 
and 

es There snyay; (6-30) 


are used to find the instantaneous values of sinusoidally varying waves when 
the maximum (or peak) amplitudes and angles of rotation are known. Equa- 
tion (6-28) is used with voltage waveforms, and Eq. (6-30), for current 
waveforms. Let us explore the possibilities of these expressions a little 
further. 


EXAMPLE 5. Graph the equation, i = J,,,x Sin wf, over an interval of 0° to 
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360° (0 to 27 rad), for each of the following values of Imax: 1 A, 2 A, and 3 A. 
Solution. The resulting curves are shown in Fig. 6-35. 
In Example 5, the three curves are identical except for their amplitudes. 


Clearly, the effect of varying Imax is to scale the instantaneous values of the 
wave up or down. 


FIGURE 6-35. Three different FIGURE 6-36. Illustrating the concepts 
amplitudes. of peak-to-peak, peak, and effective values. 


Emax and I,,,x are the coefficients of Eqs. (6-28) and (6-30), respectively. 
In mathematics, the coefficient of a sine (and cosine) function is called the 
amplitude of the function, hence the use of the word in electronics. 

There are three possible ways of defining the amplitude of a sinusoidal 
voltage or current wave. See Fig. 6-36. The amplitude may be given in peak- 
to-peak values. This terminology is often used in oscillographic work, where 
voltage values are read directly from the screen of a cathode ray tube. We 
have used the notation, E,,,, and J,x, to indicate the maximum, or peak, 
value of a voltage or current sinusoid. It follows that the peak-to-peak value 
of a sinusoidal wave is twice the peak value. 

We often specify voltage or current in terms of effective, or root-mean- 
square, values. The effective value of a voltage or current is that value which 
would cause the same power dissipation in a resistive load as would an 
equivalent d-c source. Figure 6-37 shows the idea. When the loa.i R, cannot 


FIGURE 6-37. When the effective power is the same from either source, 
the sources are equivalent. 
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tell (from a power dissipation point of view) which generator, E,, or Eac, 
is connected to it, the power, and hence the voltages and currents, must be 
equivalent. The relationships between peak-to-peak, peak, and effective 
values are as follows. 


For voltage: 


Jae’ 

Fore = EE 

F seats aN, 2 Ese (6-31) 
E 

Eien = Ds 

En == aN, 2. Ese 

For current: 

ey — Treak 

UL seate Ey 2 Lets (6-32) 
Le 

ae = aye 


Nes = 2x ps Tare. 


The first of Eqs. (6-31) is referred to as a transform. It is usually written in 
the abbreviated form: 


(pene (6-33) 


if we are talking about EMF, or 


Ln 


if a voltage drop is indicated. 
Similarly, the first of Eqs. (6-32) is a transform. It is usually written: 


(6-35) 


Tin 
a2 
We shall have more to say about voltage and current transforms when we 
discuss phasor diagrams later in this chapter. 


When the symbols E, V, or IJ are used without subscripts, effective values 
are always assumed. 
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Finally, it should be noted that Eqs. (6-33), (6-34), and (6-35) apply only 
to sinusoidal voltages and currents. 


EXAMPLE 6. Transform the following voltages and currents to their effective 
values: (a) 100 V, peak, (b) 20 A, p-p, (c) 500 mV, p-p, and (d) 45 wA, peak. 


Solution. 

(a) 100 V, peak = 100/./ 2 = 70.7 V. 

(6) 20 A, p-p = 10 A, peak = 10/./2 = 7.07 A. 

(c) 500 mV, p-p = 250 mV, peak = 250/\/ 2 = 176.75 mV. 
(d) 45 wA, peak = 45/./ 2 = 31.8 pA. 


(5.4) Frequency 


If we multiply radian frequency (a) Emax Sin wt 
by time, we obtain the angle of rota- e 
tion of a sinusoid. What will happen 

if we double the radian frequency? 
Clearly, the angular velocity of the 
rotating vector which describes the oT 
sinusoid will also double. To show 
this more clearly, let us plot the 
equation 


Emax Sin 2wt 


FIGURE 6-38. One wave is double the 
Cb sin Zot frequency of the other. 


on the same axes as Eq. (6-28). The result is shown in Fig. 6-38. 

From the sketch, we see that the effect of doubling the radian frequency 
is to double the frequency of the sinusoid. In general, the frequency of a 
sine (or cosine) wave may be doubled, tripled, quadrupled, etc. by multiplying 
the angle wt by a positive integer n,n = 1, 2,3,.... 


(5.5) Phase 


/ = Imax Sinwt 


Until now, we have always assumed 
a sinusoid which passes through zero 
in a positive direction when wt = 0. 
Such a wave is shown in Fig. 6-39; 
it is drawn with dashed lines and 
represents a current, i. 

There is no reason why this should 
always be true. Figure 6-39 also 
shows a sinusoidal voltage e (in solid FIGURE 6-39. The voltage leads the current 
lines) which goes through zero, 6 by & degrees. 


€= Emax sin(wt+@) 
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radians ahead of wt = 0. Angle 6 is called the phase angle; it causes voltage 
e to lead current i by @ radians. 
Since the equation 


ease ER ST aty 
describes the instantaneous current, it follows that 
€ = Eyax sin (at + 8) 


represents the instantaneous out-of-phase voltage. 

This is shown vectorially in Fig. 6-40. Each vector rotates about the axis 
with an angular velocity equal to w rad/s; Enax leads Imax by a constant angle, 
6. Thus the two sketches show the same situation, but at different times. 
The significant thing to note here is the phase angle, 0. 


Emax 


Emax Imax 


Tmax 


(a) (b) 
FIGURE 6-40. The same situation as shown in Fig. 6-39; the phasors 


rotate at a constant rate and maintain a constant phase difference. 


From the foregoing, it follows that we may describe any sinusoidal voltage 
or current by the equations: 
e = Enax sin (at + 6) (6-36) 
i = Inax Sin (@t + 6) (6-37) 
where @ is the angle of lead (or lag) in each case. 


If the phase angle is negative (voltage lags current), the situation of Figs. 
(6-39) and (6-40) is changed to that shown in Fig. 6-41. 


€ = Emax sin (wt-@) naan 
7) 


on i= Imax Sin wt 7 
AX 2 a 
/ wt 
WN 
\ 
aN Emax 
Pe. = 


FIGURE 6-41. The voltage lags the current by @ degrees. 
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EXAMPLE 7. Sketch the graph of the equation 
Crear Sin (ot - 5) 


Solution. Since the function is obviously sinusoidal, only a few points are 
needed in order to draw the curve. A partial table of values follows: 


ot [ot ——? J opaage sin (ot + z/2)] e 

0 re Eynax 

x2 — 0 

a mance — Emax 

3z/2 > 0 

2x 0 Emax 

The graph is shown in Fig. 6-42. FIGURE 6-42. Graph of e = Enax sin 

Note: Compare the curves shown (ot + 7/2). 


in Figs. 6-24 and 6-42. They are 

identical in shape! It follows, then, that the only difference between the sine 
and cosine functions is an angle of z/2 rad (90°). We may write the equation 
given in the example in the alternate form: 


Ca CONE 


EXAMPLE 8. Sketch the graph of i = J,,x sin (@t + 7). 


Solution. A partial table of values follows: 


ot [ot “==> Neves sin (wt + a)\ i F 
i} 
0 —- 0 
x2 == —Inax 
1 —> 0 
32/2 = Tae wt 
2x > 0 uf Cus 
The graph is shown in Fig. 6-43. 
Note: The phase angle (z rad FIGURE 6-43. Graph of i = Imax sin 


= 180°) causes a negative-going sine (ot + 7). 
wave. This is expected since 


sin (180° + 6) = —sin 6 [from Eqs. (6-18)]. 


An alternate form of the equation is 
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i= —Inax SIN oF. 


Thus, the result of multiplying a sine function by —1 is to shift its phase by 
180°. 


(5.6) Phasor Diagrams 


Diagrams, similar to the vector diagrams discussed in Section 2 of this chapter, 
are often used to indicate amplitude and phase of electrical circuits. A diagram 
which shows the phase relationship of two or more sinusoidally varying 
quantities is called a phasor diagram. Figure 6-40 is such a diagram. 

In Fig. 6-40 we are really interested in only two things: (1) the amplitudes 
of the phasors, and (2) the phase relations between them. This information 
may be given in the form of a transform diagram. In this kind of a diagram, 
the phasor magnitudes (drawn to a suitable scale) represent effective voltage 
and current values. Figure 6-44 yields the same information as Fig. 6-40 
except that, in Fig. 6-44, transform values of voltage and current are given. 
Throughout the remainder of this book, whenever we use a phasor diagram, 
effective values are assumed. 


[= i 
40° 
45° "1 
0 il 6 
FIGURE 6-44. Trans- FIGURE 6-45. V; is 
form diagram. reference, J, leads, J, 
lags. 


In all phasor diagrams, one phasor is chosen as reference. Although 
it does not matter where we place it, the reference phasor is invariably drawn 
at the three o’clock position. The reference phasor position is taken to be 
zero degrees; phasors counterclockwise from it Jead; phasors clockwise from 
the reference Jag. In Fig. 6-45, for example, V, is the reference phasor; /, 
leads by 40°, and /, lags by 45°. 


Exercises 6-5 


1. Find the radian frequency of the following. 


(a) A 50-Hz generator. 
(b) A 400-Hz aircraft alternator. 
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(c) A long-wave commercial station operating on 183 kHz. 
(d) A broadcast station whose carrier frequency is 1260 kHz. 
(e) An amateur radio station operating on 21.05 MHz. 

(f) A TV station whose video carrier frequency is 55.25 MHz. 
(g) A uhf link whose frequency is 4000 MHz. 


2. Find the magnitude of the angle of rotation, in radians, for the following. 


(a) The generator in Question 1(a), at 5 ms. 

(b) The alternator in Question 1(5), at 2 ms. 

(c) The long-wave station in Question I(c), at 10 ps. 
(d) The broadcast station in Question 1(d), at 1 ps. 
(e) The amateur station in Question 1(e), at 20 ns. 
(f) The TV station in Question 1(/), at 2 ns. 

(g) The uhf link in Question 1(g), at 0.01 ns. 


3. Convert the answers in Question 2, to degrees. 


4. A 100-Hz current, with a maximum amplitude of 5 A, varies according to 
i = Imax Sin (ot + 2/6). 


Find the instantaneous amplitude of the wave at times of: 
(a) t=0.01s, (6) t=0.005s, (c) t = 0.0025 s. 


5. A 1000-Hz voltage varies according to 
Die Vewae COS Ot; 


If the maximum amplitude of the voltage is 100 V, find the instantaneous values 
at times of: 


(a) 100 ps, (c) 500 ps, 

(b) 250 pus, (d) 1.3 ms. 

6. Find the period of waves having a frequency of: 

(a) 25 Hz, (d) 30 MHz, 
(b) 1200 Hz, (e) 6000 MHz. 


(c) 1500 kHz, 


7. Find the frequency of waves having periods of: 
(a) 0.05 s, (c) 6 pS, 
(5) 8 ms, (@) 25.us: 


8. Sketch the graph of the equation 

e = Emax COS (ot + 2). 
Can you think of a simpler way of expressing this equation? 
9. Sketch the graph of the equation 

i = Imax COS (wt + 2/2). 


Can you think of a simpler way of expressing this equation ? 
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10. On the same axes, sketch the graph of the following equations: v,; = 15 sin 
ot, v» = 5sin 3at, and v, = 3 sin Swt. How do they compare? 


11. If the generators in Question 10 are 
arranged as shown in Fig. 6-46, what is 


the resultant voltage waveform across ©) ©) ©) 
R,? Sketch this resultant waveform. Vs Vo V3 
Hint: Add the instantaneous values of 

the generators algebraically at intervals Fy, 

of 15° to obtain the resultant. 

12. A current and two voltages have the FIGURE 6-46. Question 11. 
equations: 


i = 5 cos of, 
v, = 100 sin of, 
V_ = 200 sin (ot — 2/4). 


Allowing I to be the reference phasor, draw a transform diagram showing the 
amplitudes and phase relations of the three quantities. 


13. Phasors may be added in the same manner as vectors (see Section 2). Given 
the quantities 

v = 100 sin of, 

Te 1OICOS @r, 
and 

in = 5 sin (at — 2/4), 


draw a transform diagram, and from it determine the amplitude and phase of the 
resultant current, if V is the reference phasor. 


6. The Inverse Trigonometric Functions 
Given 
F 
cos9é =~, 
5 
tan 6 = oa 
xX 


is it possible to solve for the angle 6 in these equations? 

We shall answer this question by using an algebraic analogy. Consider 
the equation y = 2x. Here we are given an explicit solution for y; the solution 
for x (x = y/2) is implied. The latter form of the equation is called the inverse 
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of the former. If, originally, we had been given the equation in the form 
x = y/2, the inverse form then would be y = 2x. 

Next, consider the equation y = x’. The implied solution for x has two 
values: +./ y and —A/y. To avoid confusion, we often designate one of the 
solutions as the principal value. In this instance, we probably would call the 
implied solution for x, +/ y, the principal value. 

Each of the trigonometric equations given at the beginning of this section 
implies a solution for the angle 6. These solutions may be written: 


6 = an angle whose sine is 2 (6-38) 
6? = an angle whose cosine is = (6-39) 
6? = an angle whose tangent is 2. (6-40) 


Mathematicians tend to abbreviate as much as possible; the right-hand 
sides of Eqs. (6-38), (6-39), and (6-40) may be written in one of two ways: 


6 =arcsin2 = sin? 2 (6-41) 
r r 

6 = arccos ~ = cos-! & (6-42) 
3 r 

O—arctal = =ertanle | 2. (6-43) 


Whenever the above notation is used, the reader should infer no other 
meaning than that given in Eqs. (6-38), (6-39), or (6-40). For instance, the 
expression tan™! A is not to be confused with (tan A)~' (= 1/tan A), 1.e., 
tan-!_A 4 1/tan A. This is a common mistake among beginners. To avoid 
this sort of confusion, we shall use the abbreviations arcsin, arccos, and 
arctan in this book. 

It will be seen in the succeeding examples that Eqs. (6-41), (6-42), and (6-43) 
each have an indefinite number of solutions. In each case, we shall designate 
only one of these possible solutions as the principal value. If only the principal 
value is required, we will so stipulate by the use of capitals, thus: Arcsin, 
Arccos, or Arctan. 


EXAMPLE |. Evaluate the angle: 
& = arcsin 3. 


Solution. The equation implies the 
triangles shown in Fig. 6-47. Two of 
the solutions must be angles in the 
first and second quadrants. Since FIGURE 6-47. Example 1. 
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8 = arcsin 2 = arcsin 0.75, from trigonometric tables we find 


B = 48° 35’ 
or 
(shea NOOBS 
Note: The first solution (48° 35’) is the principal value of the equation. 
Principal values for the inverse sine function are defined as those found in 
the interval —90° < 8B < 90°. All other solutions (for instance, the second 


solution above) are secondary. What are some of the other possible solutions 
for the equation given? 


EXAMPLE 2. Evaluate the angle: 
a = arccos 2. 


Solution. Figure 6-48 shows the 
triangles implied by the equation. 
Since a = arccos 2 = arccos 0.4, 
from tables we obtain 


C0624 


Or 


FIGURE 6-48. Example 2. Os 293735" 


Note: The principal value is 66° 25’. Principal values for the inverse cosine 
function lie in the interval 0° < a < 180°. 


EXAMPLE 3. Evaluate the angle: 
6 = arctan $ 


Solution. The triangles shown in Fig. 
6-49 are implied by the equation. 
Since 6 = arctan $ = arctan 1.6667, 
from tables, we find 


@.=.59° 2’ 


or 


FIGURE 6-49, Example 3. G= 239 


Note: The principal value is 59° 2’. Principal values for the inverse tangent 
function lie in the interval —90° < 6 < 90°. 
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Exercises 6-6 


1. Without referring to tables, find all values (between 0° and 360°) of the following 


inverse functions: 


(a) arcsin 5 

(b) arcsin 1/,/ 2. 
(c) arcsin ./ 3 /2 
(d) arccos »/ 3 /2 
(e) arccos 1/,/ 2 


(f) arccos $ 


(g) arctan 1/./ 3. 
(A) arctan 1 


(i) arctan ./3 


(j) arcsin —() 


(m) arccos —(s/ 3 /2) 
(n) arccos —(1// 2) 
(0) arccos —(34) 


(p) arctan —(1// 3) 
—1 


(k) arcsin —(1// 2) (q) arctan 


(1) arcsin —(/ 3 /2) 


(r) arctan —/3 


Find the values of the inverse functions in Problems 2 through 20. 


eo ea N A na FF & WN 


i = 
= © 


7. 


. Arcsin 0.99939 
. Arccos 0.99619 
. Arctan 0.10510 
. Arcsin 0.71934 
. Arccos 0.68200 
. Arctan 0.70021 
. Arcsin 0.06976 
. Arccos 0.37461 
. Arctan 0.44523 
. Arcsin —0.54464 


12. 
13. 
14. 
15. 
16. 
17. 
18. 
19. 
20. 


Arccos —0.34202 
Arctan —0.15838 
Arctan —0.67451 
Arcsin —0.76604 
Arccos —0.65606 
Arctan —3.0777 
Arccos —0.99255 
Arcsin —0.94552 


Arccos —1 


The Solution of Right Triangles 


One of the many uses of trigonometry is in the solution of right triangles. 
Consider Fig. 6-50. If we label the 
angles A, B, and C, and label the 
sides opposite these angles a, b, and 
c, as shown in the diagram, we have 
the standard right triangle. 


If (1) one side and one of the acute 


angles, or (2) two sides only, are 
known, the remaining sides and/or 
angles may be determined by trigo- 
nometric methods. 
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B 


A 
b Cc 


FIGURE 6-50. The 
standard right trian- 
gle. 
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EXAMPLE 1. In Fig. 6-50, let side a = 5 units, and / A = 30°. Find / B 
and the remaining sides. 


Solution. 


since sin 30 - = Gee, Side € == ssklde el OUTS: 
c sin 30 


Since cos 30° = 2 side b = ccos 30° = 8.66 units. 
Since “A= 30°, 7B = 90%— 30? = 60°. 


EXAMPLE 2. In Fig. 6-50, let side b = 10 units and side c = 20 units. Find 
the remaining side and angles A and B. 


Solution. From the theorem of Pythagoras: 
av=c?’—BP 
from which 
= /F — B = »/207 — 10? = 10)/ 3 units. 
Then: 


/_A = Arctan = = Arctan ee = Arctan 1.732 ye=t608 


and / B = 90° — 60° = 30°. 

Note: In this example, we might have used either the inverse sine or cosine 
function rather than the inverse tangent function to find angles A and B, 
since all sides are known after side a has been determined. 


(7.1) The Impedance Triangle 


Impedance is defined as being the total opposition offered to the flow of cur- 
rent in an electrical circuit. Impedance may be entirely resistive or entirely 
reactive in nature; however, it is often a combination of both these effects. 
In any case, it is defined by the Ohm’s law equation Z = E/J, where Z is the 
impedance of the circuit in ohms, EF the source voltage in volts, and J the 
current flow in amperes. 

From a-c theory, it is well-known that the current passing through a pure 
resistance is in phase (phase angle = A, with the voltage drop across it 
[Fig. 6-51(a)]. 

The situation, however, is somewhat different for the reactive elements. 
Current passing through a pure capacitance Jeads the voltage drop across 
it by 90° [Fig. 6-51(b)]. Conversely, the current through a pure inductance 
lags the voltage drop across it by 90° [Fig. 6-51(c)]. 
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7 it 
ft TT 
ee ee 


I, 
(a) (b) (c) 


FIGURE 6-51. Voltage, current phase relations in (a) resistive elements, 
(b) capacitive elements, and (c) inductive elements. 


Consider now the series RC circuit ay 
of Fig. 6-52. Here, a current J flows Ca Ve 
in the circuit and is common to both E R at 
passive elements, R and C. From T # 
Ohms laws VV; =X, and Vz — JR, 
where V, and Vz are the voltage FIGURE 6-52. Series 
drops across C and R respectively, RC network. 


X, is the reactance of the capacitor 
in ohms,t and R is the resistance in ohms. 

Let us draw the transform diagram which represents conditions in the 
circuit of Fig. 6-52. See Fig. 6-53. Since Jis common, it is used as the reference 
phasor. V;, lags by 90° and V, is in phase. The source voltage E is represented 
by the resultant of the phasors, V, and V,. Angle 6 is the phase angle of the 
circuit; it is equal to the phase difference of E and J. 

From the transform diagram of Fig. 6-53, let us abstract the right triangle 


+ Capacitive reactance is defined as the opposition offered by an idealized capacitor to 
the flow of alternating current. If the a-c is sinusoidal, reactance is given by the formula 


1 
oC’ 


Xo = 


where X¢ is the capacitive reactance in ohms, C is the capacitance in farads, and the 
radian frequency. (This formula is discussed in Chapter 11.) 
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which has as its sides Vp, Vo, and 
E, and which contains the angle 0 
[Fig. 6-54(a)]. We may divide each 
side by the common current J, and 
in so doing produce a similar triangle 


FIGURE 6-53. Transform [Fig. 6-54(b)]. This triangle is called 
diagram for the network of an impedance triangle since each side 
Fig. 6-52. represents a volt/ampere ratio, and 


defines one of the three: resistance, 
reactance, or impedance. 


Va R=Vp/I 
Ne A enters 
> Ye LZ=E/I 
(a) (b) 


FIGURE 6-54. (a) Voltage triangle for network of Fig. 6-52; (b) imped- 
ance triangle for the same type of network. 


From the theorem of Pythagoras: 


Zt=R + Xt; 
therefore, 
Z = /R* + XG. (6-44) 
Also: 
6 = Arctan at (6-45) 


Since Z is a phasort (it has magnitude and direction), it is completely 
specified by a combination of Eqs. (6-44) and (6-45): 


Z = JR XG / Arctan 42 (6-46) 


where the bold-faced Z indicates that the quantity has both magnitude and 
direction. 

A similar case can be made for the series RL circuit. The steps are similar 
to those just discussed for the RC circuit. See Fig. 6-55. Note the leading 
phase angle. Compare this to the RC case. 


+ Although we may consider Z as a phasor, it does not rotate; neither is it sinusoidal as 
are the phasors representing voltage and current. 
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Z=E/f 


= 
Y/I 
R= Vp Hill 
FIGURE 6-55. Analysis of the RL series circuit. 
Again, from the theorem of Pythagoras: 
Peet RX (6-47) 
where X;, is the inductive reactance in ohms. Solving for Z: 
Z= VSR +X; (6-48) 
also: 
6 = Arctan a, (6-49) 
The impedance is then completely specified by: 
7 / ROY /Arctan 22 (6-50) 


R 


Finally, we will discuss the case Ve 


where both L and C exist in series 

with R in a circuit (Fig. 6-56). Let e 

us assume V, > V,. The phasor 

diagram (Fig. 6-57) shows the circuit RS \p 
conditions. It is important to note 

that V, and V, are 180° out of phase. Te I | 
The difference of the two yields the ie Vs 2 


net reactive voltage drop in the circuit. 
This is indicated in Fig. 6-57(b). The FIGURE 6-56. Series RLC 
resulting impedance triangle [Fig. circuit. 


+ Inductive reactance is defined as the opposition offered by an idealized inductance to 
the flow of alternating current. If the alternating current is sinusoidal, the reactance is 
given by the formula 


Xz — oL, 


where X7, is the inductive reactance in ohms, L the inductance in henries, and w the radian 
frequency. (See Chapter 11 for a discussion of this formula.) 


Sec. 6-7 ; THE SOLUTION OF RIGHT TRIANGLES / 177 


FIGURE 6-57. Analysis of the series RLC circuit. 


6-57(c)] has as its sides R, Xj, and Z. We therefore modify the impedance 
formulas of Eqs. (6-46) and (6-50) to allow for this: 


Z = JR? 4 (X; — X,)' / Arctan ae Vie (6-51) 
7, = RPL (X, — Xe) / Arctan ee Xp ooer a (6-52) 


[Xnee = Xo — XYzin Eq. (6-51), and ¥,.. = X; — Xin Eq. (6-52) 


EXAMPLE 3. A series circuit has an impedance of 1000 Q and a phase angle 
of 40°. Find (a) the resistance, and (b) the reactance in the circuit. 


Solution. Since the phase angle is positive, the reactance will be inductive 
in nature. Then: 
(a) R='Z cos ¢.== 1000'cos 40° =. 766 ©. 
(b) X; = Z sin 6 = 1000 sin 40° = 643 OQ. 
Note: How can you check this result ? Hint: Eq. (6-47). 


EXAMPLE 4. A series circuit has a phase angle of —65°. If the circuit contains 
a resistance of 470 Q, find (a) the circuit impedance, and (b) the reactance. 


Solution. Since the phase angle is negative, the reactance is capacitive in 
nature. Then: 

(a) Z—="Ricos = 410 /cos. 654. 112 ©: 

(hb) Xe== Z sin 6 = sin 65,7 = 1008") 


EXAMPLE 5. A series circuit contains the following elements: a resistance of 
10,000 Q, an inductor having a reactance of 20,000 Q, and a capacitor with 
a reactance of 12,500 Q. What is the impedance? 


Solution. From Eq. (6-52): 


Z = »/10,000? + (20,000 — 12,500)? / Arctan = 


= / 156.3 & 10°%:7-Arctam0775,—=A12,50014 36452: 
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(7.2) The Admittance Triangle 


Admittance is defined as the ability of an electrical circuit to accept current. 
The admittance of a purely resistive circuit is called conductance; that of a 
purely reactive circuit, susceptance. The admittance of any electrical network 
is given by the Ohm’s law equation Y = J/E, where Y is the admittance in 
mhos,t / is current in amperes, and E is the source voltage in volts. 

Consider the parallel RC circuit of Fig. 6-58. Since the voltage E is common 
to both passive elements R and C, we will use this quantity as a reference 
phasor [Fig. 6-58(b)]. 


YH=I/E 


ie BAIS 
(a) (b) (c) 
FIGURE 6-58. Analysis of the parallel RC network. 


The capacitive current J, and the resistive current J, have the phase rela- 
tions shown. The resultant of these phasors is the otal current J in the circuit. 
The angle between J and E is the phase angle 6. Note the leading phase angle 
in the parallel RC circuit. How does this compare to the series RC circuit? 

If we divide each side of the triangle (which has as its sides I, Tp, and I,, and 
has the included angle, 6) by the common value E, we have the result shown 
in Fig. 6-58(c). It is called the admittance triangle, each side of which repre- 

“sents an ampere/volt ratio. When current and voltage are in phase, their 
ratio is called conductance (symbol, G). When there is a 90° phase difference 
between J and E, the ratio of the two is called susceptance (symbol, B). We 
use the notation B, if the susceptance is capacitive; B,, if inductive. The 
vector sum of G and B is admittance; it is represented by the hypotenuse of 
the triangle in Fig. 6-58(c). 

Because impedance, reactance, and resistance are defined by ratios of the 
form E/J, it follows that: G = 1/R, B= 1/X, and Y= 1/Z, where G, B, 
and Y each have the unit, mho. 


+ By definition, admittance is the reciprocal of impedance, the ohm being the unit of 
impedance. We have adopted the mho (ohm spelled backwards) as the unit of admittance. 
Note: 


pmnind | 
mho = +. 
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From Fig. 6-58(c): 


Y? = G’? + Bz 
and 
Y= A/G? + B2. (6-53) 
Also: 
6 = Arctan 22 6-54 
= retan —- (6-54) 


Admittance has both magnitude and direction;t it may be completely 
described by the equation: 


Y = /G? + Be / Arctan se (6-55) 


The admittance of a parallel RL circuit is given by: 


Y = JG? + B? / Arctan te: (6-56) 
Furthermore, 

Y = /@ + (B — By “Arctan ee BS Be (6-57) 

Y=VG 4 (Bs= Bo) LAnctan 38, Bs > By, (6-58) 


in those cases where both capacitive and inductive susceptance exist in the 
same parallel network. 


EXAMPLE 6. A resistance, capacitance, and inductance are connected in 
parallel. The resistance is 150 Q, the capacitive reactance, 200 Q, and the 
inductive reactance, 100 Q. Find the admittance of the circuit. 


Solution. We must first find the admittance of each passive element: 


panes We at ad 
G — = = 755 a 02-0067 mho, 
B — |! _ 1 _ 0,005 mho 
ae 00 , ; 
B tee Lhe Al Bera e ho 
in beX pa LOO : ‘ 


+ Y may be considered as a phasor, but it does not vary in a sinusoidal manner. Neither 
does it rotate in the manner of the phasors representing voltage and current. 
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Application of Eq. (6-58) then yields: 


0.01 — 0.005 
= 0.0067 + 0.01 — 0.005) ~ 0.0067 
Y = 0.0067" + (0.01 — 0.005)’ £ Arctan ——) oy¢3 


= 0/70 X 10°° / Arctan 0.75 = 0.00836 / —36° 52’ mho. 


Note: We use the negative sign to indicate that the admittance is inductive 
in nature. Therefore, the phase angle lags. 


The concepts covered in Sections 6 and 7 are often very useful in solving 
problems such as that presented in the next example. 


EXAMPLE 7. In the network of Fig. 6-59, the phase shift through the network 
is supposed to be zero degrees. This can only occur at one frequency. Solve 
for this frequency in terms of R,, R,, C,, and C.,. 


Ry 


Ro 


Input Output 


ee ae 
FIGURE 6-59. Network in Example 7. FIGURE 6-60. Simplification of Fig. 
6-59. 


Solution. R,, C,, and R,, C,, may be combined to form the impedances 
Z, and Z, (Fig. 6-60). Evidently, the phase shift introduced by Z,; must be 
cancelled by the phase shift of Z,, i.e., the phase shifts must combine to 
yield zero degrees. Hence, 6 (phase angle at Z,) will be numerically equal to 
¢& (phase angle at Z,). Thus: 0 = ¢. 

But 


pe Atctan G, 


where By, = 1/X,o, and G, = 1/R,, and 


@ = Arctan Kos. 


Ry 
therefore, 
Bee. Xo, 
Arctan Gia Arctan Re 
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Because 6 and ¢ are included angles in similar triangles: 


Bo, — Xen, 


G, R, 


Substitution of By, = 1/X¢, = oC,, G; = 1/R,, and X;, = 1/@C, into the 
above proportion yields: 


aC,R, —— OG Rw 


Solving for a: 


1 
Bee Re ciGs 


from which 


1 
Tae Dora RaReCi Ce. 


Exercises 6-7 


1. The impedance of a series-connected circuit is 500 ©. If the phase angle is 20°, 
find (a) the resistance, and (b) the reactance of the circuit. 


2. The admittance of a parallel-connected circuit is 0.0005 mho. If the phase angle 
is 50°, find (a) the conductance, and (5) the susceptance of the circuit. 


3. A capacitor and a resistor are connected in series. The impedance of the com- 
bination is 150 Q. If the resistance in the network is 100 Q, find (a) the reactance of 
the capacitor, and (b) the phase angle. 


4. A resistor and an inductor are connected in parallel. The admittance of the 
combination is 0.005 mho. If the susceptance is 0.003 mho, find (a) the conductance, 
and (b) the phase angle. 


5. Find the values of the resistor and capacitor which must be connected in series, 
so as to be equivalent to the network shown. The frequency is 100 Hz. Hint: 
Consider the relation, Z = 1/Y. 


228 
mag eres 2h IOOO2 
20uf O————$ 00 MSY WO 
FIGURE 6-61. Question 5. FIGURE 6-62. Question 6. 
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6. Find the values of the resistor and inductor which must be connected in parallel, 
so as to be equivalent to the network shown. The frequency is 100 Hz. 


7. Find the impedance and phase angle of the network shown. 


1002 50.2 
| 
100.2 100.2 
FIGURE 6-63. Question 7. FIGURE 6-64. Question 8. 


8. Simplify the network shown to one containing two series-connected passive 
elements. 


9. The phase shift through the network shown (from input to output) is zero degrees. 
This occurs at a frequency, f. Solve for fin terms of R,, K5,-G,, and.G,. 


Output 


FIGURE 6-65. Question 9. FIGURE 6-66. Question 10. 


10. The phase shift through the network shown is zero degrees at a frequency, 
f. Solve for fin terms of R,, Ry, L, and Ly. 


8. The Oblique Triangle 


To this point, we have discussed only the solution of the right triangle. A 
more general form than the right triangle is the oblique triangle. The oblique 
triangle does not contain a right angle, although the mathematics we shall 
develop from a consideration of the oblique triangle applies equally well 
to the right triangle. Figures 6-67(a) and (b) show two examples of oblique 
triangles. Each triangle has angles A, B, and C, and corresponding sides 
a, b, and c. 
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(a) (b) 
FIGURE 6-67. Examples of oblique triangles. 


(8.1) The Sine Law 


In either triangle [see Fig. 6-67(a) or (b)], let h be the altitude (height). In 
drawing h as shown, we have created two right triangles. Therefore, sin A 
= h/b and sin B = h/a, for either triangle in Fig. 6-67. Solving for A in these 
equations yields 


he=bisinvAs ander hig asinew. 


If we equate these last equations, we get a sin B = b sin A, or 
a b 
Sind ~ sin B eae 
Using the same method, it is possible to show that 
b Cc 
sin B sin C i) 
It follows that: 
a b c 
Ta Ga ee a 
Equation (6-61) is called the sine law; it may be stated in words: The ratio 
of one side of any triangle and the sine of the opposite angle is equal to the 
ratio of any other side and the sine of the corresponding opposite angle. 
When (1) two sides and one angle (which must be opposite one of the sides), 
or (2) two angles and one side (the remaining angle may be readily computed, 


if need be, since the sum of the angles in a plane triangle is 180°) are known, 
the remaining side(s) and/or angle(s) may be found. 


EXAMPLE 1. If, in Fig. 6-67(a), /_A = 20°, / B= 45°, and side a= 10 
units, find the remaining sides and angle. 


Solution. We have immediately: 


LC= 180 = (iA + PB) 1809 — (00 45) 
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Solving for side b: 


10aatitae ob 
sin 20° sin 45°” 


from which 


p= sin 45°\ 4 
es 10(S" xa) = 20.60 units: 


Solving for side c: 


10 eS 


sin20 sin 115° 


from which 


ae 10(2 ar | ay 10(3 65° 


sin 20° a ar) 26.5. Units: 


EXAMPLE 2. Prove the identity tan A = sin A/cos A [compare this with 
Eq. (6-25)]. 


Solution. Consider the right triangle 


shown in Fig. 6-68. From the sine law: . 
ig ga 
eee aye , Bleek 
Sim @ ye sin’ A” A : B 
from which FIGURE 6-68. 


csinA=—asinC 


or 

csin A = asin (90° — A) 
and 

csin A =acos A. 
Finally: 

sin A a 

cos A c 


But the ratio, a/c, defines tan A. Hence: 


sin A 


fara h Be 


and the given relation is proved. 
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EXAMPLE 3. The total current in a circuit is 10 A. The phase difference 
between the two components (which combine to give the total current) is 
40°. If one of the component currents is 6 A, what is the value of the other? 


Solution. The solution is indicated by the phasor diagram [Fig. 6-69(a)]. 
We will work with the oblique triangle which has been abstracted from the 
phasor diagram [Fig. 6-69(b)]. 


FIGURE 6-69. Example 3. 


Angle B is 140°, since it is supplementary to the 40° angle shown in the 
diagram. Then, from the sine law, 10/sin 140° = 6/sin C, from which: 


sin C = 2 sin 140° = 2 sin 40°, 
and 
/_C = Arcsin (8 sin 40°) = Arcsin 0.38567 = 22° 41’. 
We may now find / A: 
LA = 180° —(ZB+ LC) = 180° — (140° 4+ 22° 41’) = 17° 19’. 


Again from the sine law: 


exes ( Sis esi Pe LOG\ 
.: (= a) re (= We a7) = 

Therefore, the second component of current has an amplitude of approxi- 
mately 4.6 A. 


(8.2) The Cosine Law 


Let us examine a typical problem from trigonometry involving an oblique 
triangle. In Fig. 6-70 we have an oblique triangle: two sides and the included 
angle are given. Is it possible to solve this triangle using the sine law? Let us 
check back to Section 8.1. One of the stipulations made there was: when two 
sides and one angle (which must be opposite one of the sides) are known, 
the triangle may be solved. Clearly, our problem does not meet this stipula- 
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FIGURE 6-70. FIGURE 6-71. 


tion; the sine law may not be used. We must therefore resort to another 


method. 


An oblique triangle is shown in Fig. 6-71. In it, we have drawn altitude 
h from C, perpendicular to AB. From the theorem of Pythagoras, we have 


a@=—h+(c—dyPr=h +c? + dad — 2cd. 


Also, 
bb =h? + a’; 
therefore, after substitution, we get 


Q?= b? + c?— 2cd. 


Furthermore, 

cos A = 4 
and 

GF CosiA, 


Finally, after substituting b cos A for d, we have 
a’ = b? + c? — 2c(b cos A) 
or 
a’? = b? + c? — 2bccos A. 
Similarly, we may also show that 


b? = a? + c? — 2ac cos B 
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(6-62) 


(6-63) 
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and 
c? =a’ + b* — 2abcos C. (6-64) 


Equations (6-62), (6-63), and (6-64) are the three forms of the cosine law, 
which holds for any triangle. The cosine law allows us to solve a triangle, 
provided (1) two sides and the included angle are known, or (2) the three sides 
are known. 


EXAMPLE 4. Solve for the remaining side and angles of the triangle shown in 
Fig. 6-70. 
Solution. Substitution of values into Eq. (6-62) yields: 


a’ = 6? + 9? — 2(6)9) cos 30° = 23.4, 
and 
a = / 23.4 = 4.84 units. 


From Eq. (6-63), after manipulation, we have: 


cos B — Gieah, ren 
vi 2ac ‘ 
from which 
pa a ne a 2342278 = =336 


= ATCCOS 0/6512 SOL 
Finally, 


/.C = 180° — (LA +./ B) = 180° — (30° + 38° 17) = 1a 


EXAMPLE 5. Solve the given triangle (Fig. 6-72). 


Solution. 
VeDis=vATCCos Ot CD 
2ac 
92 | 52 eye 
== ATCCOS == ee 
2(9)(5) 
Ore = Arccos 0.63333 = 50° 42’; 
io a + b2 -_ Cc 
/-G.=ATCCOS <i 
- QO? 72 eeeee 
FIGURE 6-72. Example 5. = ATOCOS — (Gye 


= Arccos 0.83333 = 33> 33% 
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Then: 
LA = 180° —(B+ £C) = 180° — (50° 42’ + 33° 33’) = 95° 45’. 


EXAMPLE 6. A series coil-resistor combination has the voltage distribution 
shown (Fig. 6-73), when connected to a 10-V, 60-Hz source. Find the coil 
inductance and self-resistance. 


R=4702 
K—Vp= 4v> 


(~) lOv, 


FIGURE 6-73. Example 6. 


Solution. A phasor diagram will help us clarify our thinking. The phase 
conditions (as far as the coil alone is concerned) are shown in Fig. 6-74(a). 
Vou 1s the resultant of two components: V, and Vz,,,,. The EMF (10 V) is 
the resultant of two components: V,,;, and V, [Fig. 6-74(b)]. We obtain 
the triangle shown [Fig. 6-74(c)] by combining the results of Figs. 6-74(a) 
and (b). Since the sides (E, Vz, and V,,,) of the oblique triangle are known, 
it is possible to solve for angle 6, and then, angle ¢. When the latter angle is 
known, we can then obtain V, and Vz.,,, from the right triangle of Fig. 
6-74(c). It is then a simple matter to solve for L and Roi. 


t VY 
+o 
Ve Veco 
(c) 


Vecoil 
(a) 


FIGURE 6-74. Analysis of the circuit of Fig. 6-73. 


From the cosine law, we write: 
PV colt Bi 2 can miCOs 


Solving for 6 yields: 


Sec. 6-8 THE OBLIQUE TRIANGLE / 189 


Viena Sere 8.25? + 4? — 102 
WD Vag V5 REC ae MESO 


= Arccos — 0.24242 = 104° 


6 = Arccos 


and 
go = 180° — 6 = 180° — 104° = 76°. 
Then 
View Veo COS & 2.8.25 COS] Gara cy, 
and 


Vz Von SiN & 8:25 sin. 76° =8 Vz 


The current flow in the circuit is: 


wg SOWA 
Le apt 7 = 8.5 mA, 
from which 
—. aki ~~ 2 ~ 
Roo ——. rien a 8.5(10)- =— 235 (Q) 
and 
biel an tay Sahm 2S 


Finally (because X; = wL), 


In summary: the inductance of the coil is approximately 2.5 H; the self- 
resistance of the coil is approximately 235 Q. 


Exercises 6-8 


1. Solve the following triangles to slide rule accuracy: 
(@) a=4,b=2, A = 495°. 
(6) a = 3.6, A = 30°, C = 44.5°. 
(c) b = 5.8, B = 104.5°, C = 30°. 
@)b=8.2,c =4, B= 153°, 
(e) ¢=6,A = 45°, C = 109°. 
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2. Solve the following triangles to slide rule accuracy: 
Cay eet ese "7, 
(Oy a'= 5.8) b= 9.4 ¢ = 5. 
(5b 5.65,.c = 5, A= 45°. 
(2) Dea Sess 2 A te A 5? 
(e) a= 14,6 = 10; ¢ = 10.1: 


3. Inan electrical circuit, V, leads the current J by 20°. V, leads V, by 30°. If VS 
50 V, V, = 40 V and J = 2.5 A, find the impedance and phase angle. 


4. In an electrical circuit, 7, lags the voltage V by 40°. J, leads the voltage by 30°. 
If J, =3 A, = 6A, and V = 50 V, find the admittance and phase angle. 


5. A 2-A current flows in the circuit of Fig. 6-75. The phase angle between the 
source voltage (105 V) and the current is 46°. V, leads the current by 60°. Find the 
impedance of Z, if Vs is equal to 60 V. 


FIGURE 6-75. Question 5. FIGURE 6-76. Question 6. 


6. In the circuit shown (Fig. 6-76), the current J leads the source voltage by 21.5°. 
I, has an amplitude of 10 A; J, lags the source voltage by 30°. Find (a) the phase 
angle of J, with respect to the voltage, and (b) the amplitude of ie 


9. Trigonometric Identities 


Let us examine two equations from algebra: 


(x + y)? = x? + Ixy + y’, 


X= 9. 


The former equation holds for any values we may care to assign to the vari- 
ables x and y. For this reason, it is called an identical equation or, more 
simply, an identity. However, the latter equation holds true only for the 
values x = +3; it is called a conditional equation or, more often, an equation. 

Identities are found in trigonometry too. Examples are the reciprocal 
relations (see Section 3.4) and the expression, tan @ = sin G/cos 6. They 
are often very useful in the simplification of mathematical expressions. A 
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complete list of trigonometric identities would be very long indeed; those 
identities which are of particular interest to us are discussed in this section. 


(9.1) The Pythagorean Identities 


Consider Fig. 6-77. From the theorem 
of Pythagoras we have 


r= xe y?, 
RY and from trigonometry 
x = —rcos6@ 
FIGURE 6-77. Geometric con- and 
struction from which the Py- 
thagorean identities are derived. y= Tsing. 


By substitution: 

r? = (—rcos 6)? + (r sin 6)? = r? cos? 6 + r? sin? 6.T 
Finally, dividing through left and right by r? yields: 

1 = cos? 6 + sin? 6. (6-65) 

In a like manner, using the same triangle, it is possible to show that 

1 + tan? 6 = sec? 6 (6-66) 
and 

Te cote e=acsc 7. (6-67) 


Note: We may take 6 in any quadrant; the fact that we used a second- 
quadrant angle to demonstrate the foregoing identities is immaterial. The 
identities found in Eqs. (6-65), (6-66), and (6-67) are valid for any angle. 


EXAMPLE 1. Simplify the expression 
tan A A/1 — sin? A. 


Solution. 


t We write an expression such as (sin 0)? as sin? 6 (read “sine squared theta”) in order 
to avoid the ambiguity that might arise if the brackets were dropped, for then we would 
have sin 6°, which has an altogether different meaning from that intended. 
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tan A»/1 — sin? A = tan Av/cos? A [from Eq. (6-65)] 


= tan AcosA 
= sin A [from Eq. (6-25)] 


EXAMPLE 2. Simplify the expression 


sec? d — tan’ 


cot pd 
Solution. 
sec’?d —tan?d si : 
Miicol Chena cold [from Eq. (6-66)] 


= tan ¢. 


EXAMPLE 3. Simplify the expression 


a/1 — sin? B 
csc? 8 — 1 
Solution. 
1 — sin? cos 

ars As Cesesy [from Eq. (6-65)] 
o a [from Eq. (6-67)] 
= cos # tan B 
SS iter 


(9.2) Functions of the Sum (or Difference) of Two Angles 
In Fig. 6-78 a vector OP has been rotated through an angle of 6 degrees to 


FIGURE 6-78. Geometric construction from which the functions of the 
sum (or difference) of two angles are derived. 
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a position OP,. A second rotation of the vector, through ¢ degrees, brings 
the vector to OP,. It is our object to find the sine of the sum of the angles, 
1.€., sin (9 + @). 

— the geometric construction in Fig. 6-78(b). OP, has been extended to 
intersect the tangent line of point P, at point A. A line AC has been dropped 
from vertex A, perpendicular to OP. A line extends to the left from Pe 
parallel to OP, to intersect AC at B. Finally, a line, DP,, is dropped from P,, 
perpendicular to OP. It is easy to show that angle BAP, equals angle 6. Why? 

From the diagram: 


A B AB DP. AB 
sin (6 + g) = $6 — BC AB _ ait S. 


We may multiply the ratios DP,/OA and AB/OA by OP,/OP, and AP,/AP,, 
respectively, to obtain 


DPVOP,. AB AP; 


Sit i) ODO) a, WPrOae 


But DP,/OP, = sin 6, OP,/OA = cos ¢, AB/AP,; = cos 6, and AP,/OA = 
sin . By substitution: 


sin (6 + $) = sin 6 cos f + cos 6 sin ¢. (6-68) 


The expression for the cosine of the sum of the angles may be derived in 
essentially the same way (see Exercises 6-9). It has the form: 


cos (6 + ) = cos 6 cos ¢ — sin @ sin ¢. (6-69) 
If angle ¢ is negative, we have the difference of two angles. In this case, 
we have: 
sin [6 + (—¢)] = sin 6 cos (—¢) + cos 6 sin (—¢) 
or 


sin (6 — $) = sin 6 cos ¢ — cos @ sin d. (6-70) 
Similarly, we may show that 

cos (6 — ¢) = cos 6 cos ¢ + sin @ sin od. (6-71) 
EXAMPLE 4. Find (a) sin 75°, and (b) cos 75°, using the identities derived 


in Section 9.2. 
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Solution. 
(a) sin 75° = sin (45° + 30°) 
= sin 45° cos 30° + cos 45° sin 30° Eq. (6-68) 
ge) aan) ner) 
LEED IND 
2“ see il = 0.96593. 


(b) cos 75° = cos (45° + 30°) 
= cos 45° cos 30° — sin 45° sin 30° Eq. (6-69) 


= (Fel) - (ANG) 
eA Si? = v2 _ 0.5882. 


EXAMPLE 5. Find (a) sin 15°, and (6) cos 15°, using the identities derived 
in Section 9.2. 


Solution. 
(a) sin 15° = sin (45° — 30°) 
= sin 45° cos 30° — cos 45° sin 30° Eq. (6-70) 
a (=)() a (=\(4) 
i) ED NSE @) 
ge a OV 27095882. 


4 
(b) cos 15° = cos (45° — 30°) 
= cos 45° cos 30° + sin 45° sin 30° Eq. (6-71) 


5 (AWS) | eG 
= oe = 0.96593. 


(9.3) The Double-Angle Identities 


We will now derive several identities expressing sin (20) and cos (26) in terms 
of angle 6. These are called the double-angle identities. 
From Eq. (6-68), we have 
sin 20 = sin (9 + 6) = sin@ cos @ + cos 6 sind 
or 
sin 20° == 2 sin 0 Cos 0: (6-72) 
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From Eq. (6-69), we have 
cos 26 = cos (9 + 8) = cos 6 cos § — sin 6 sin 6 
or 
cos 26 = cos? 9 — sin? 0. (6-73) 
Equation (6-73) may also be expressed in the alternate forms: 


cos 26 = 1 — 2 sin’ 9 (6-74) 

cos 26 = 2 cos’ 6 — 1. (6-75) 
EXAMPLE 6. Find (a) sin 120°, and (5) cos 120°, using the appropriate identi- 
ties from Section 9.3. 


Solution. 


(a) sin 120° = sin 2(60°) = 2 sin 60° cos 60° = oe (+ 
(b) cos 120° = cos 2(60°) 


== Cos’ 60° — sin? 60° = (sz) — (~) = —0.50000. 


) — 0.86603. 


EXAMPLE 7. In a purely resistive circuit, the instantaneous voltage and cur- 
rent may be stated by the expressions 


€ = basil at 
and 
0). Siler 


Find an equation for the instantaneous power in terms of voltage and 
current. Graph the result on the same axes as the voltage and current. 


Solution. 


Dp = el — I Dirt) bee sin? ot 
= Enaxtinax($ — $ COS 2ot) [see Eq. (6-74)] 


bed Pas hes) — (os 2at) — EI(1 ——COS 2at) 


Note: We are justified in using the simplification in the last step, since 
E= BoalVi2 and [=Jnes// 2; then, El = (EnsiV/ 2) pee 
SS Eas lmaxlies 
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The graph of e, i, and p is shown in Fig. 6-79. From the graph, notice in 
particular: (1) Power in a resistive circuit is always positive. (2) The power 
curve has twice the frequency as compared to the voltage or current curves. 
Why is this so? 


FIGURE 6-79. Voltage, current, power relations in a resistive circuit. 


EXAMPLE 8. Derive an expression giving the instantaneous power in a circuit, 
where the instantaneous voltage and current have the equations: 


CoE Sil ar 
and 
== 1... sin (@t — 9), 
where 6 is the phase angle by which the current Jags the voltage. 
Solution. We have: 
De Chelle Sita? Sil (lian 0) 
= Enraxltinax Sin wt (sin wt cos 6 — cos wt sin 9) [see Eq. (6-70)] 


= Eyaxtmax(sin® wt cos @ — sin wt cos wt sin A) 


= Enaxlmaxl(4 — 4 cos 2@t) cos 6 — 4 sin 2ot sin 6] 
[see Eqs. (6-72) and (6-74)] 


e see — cos 2wt) cos 6 — sin 2et sin 6] 


= EI(cos 6 — cos 2wt cos 6 — sin 2ot sin @). 
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(9.4) The Half-Angle Identities 
The solution for sin 9 in Eq. (6-74) is: 


yi a a /1 ee 


If we substitute }/2 for 6, we get 


sin “ aM = (6-76) 


In a similar manner, beginning with Eq. (6-75), we have: 


Cs a Goat os (6-77) 


Equations (6-76) and (6-77) are called the half-angle identities, for obvious 
reasons. In these equations, the + notation does not imply two values for 
every angle; rather, it indicates that we must choose the correct sign, depend- 
ing upon the particular quadrant in which the angle falls. 


EXAMPLE 9. Find (a) sin 15°, and (b) cos 15°, using the half-angle identities. 


Solution. 


i. p ES EENE =1V2—7F = 0.25882 


V2+/ 3 = 0.96593. 


(9.5) The Sum and Difference of Functions 
Consider Eqs. (6-68) through (6-71): 


sin (6 + $) = sin Ocosd + cos@singd (6-68) 
cos (6 + ) = cos @ cos d — sin 6 sind (6-69) 
sin (6 — >) = sin 6 cos d — cos Osingd (6-70) 
cos (6 — ¢) = cos @ cos ¢ + sin 6 sind (6-71) 


Let us sum Eqs. (6-68) and (6-70): 
sin(@ + $) + sin (6 — ¢) = 2 sin cos ¢. (6-78) 
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Taking the difference of these equations yields: 

sin (6 + d) — sin(@ — ¢) = 2 cos @ sin ¢. (6-79) 
The sum of Eqs. (6-69) and (6-71) is: 

cos (6 + ¢) + cos (6 — 4) = 2 cos 6 cos ¢. (6-80) 
Finally, the difference of Eqs. (6-69) and (6-71) is: 

cos (0 + ¢) — cos (@ — d) = —2 sin 6 sin ©. (6-81) 


EXAMPLE 10. Derive an equation giving the instantaneous power in a circuit 
when the instantaneous voltage and current are given by the equations 


e = Ex SIN ot 
and 
i = Inax Sin (ot + 6), 
where @ is the phase angle by which the current /eads the voltage. 
Solution. 
Pp = ei = Enaxlmax Sin ot sin (ot + 6) 
= Fnaxtnaxicos @ — cos (2ot + 8)] [see Eq. (6-81)] 


= El[cos 6 — cos (2at + 6)] 
= EI(cos 6 — cos 2wt cos 8 + sin 2at sin 6). 


Note: The result is the same as that in Example 8 except for the sign of 
one term: sin 2@f sin 6. What is the significance of the difference in sign? 


Exercises 6-9 


1. Using Fig. 6-77, derive the identity 1 + tan? 6 = sec? 6. 
2. Using Fig. 6-77, derive the identity 1 + cot? 6 = csc? @. 
3. Simplify the following expressions: 

(a) cot? A/(1 + cot? A). 

(6) tan? A/(tan? A + 1). 

(c) sin B sec B + sec B — sin? B sec B. 

(d) cos C esc C + csc C — cos? Ccsc C. 
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4. Refer to Example 6, Section 8.2. In Fig. 6-74(c), the sides of the smaller right 
triangle are given by the equations: Ve... = Veou cos 6 and Vz = Veoy sin d. 
Now, consider the right triangle having sides E, Vz, and (Vz + Ve.,,:). Using the 
Pythagorean theorem and the identity from Eq. (6-65), confirm the result given 
in the example. 


5. Derive the identity: 
cos (6 + ¢) = cos 6 cos ¢ — sin @ sin ¢. 


6. In a purely inductive circuit, the voltage leads the current by 90°. 


(a) Find an equation giving the instantaneous power in terms of V, J, and of. 
(6) Graph the result. 
(c) What is the average power in the circuit? 


7. In a purely capacitive circuit, the voltage lags the current by 90°. 


(a) Find an equation which gives the instantaneous power in terms of V, J, and ot. 
(6) Graph the result. 
(c) What is the average power in the circuit? 


8. Refer to the result of Example 7, Section 9.3. Find an expression for the average 
power, P. 


9. For a purely resistive circuit, the instantaneous voltage and current may be 
expressed by the equations 


e@ = Emax COS of 
and 
E— Wa COSOE: 
(a) Find an expression for the instantaneous power. 


(b) What is the average power in the circuit? 
(c) How does your answer to (b) compare with the result of Question 8? 


10. Graph the result of Example 8, Section 9.3. How does your graph compare 
with the results of Questions 6 and 7 and the result of Example 7, Section 9.3? 


10. Trigonometric Equations 


We might—informally, at least—define a trigonometric equation as an indi- 
cated equality which contains one or more trigonometric functions and which 
implies the question: What is the value (or values) of the unknown angle, 
such that the equality holds? Such expressions as: 
sin 6 = 0.50000, 
1 = cos? A + sin? A, 
1=2sin a, 
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sin A 
> 
cos A 


1 tan @, 


tan A = 


etc., are evidently trigonometric equations according to the definition. Some 
of these examples also qualify as identities since they are valid for any value 
of the angle. An expression may be both an equality and an identity, but not 
all equalities are identities. 

There are no hard and fast rules for the solution of trigonometric equations. 
The following examples are sufficient to show the general approach. In each 
example, we will give all solutions that exist between 0° and 360°. It should 
be understood, however, that trigonometric equations may have an indefinite 
number of solutions. 


EXAMPLE |. Solve the equation: cos 3x = 1. 


DOmlonmLet sx —.0- then: cos'0 =) !, and ¢.—.0. 6 = 360° and’: 720°. 
since 3x = 6: 


3x 0 x= 0™ 
BX 300 ..x1==7120°% 
Bx 120, x — 240°. 


EXAMPLE 2. Solve the equation: 3 sin? 6 sec? 6 — 1 = 0. 


Solution. Transposing: 


— 


sin? 6 sec? 6 = ae 


Applying a reciprocal relation: 


sing =e 1 ie La 
Se eh or tan’d = 5 


Taking roots: 


WENN 5 Sey aes 
tat G == +e 
Thus: 
O=—= arctan cake 30°, 
eV ee) 
6 = arctan ss pai 210°; 
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é = arctan Bos. 150°, 


J 3 


6: arctan = ws =O); 


JS 3 


EXAMPLE 3. Solve the equation: sin 2x — sin x = 0. 


Solution. Applying a double-angle identity yields 
2 sin x cos x — sin x = 0. 

Factoring: 
sin x (2cosx — 1)=0. 

Equating factors to zero yields: 
sinix = 0; 

and x = arcsin 0 = 0°, and x = arcsin 0 = 180°. 


2cosx—1=0 


cos x = 3, 
and x = arccos 4 = 60°, and x = arccos 4 = 300°. 


EXAMPLE 4. Solve the equation: sin (A/2) = 1 — cos A. 


Solution. We may use a half-angle identity to get: 


+ joe 4 1 — cos A. 


Squaring each side: 


1 — cos A 
2 


= (1 — cos A)’, 
from which 

2 cos? A —3cosA+1=0. 
Factoring: 


(2 cos A — 1)(cos A — 1) = 0. 


Equating factors to zero: 
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2cosA —1=0 


cosA = + 
or arccos $ = A = 60°, and arccos 4 = A = 300°. 


cosA—1=0 


COS Ari 
Ofarccos l= A= 0°. 


Note: It is possible in some cases that the squaring operation as used above 
may introduce extraneous roots. Each solution should be checked to avoid 
this possibility. 


EXAMPLE 5. Solve the equation: 

2 sin® A + 4sin* A cos* A tan A + 2cos® A tan? A = 1. 
Solution. Factoring and dividing each side by 2 yields: 

sin® A + 2 sin* A cos’ A tan A + cos® A tan? A = } 
or 

(sin? A + cos? A tan A)? = i. 


Taking roots: 


sin? A + cos? A tan A = +> 
or 
sin? A sin A + cos? A cos A tan A = + Ip , 
from which 
sin? A sin A + cos? Asin A = + 
; ; 1 
A 2 A 2 A — ith ded ald, 
sin A (sin? A + cos? A) = + ay 
sin A= te 
Finally, 
A = arcsin +s a yh 
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A = arcsin nas a= 1357: 
A=arcsin -5 a2... 
A = arcsin -s = 315% 


EXAMPLE 6. Solve the equation: sin? x + 1.5sinx —2=0. 


Solution. The equation has the same form as the general quadratic equation 
(see Chapter 3), and it may be solved by substitution into the equation 


ee —bh+ »«/b*? — 4ac 
2a ; 


5 
Thus: 
: — LS + V1.5? — 4(1)(—2) 
or 
sin x == — 2,35, 
Sit, = 0185; 


Since sin x can never be greater than +1 (or less than —1), we may discard 
the first solution immediately. From the second we get: 


x = arcsin 0.85, 

andi we find 7.198 910 and vi=—9121 2507 

EXAMPLE 7. From Example 7, Section 9.3, we have the power formula: 
p = EI(1 — cos 2a). 


If p = 10 W, and the product EI = 30 W, find the angle at. 


Solution. After substituting values, we get 
30(1 — cos 2at) = 10 

or 
cos 2a = 2, 

and 
2@t = arccos 2. 


Letting 2ot = 6: 
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6 = arccos 3. 


We obtain the following values for 6: 48° 10’, 311° 50’, 408° 20’, and 672° 40’. 
For wt: 24° 05’, 155° 55’, 204° 10’, and 336° 20’. The power has an instantane- 
ous value of 10 W at these angles. What is the maximum instantaneous 
power in the circuit? 


Exercises 6-10 


In the following equations, solve for all positive angles less than 360°. 


1. 3 tan? A = 1. 4. sin2A cot2d —3tanAcosA+1=0 
2. sin (@ — 45°) = —0.50000. 5. sin? x —2cosx +2 =0. 
3. 2sin ¢ = —tan ¢. 6. sin x — cos? x = cos x + sin? x. 


7. In an RL circuit, the instantaneous power varies according to the equation 
p = El(cos 6 — cos 2@t cos 6 — sin 2et sin 6) 


(refer to Example 8, Section 9.3). By use of the calculus, it is possible to show that 
maximum instantaneous power occurs when sin 2@f cos# =cos 2ef sind. If 

= 45°, find the value of wt at (a) maximum positive power, and (6) maximum 
negative power. What is the value of the positive power peak? The negative power 
peak? 


8. In an RC circuit, the instantaneous power varies according to the equation 
p = El(cos 6 — cos 2@t cos 6 + sin 2f sin 0) 


(refer to Example 10, Section 9.5). Maximum instantaneous power occurs when 
sin 2mt cos 0 = —cos 2ef sin 6. If 6 = 30°, find the value of wt at (a) maximum 
positive power, and (b) maximum negative power. What is the value of the positive 
power peak? The negative power peak ? 


ue Trigonometry : Some Electronic Applications 


To conclude this chapter, we will discuss three electronic applications of 
trigonometry. Although the applications we have in mind differ considerably 
electronics-wise, they have this in common: each serves to illustrate the 
power of trigonometry when applied to the field of electronics. 


(11.1) Power Factor 


Refer to Example 10, Section 9.5. There we considered a voltage and current, 
with a phase angle between them of 6 degrees. The respective equations 
were: 
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é= ES. smal: 
i = Inox Sin (@t + 8). 


In the course of the solution to the example, we gave the equation 
p = Elf[cos 6 — cos (2at + 6)] 
for the instantaneous power. Let us expand this equation: 
p = El cos 6 — El cos (2t + 6). 


Consider the second term of the expansion: its magnitude varies sinusoidally 
with time; hence, its average is zero over one or more cycles. But, by defini- 
tion, angle @ is constant; therefore, the first term (EJ cos 6) is also a constant. 
It represents the average power of the system over any number of cycles. 
It follows that 


P=Ecos.0 (6-82) - 


where P is the average power in the circuit. 

The product EI is called the apparent power. The ratio P/EI is termed the 
power factor and has the symbol, F,. If the phase angle is known, the power 
factor can always be found from the equation 


i= *Cos.0: (6-83) 


EXAMPLE |. Consider the circuit shown in Fig. 6-80. Let us find the average 
power. 


FIGURE: 6-80. Example 1. 


Solution. A simple calculation shows that the current in the circuit is 10 mA. 
The phase angle is given by: 


6 = Arctan = Arctan 1 = 45°. 


With this information at hand, we may solve for the average power: 
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P— i cos. 6. = 141.4 x10 x. 10 x.cos 45°.= 1 W, 
Check. 


P=[?R = (10 x 10-8)? x 10,000 = 1 W. 


(11.2) Amplitude Modulation (AM) 


Modulation is defined as the process where some characteristic of a high- 
frequency wave (the carrier) is modified in accordance with the intelligence 
contained in a second, low-frequency wave (the modulating wave). 

Consider the time-varying sinusoid 


e = Acos (at + 6), (6-84) 


where A is the amplitude, w is the radian frequency, and @ represents the 
phase of the wave. If one of A, w, or 6 is varied, the character of the sinusoid 
is changed, and the wave is said to be modulated. Variation of A results in 
amplitude modulation (AM); variation of @ results in frequency modulation 
(FM); and variation of 6 results in phase modulation (PM). We shall consider 
only AM here. 


AAAANM —~ [isis] — Mpa eam 
| ighibns cert 


Carrier 


Modulated wave 
(a) 


(c) 


Modulating 
wave 


(b) 
FIGURE 6-81. A basic AM system. 


Figure 6-81 shows a possible AM system. Two waves—a high-frequency 
carrier and a low-frequency modulating wave—are fed into a modulator, 
where the modulating wave is allowed to vary the amplitude of the carrier. 
The result of this is shown in Fig. 6-81(c). 

Let E, represent the peak value of the carrier [Fig. 6-82(a)], and mE, the 
peak value of the modulation envelope [Fig. 6-82(b)], i.e., the peak amplitude 
of the modulating waveform is given by mE, [Fig. 6-82(c)]. 

The fraction m (called the modulation index) is often expressed as a per- 
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Len 


Modulating wave 


Carrier (c) 
(a) Modulated wave 


(b) 


FIGURE 6-82. (a) The carrier signal; (b) the modulated wave; (c) the 
modulating signal. 


centage; for example, Fig. 6-83 shows 
a modulated waveform where m = 1, 
or 100 percent. 

In order to analyze the modulation 
process, let the carrier wave be given 


FIGURE 6-83. An example of by 
100% modulation. 


C= E; COSi@ st (6-85) 
and the modulating wave by 
€, = NE, COS Ont (6-86) 


In Eqs. (6-85) and (6-86), e, and e,, are the instantaneous values of the carrier 
and modulating wave, respectively; E, is the peak value of the carrier wave; 
@, and w,, are the carrier and modulating wave radian frequencies, respec- 
tively ; and m is the modulation index. 

The instantaneous value of the modulation envelope is given by the expres- 
sion 


E, + mE, COS @nt. 


[mE, COS ®t describes the variation of the envelope, but we must add 
E, to complete the expression, since E, acts as datum line for it—see Fig. 
6-82(b).] Factoring the expression yields (1 + m COS @mt)E.. 
The expression which describes the modulation envelope becomes the 
amplitude of a modulated carrier which varies according to the equation 
e = (14+ MCOS @nt)E, COS wot. (6-87) 
Expanding Eq. (6-87) yields 


e = E,cos at + ME, COS Wet COS @mt. (6-88) 
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Applying the identity from Eq. (6-80) enables us to rearrange Eq. (6-88) 
as follows: 


e = E. CoS wt + mE,[% cos (@-¢ + @nt) + 40s (@,t — ont] 


or 


mE, 


me 2008 (2, — @m)t. (6-89) 


e= E,cosa@,t + 5 “cos (®@, + @m)t + 


Equation (6-89) has three terms: the first describes the carrier; the second 
describes a sum frequency; and the third, a difference frequency. The ampli- 
tudes and frequencies of the three components are best shown by employing 
a graph of the frequency spectrum (Fig. 6-84). The sum and difference 


Relative 
amplitude 


Carrier 
Upper side 
freq. 


Lower side 
freq. 


mE, 


W.-W Q, Wt Wm 


FIGURE 6-84. Frequency spectrum of a modulated wave. 


frequencies are referred to as the upper and lower sidebands, respectively. 
(In this instance, it is more correct to call them the upper and lower side- 
frequencies, since there is only one modulating frequency.) 

It is also possible to illustrate 
amplitude modulation by means of a 
phasor diagram (Fig. 6-85). E, is used 
as the reference phasor. It has an 
angular velocity of w, rad/s. Relative 
to this motion, we have two additional 
phasors, representing the upper and 
lower side-frequencies, which rotate 
about the tip of £,. The upper side- FIGURE 6-85. Phasor representation 
frequency is at a higher frequency of amplitude modulation. 
than the carrier; hence, the phasor 
representing it rotates faster than E,. Its motion is thus CCW, relative to 
E,. Conversely, the lower side-frequency phasor rotates at a slower rate than 
E,., and its motion relative to E, is CW. The vector sum of these phasors 


mE,/2 
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alternately adds to and subtracts from £,, thus describing the modulated 
waveform. 


(11.3) Phase Measurement 


One possible way of measuring phase electronically is by the method of 
Lissajous figures. In this method, we introduce two sinusoidal signals, whose 
phase relationship is to be determined, one to the vertical and one to the 
horizontal input of an oscilloscope. In the usual case, the gains of the 
horizontal and vertical amplifiers are juggled in order that the same signal 
level is fed to the respective deflection plates of the cathode ray tube, although 
this is not strictly necessary. Fig. 6-86 shows the hookup. 


Oscilloscope 


Horizontal 
test signal 


Vertical 
test signal 


FIGURE 6-86. Phase measurement hookup. 


In general, the pattern viewed at the oscilloscope screen is some form of 
an ellipse. From this pattern, we may determine the relative phase of the 
signals. 

Let us explore the mathematics of this method. The equations 


e, = E, sin (at + 6) (6-90) 
and 
e, = E, sin (at + 6.) (6-91) 


may be used to describe the voltages fed to the horizontal and vertical oscillo- 
scope inputs, respectively. In these equations, e, and e, are the instantaneous 
values of the horizontal and vertical signals, respectively; EF, and £, are 
the peak values; and 6, and 6, represent the phase of each signal relative to 
the reference. The phase difference between the signals is given by the equa- 
tion 


Aé = 6A, i 6, (6-92) 
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Initially, let us rearrange Eqs. (6-90) and (6-91): 


£ — sin (wt + 6,); (6-93) 
E,, 
ra = sin (@t'+ 6). (6-94) 


Expansion of Eqs. (6-93) and (6-94), using the identity from Eq. (6-68), yields 


en 


jam sin wt cos 6; + cos wf sin 6, (6-95) 
h 
and 

2 = Sin wt cos 6, + cos wt sin 6. (6-96) 


We must now eliminate the factor, wr. If we multiply Eq. (6-95) by cos 6, 
and Eq. (6-96) by cos 6,, we get: 


En cos 6, = Sin wt cos A; cos 6, + cos wt sin 6, cos Os, (6-97) 
h 

2 cos 6; = sin wt cos 6; cos 6, + cos wt cos 6, sin 6». (6-98) 
v 


The difference of Eqs. (6-97) and (6-98) is: 


£n cos 9, — £2 cos 6, = cos wt (sin 6, cos 8, — cos 6, sin 62). (6-99) 


h E, 


If we multiply Eq. (6-95) by sin 6,, Eq. (6-96) by sin 6,, and take the differ- 
ence, we get: 


Cre: e 
F sin. — + 
Vv 


E sin 7; = sin ot (cos 6, sin 6, — sin 6, cos 62). (6-100) 
h 


Squaring each of Eqs. (6-99) and (6-100) results in: 


en , 2 ns 2, ey (#) 2 
(s) COS" Os EE °° 6, cos 6, + E. cos? 6, 


h.A-v 
= COS’ wt (sin 6, cos 6. — cos 6, sin 65); (6-101) 
£n)" sin? 9, — 2&n&2 sin 6. sj (<2) sint 
(#) sin? 6, E, E, sin 6, sin 6, + E, sin’ 6, 


= sin’ wf (cos 6, sin 6, — sin 6, cos 6,)° (6-102) 
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Adding Eggs. (6-101) and (6-102) yields: 
(<4) (cos* 6, + sin? 6.) + (42) (cos? A, + sin’ 61) 
h Vv 
= ZEn€0(cos 6, cos 6, + sin 6, sin 62) 
hv 


= cos? wt (sin 6; cos 6, — cos 9, sin 6.)” 


+ sin? wt (cos 0; sin 6, — sin 6, cos 6,)’. (6-103) 


When we perform the indicated expansion of the right-hand side of Eq. 
(6-103), factor, and use the simplifying identities from Eqs. (6-65), (6-70), 


and (6-71), we obtain the simplified form: 


E, E, E, E, 


(@) fe (2) _ 2€n&v cog (6, — 62) = sin? (6, — 4). (6-104) 


The equation obtained in Eq. (6-104) is the key to our understanding of 
the Lissajous figures method of phase measurement. It is the equation of 


an ellipse. 


EXAMPLE 2. The phase angle between two signals is 90°. If the peak values 


of these signals are the same, what is the shape of the Lissajous figure? 


Solution. From the conditions given, we have 
b,=f,=E£E 

and 
Ad = 6, — 8, = 90°. 


Then, by substitution into Eq. (6-104), we get 


en 2 (S) — “Se fot all pat) ) 
(+) + | BE cos 90° = sin® 90 


or 


and 


Gy es 4, 


Compare this result with the general equation for the circle: x* + y? =r’. 
They are identical in form! Therefore, the Lissajous figure viewed under 


these conditions will be a circle (Fig. 6-87). 
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In general, we may calculate the phase angle by making two measurements 
of the ellipse formed at the oscilloscope screen, and by substituting into a 
simple formula, which we shall now derive. 


FIGURE 6-87. Lissajous pat- FIGURE 6-88. Determi- 
tern for a 90° phase angle. nation of phase angle 
from a Lissajous pattern. 


Consider Fig. 6-88. The ellipse shown is assumed to be centered on the 
oscilloscope screen. We note the values of dimensions a and b. Evidently, 
dimension a is proportional to e, when e, = 0. When e, = 0, Eq. (6-104) 
becomes 


(Zt) = sin’ 6, — 6.) 
E,, 
or 

e, = E,, sin (6, — 0). 
Allowing a = e,, 

a = E, sin (6, — 6,). 


The dimension b represents the maximum value that e, can attain, i.e., 
E,. Hence, b = E,,. Substituting: 


a = bsin (6, — 6,) = b sin A 
and 


A@ = arcsin - (6-105) 


EXAMPLE 3. During a phase measurement, dimensions a and b were measured 
as 3 and 3.75 centimeters (cm), respectively. What was the phase angle? 
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Solution. Using Eq. (6-105): 


1 : 3 a : ie ‘. 
Aé = arcsin 773 = arcsin 0.80 = 53.1°. 


Review Exercises 
1. Refer to Question 3, Exercises 6-2. Repeat the problem using the rules of oblique 
triangles to assist you. 


2. Refer to Question 4, Exercises 6-2. Repeat the problem using the rules of oblique 
triangles to assist you. 


3. Refer to Question 5, Exercises 6-2. Repeat the problem using trigonometry to 
assist you. 


4. The voltages and current in Fig. 6-89 are given by: 
v, = 50 sin (ot + 30°) 
v, = 50 sin of 
v3; = 100 sin (ot — 45°) 


L— 2S oF 


Find: (a) the effective EMF, (5) the phase angle, and (c) the impedance. 


Peay ei 


FIGURE 6-89. Question 4. FIGURE 6-90. Question 5. 


5. The currents and voltage in Fig. 6-90 are given by: 
i; = 6 cos ot 
iy = 3 cos (at + 45°) 
is = —3 cos ot 


e = 100 cos ot 


Find: (a) the total effective current, (b) the phase angle, and (c) the admittance. 


6. Find: (a) the impedance, (b) the admittance, and (c) the phase angle, of the 
network shown (Fig. 6-91). 
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lIO2 lOR 10.2 


lO2 1O2 


FIGURE 6-91. Question 6. 


7. A coil and a 600-Q, resistor are connected in series across a 10-V source. The 
resulting current in the circuit is 10 mA; the voltage drop across the coil is 6 V. 
Find the Q (quality factor) of the coil. Hint: Q = X,/R, where R is the winding 
resistance (self-resistance) of the coil. 


8. In an RC circuit, the instantaneous voltage and current may be given by the 
equations 


Ca— Pen COSIOL 


i = Imax COS (@t + 6). 


Find an expression for the instantaneous power. 


9. In an RL circuit, the instantaneous voltage and current may be given by the 
equations 


Ci— SE COSIOL 


i = Inax COS (@t — 8). 


Find an expression for the instantaneous power. 


10. A 1-uF capacitor and a 100-Q resistor are connected in series. At what 
frequency is the power factor of the combination equal to: (a) 0.2? (b) 0.52 
(c) 0.8? 


11. An inductor and a 1000-O, resistor are connected in parallel. If the frequency 
is 1000 Hz and the power factor equal to 0.6, what is the value of the inductor? 


12. A carrier wave at the plate of a class-C rf power amplifier has a maximum 
value of 1000 V. The carrier frequency is 1000 kHz. The maximum amplitude of 
the modulating wave is 500 V. Its frequency is 1000 Hz. Construct a frequency 
spectrum graph showing the relative amplitudes and frequencies of the modulated 
wave components. 


13. What is the instantaneous value of the modulated carrier in Question 12, at: 
(a) t=0s? (6) t=250 us? (c) t = 500 ps? 


14. Two sinusoidal signals with similar amplitudes are to be compared with respect 
to phase. What shape is the Lissajous pattern obtained when: 

(a) the phase angle is 0°? 

(5) the phase angle is 180°? 

(c) the phase angle is 270°? 
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15. Figure 6-92(a) shows a phase measurement setup. The resulting pattern is 
shown in Fig. 6-92(b). If C = 0.1 uF, what is the value of R? 


Oscilloscope 


(a) (b) 


FIGURE 6-92. Question 15. 
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To introduce the theory of complex num- 
bers and their application to electrical 
theory, a brief review of the history of 
such numbers is in order. In this way, we 
shall gain a greater appreciation of the 
roles played by the pure mathematician 


and the engineer in technological progress. 


COMPLEX ALGEBRA 


Introduction 


The existence of imaginary numbers was first recognized by the Italian 
mathematicians, Cardan and Bombelli, in the mid-16th century. Bombelli, 
in fact, used these numbers in the solution of certain algebraic equations 
as early as 1572. 

Generally, however, such numbers were viewed with the utmost suspicion 
and skepticism; they were considered “unreal” or “impossible,” hence, the 
use of the term “imaginary” to this day. 

This was the prevailing attitude until the end of the 18th century, shortly 
after which time the Norwegian surveyor, Wessel, the German mathema- 
tician, Gauss, and the Parisian bookkeeper, Argand, each succeeded in giving 
a geometrical interpretation of complex numbers. We call this interpreta- 
tion the Argand diagram (see Fig. 7-4). 

It remained for the electrical engineering genius of Charles P. Steinmetz 
to point out the connection between complex numbers and alternating 
current theory. It is largely due to him that we may manipulate complex 
electrical quantities such as voltage, current, impedance, etc., so easily with- 
out recourse to tedious graphical solutions. 


1. Real Numbers 


For the moment, let us restrict our discussion to the positive integers 1, 2, 
3, 4,... 53 we admit the existence of no other numbers. Now examine Eqs. 
(7-1) through (7-5): 


x+3=4, (7-1) 
xa sid} (7-2) 
x+4=3, (7-3) 
3x +4=5, (7-4) 
x+2=4. (7-5) 


Because of our restriction, only Eq. (7-1) has any meaning (its solution is 
x = 1); the remaining equations do not. 

In order that equations such as Eqs. (7-2) and (7-3) be meaningful, we must 
extend our number system to include zero (0) and the negative integers 


—1, —2, —3, —4, .... When this extension is made, Eqs. (7-2) and (7-3) 
immediately have meaning; their solutions are x = 0 and x = —1, respec- 
tively. 
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Even with these additions to our family of numbers, Eqs. (7-4) and (7-5) 
remain insoluble. Let us turn our attention to Eq. (7-4). Its indicated solution 
is x = 4, a fraction. When we further extend our number system to embrace 
such fractional numbers as —3, —4, 4, 3, etc., equations like Eq. (7-4) may 
be solved. 

Integers (positive or negative) and fractions (proper or improper, positive 
or negative) comprise the set of all rational numbers since each is either 


given, or may be placed, in the fractional form, e.g., 2 = tia =, 


Equation (7-5) has no solution in the set of rational numbers. To provide 
solutions to equations such as this, we must recognize a new kind of number. 
For example, the indicated solution to Eq. (7-5) is x = -+-»/2. The number 
s/ 2 belongs to the set of irrational numbers—irrational because, no matter 
how long and hard we search, we cannot find a pair of integers, P and Q, 
such that ./2 = P/Q. True, we can, by judicious choice of integers, write 
a rational number which is very, very close in value to ./2. For instance, 
the sequence 1,144,141, 1414 | gets progressively closer to the exact value 
of / 2 as we move to the right. However, while we may approach this value, 
we will never quite get there. Other well-known examples of irrational 
numbers are 3 (= 1.73205...), ~ (=3.14159...), and e (= 
DIOLS .c,): 

Collectively, the sets of all rational and irrational numbers combine to 
form the set of all real numbers. Such numbers are described as real since 
they may be portrayed geometrically in one-dimensional Space (points on a 
straight line). See Fig. 7-1. 


: 
2 ew Nee ge 

ViaOjns-2 1 Wor e 37 
Origin 


4 
= Fo: —e -2 V3 2-1 52) 


FIGURE 7-1. The set of real numbers occupies one-dimensional space. 


2. Imaginary Numbers 


Consider the quadratic equation: x? + 1 = 0. Its indicated solution 1S.X 
= +/—l. There is no number in the set of all real numbers whose square 
is equal to —1. To provide solutions to equations such as that given, we 
will have to admit the existence of a new kind of number—the imaginary 
number. »/ —] is an example of an imaginary number; it is the wnit imaginary 
number, and is analogous to the unit real number, 1. 


EXAMPLE. Solve the equation: x? + 16 = 0. 
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Solution. We have: 


x? + 16=0 
or 

x> = —16, 
from which 


x=+/—-16=4/V16 x —1 = +4/-1. 


Thus x is equal to plus or minus 4 times unity, that is, unity in the set of 
imaginary numbers. 


It is convenient, when working with imaginary numbers, to symbolize the 
unit imaginary number by the letter, j7.f Thus, if j= /—1, f= 
(/—1)(\/—1) = —1. The result, then, of squaring the unit imaginary 
number is to produce the negative unit real number! 

From the foregoing, when j = / —1: 


ae aM 

Ve Ae dh 

Pap x Pej bea l= 
et AS) a) 

(35 TUS: 


Let us examine (in a geometric sense) the result of multiplying any number 
by —1. In doing so, we change the sense, or direction, of the number. For 
instance, the product of the real number 2 and —1 is —2. Geometrically, 
this amounts to an about-face of 180° (see Fig. 7-1). 

Since j? = —1, we may regard j as an operator whose effect, when applied 
twice to a number, is to cause a change of 180° in the direction of the number. 
For example, if the number is a, then the application of j twice (j?a =j xX 
j X a) results in the number —a [Fig. 7-2(5)]. 

Now consider the operator j applied just once to a. As might be expected, 
the result is a 90° change in direction of a, i.e., 7 X a = ja [Fig. 7-2(a)]. 

When we apply the j operator three times toa (j Xj Xj Xa=jsa= 
—ja), we produce a change in direction of 270° [Fig. 7-2(c)]. If we consider 
the product j‘a (application of the 7 operator four times), we find ourselves 


+ The letter 7 is used in pure mathematics; we avoid its use in electrical mathematics to 
prevent possible confusion with the symbol for instantaneous current. 
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jxa j*xa 
i] a] 
(a) (d) 
FIGURE 7-2. Geometric interpretation of the j operator. 
+ Imaginary 


back full-circle since multiplication 
by j* is equivalent to multiplication 
by 1 [Fig. 7-2(d)]. 

From the foregoing discussion (and 
from Fig. 7-2), we draw the following 
important conclusion: The set of 
imaginary numbers may be described 
geometrically by points on a line 
which is perpendicular to the line 
used to describe the set of real 


numbers (Fig. 7-3). FIGURE 7-3. Real and imaginary 
axes. 


— Imaginary 


3. Complex Numbers 


Complex numbers first arose in the solution of certain algebraic equations. 
These numbers have the general form a + jb, where a and b are real numbers, 
and j is the unit imaginary number. Complex numbers have two parts: 
a real part a and an imaginary part jb. All numbers, both real and imaginary, 
are in fact complex; if b = 0, then a + jb = a+ j0 =a, a real number; 
if a= 0, then a + jb = 0 + jb = jb, an imaginary number. Both the sets 
of real and imaginary numbers are therefore subsets of the set of complex 
numbers. 


EXAMPLE. Solve the quadratic equation: xx —x+4=0. 
Solution. Any quadratic has the solution 


—b+ JH? — 4ac. 


ane 2a 


Therefore: 


ier (=) ely hADO ew ~£AS Gals. el A715 
21) 7. eo 
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As expected, the equation has two roots, each of which is a complex number. 


Since complex numbers are com- 
binations of real and imaginary 
numbers, they cannot be represented 
geometrically in one-dimensional 
space (a straight line), but rather, they 
must be portrayed in the plane (two- 
dimensional space). Figure 7-4 shows 
the geometric conception of the roots 
of the quadratic equation in the last 
example. 

In Fig. 7-4, the roots of the equa- 
tion are described by ordered pairs 
of numbers. The directed lines, link- 

FIGURE 7-4. The roots of a quad- ing the points in the plane which 

ratic equation. specify the roots, and the origin, are 

similar to vectors. Since electrical 
quantities are often represented in just this way, it would seem likely that 
complex numbers are useful in electrical mathematics. This, of course, is the 
case. We will devote a considerable part of this chapter to electrical applica- 
tions of complex numbers. 

The diagram in Fig. 7-4 is called an Argand diagram in honor of the 
mathematician who first proposed it. The abscissa and ordinate must be 
scaled to the same dimensions. The length representing unity on the real 
axis must be equal to that representing unity on the imaginary axis. 


4. Complex Numbers: Rectangular and Polar Forms 


Consider the complex number 
z=a+jb (7-6) 


(Since z is a complex number, bold- 
faced type will be used to indicate 
this.) 


The graph of z is shown in Fig. 7-5. 


The quadrature (90-degree) com- 
ponents of z are given by the numbers, 
a and b. Since b is multiplied by the / 
FIGURE 7-5. The geometric concep- operator, it lies on the imaginary axis. 
tion of a complex number, z. The form (a + jb) given in Eq. (7-6) 
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is called the rectangular form of the complex number, z. It is one of three 
possible ways in which we may write a complex number.t 

Alternately, we may state a complex number in the polar form. The number 
z may be written: 


z=|z| 286, al 


where | z | represents the magnitude, and 6 the direction (referred to the posi- 
tive real axis) of the number. In pure mathematics, | z | (the numerical or 
absolute value of z) is called the modulus and 6, the argument of the complex 
number, z. 

The question now arises: How may we convert from the rectangular to 
the polar, or from the polar to the rectangular form of a complex number, 
when it becomes necessary to do so? 

Consider Fig. 7-5. From trigonometry: 


Gz. .COS 0, 
Die lee sin, 

Substitution of these values for a and b into Eq. (7-6) yields: 
z=|z|(cos@+ sin 6) (7-8) 


which is the trigonometric form of the complex number, z. When we are 
given the modulus and argument of a complex number, we may readily con- 
vert to the rectangular form by using Eq. (7-8). 


EXAMPLE 1. Convert the number | 10 | / 30° to the rectangular form. 


Solution. 


| 10 | 7. 30° = | 10 | (cos 30° + j sin 30°) 
= | 10 | (0.86603 + 70.50000) = 8.6603 + j5. 


How may we reverse the above process, i.e., how may we convert a com- 
plex number given in the rectangular form, to its equivalent polar form? 

Again, consider Fig. 7-5. From the right triangle (which includes 6), we 
have 


[z|= Var 
and 


6 = arctan b 
a 


} The notation e/? is also used to denote complex quantities. See Chapter 8. 
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which combine to form the compact formula: 
z=| A/a’? + 6b? |/ arctan = (7-9) 


EXAMPLE 2. Convert the number 8.6603 + /5 to the polar form. 


Solution. 


: 5 
; = : 2 2 fa ee a 
8.6603 + 75 = |/ 8.6603? + 5?| /arctan 36033 
=| 100 | /arctan 0.57735 = | 10 | / 30°. 


Exercises 7-4 


1. Convert to rectangular form: 


(a) |20| Z 30° (f) |144| 2 90° G) |Z|2¢ 

(D) 1S = 305 (g) |1000| 7 35° (|e 
(c) |8| £ 40° (A) |18| 2 25° @) |Vi| 280° 
(d) |100| 7 —18° (i) |12| 2 250° (m) |I| Z 330° 


(ce) |50| Z 180° 


2. Convert to polar form: 


(a) 2+j2 CO gl 0r-78 G) Renu, 
(6).4 —j4 (g) 20 +75 (k) —28 + j14 
(c) 3+ /4 (h) —3 — {73 (Q) R+jX 
(d4) 5+ 78 (i) 1500 + 72400 (m) G —jB 
(OR S02 

a Slide Rule Conversion of Complex Numbers 


In Chapter 1, we discussed a slide rule method of finding the sides of a right 
triangle when the hypotenuse and one acute angle were given. Conversely, 
it was also shown how the hypotenuse and acute angles could be found, 
given the sides of the triangle. 

Clearly, this idea can be extended to the conversion of complex numbers 
from one form to another. Because its accuracy is adequate for most electro- 
nics work (assuming a reasonable amount of care is taken in the process), 
full advantage should be taken of the time-saving aspect offered by the slide 
rule. The reader should review the significant parts of Chapter 1, if this is 
deemed necessary. 
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Exercises 7-5 


1. Use the slide rule to convert the following complex numbers to the rectangular 
form: 


(a) |650| 7 34° (e) |0.087| / —75° 
(b) |254| 7 15° (f) |6.5 x 105| 7 135° 
(c) |1060| / 125° (g) |458| 2 —154° 


(d) |45| 2 338° 


2. Use the slide rule to convert the following complex numbers to the polar form: 


(a) 5.5 +j9.2 (ce) —567 — j980 
(b) —6.9 +78 (f) 0.019 + 70.025 
(c) 50.5 — j89.6 (g) —0.985 — j0.681 
d) Si 715 

6. Compiex Numbers: Operations 


As with ordinary numbers, complex numbers are subject to four basic opera- 
tions: They may be added, subtracted, multiplied, and divided. The fact 
that complex numbers have real and imaginary parts complicates these 
processes to some extent; however, the familiar rules still apply (with modifi- 
cations). 


(6.1) Equality of Complex Numbers 


Two complex numbers are equal if, and only if, the real parts are equal and 
the imaginary parts are equal. Thus 


a+ jb=c+jd 


ifand only if, @=— c and b= d. 
If the numbers are in the polar form, we have the indicated equality 


| 21 |Z. 0, = | Z5 |/ 6, 
ieanceonlydt| 7, | —"| 2, |pand'@, —=.0>. 


(6.2) Addition of Complex Numbers 


Complex numbers may be added only when they appear in the rectangular 
form. If they should be given in the polar form, we must first convert before 
adding. In general: 
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(a + jb) + (c + jd) = (2+ c) + (jb + jd) 
= (ac) (8 3 a). (7-10) 


From Eq. (7-10) we draw the rule: To add two (or more) complex numbers, 
we add the reals, add the imaginaries, and combine the results as indicated. 


EXAMPLE 1. 
(2+ 74) + (3 —j2) = (2+ 3) +j4 + (—2)) = 542. 


Addition of complex numbers can 
be done graphically; see Fig. 7-6. 
Here, we have shown the graphical 
addition of the complex numbers 
from Example 1. Each number is 
represented by a uniplanar vector. As 
can be seen, such addition is merely 
the familiar method of completing 
the parallelogram (see Section 2, 
Chapter 6). 


FIGURE 7-6. Graphic addition 
of complex numbers. (6.3) Subtraction of Complex 


Numbers 


Complex numbers may be subtracted only when they are in the rectangular 
form. Given two complex numbers, say a + jb and c + jd, we may subtract 
the latter from the former in the following manner: 


(a + jb) — (c + jd) =a + jb — c — jd 
+¢79+j/0—42) ee 


From Eq. (7-11), we draw the following rule: To subtract one complex number 
from another, subtract the reals, subtract the imaginaries, and add the results. 


EXAMPLE 2. 


(2 cI) AB Je es (2 13 ict [Ae 2) 
= EL ie. 


Subtraction of complex numbers can also be performed graphically. 
Figure 7-7 shows the graphical subtraction of the numbers given in Example 
2. In general, to subtract one complex number from another graphically, 
we change the direction of the vector representing the subtrahend 180°, then 
add this vector to the vector representing the minuend. The diagonal of the 
resulting parallelogram is equivalent to the difference of the numbers. 
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FIGURE 7-7. Graphic subtraction of complex numbers. 


(6.4) Multiplication of Complex Numbers 


Complex numbers may be multiplied in either the rectangular or the polar 
form. 

Given two numbers in the rectangular form, we may multiply them follow- 
ing the usual rules of algebra: 


(a + jb)(c + jd) = ac + jbe + jad — bd 
= (ac — bd) + j(bc + ad). (7-12) 
EXAMPLE 3. 
(2 + j4)3 — j3) =(2 x 3—4 x —3) + j4 x 3+2 x —3) 
= (6 + 12) + j(12 — 6) = 18 + /6. 


When the complex numbers are given in the polar form, we have: 


(|Z: |Z.6,)(|Z2 |Z. 62) = | z,| (cos 6; + j sin 0,)|Z,| (Cos 6, + / sin 6.) 
= |z,Z,| (cos 0, + j sin 6,)(cos 6, + 7 sin 2) 
= |z,zZ,|[(cos 6; cos 6, — sin 6, sin @,) + 
J(cos @, sin 6, + sin 6, cos 4,)] 
= |2,Z,|[cos (0, + 2) + jsin (6; + 4)] 
or 


(|Z: |2.:)(Z2| 262) = |21Z2| 2.0, + Os. (7-13) 
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Hence, the rule is: To multiply two numbers in the polar form, we multiply 
the magnitudes and add the arguments. 


EXAMPLE 4. Convert the numbers given in Example 3 to the polar form, 
multiply, and convert the answer to rectangular form to check against the 
result of Example 3. Slide rule accuracy is adequate. 


Solution. From the slide rule: 


Detar 14.481 163.59 
ede OL ya ae 


The product is: 


(| 4.48 | 2.63.5°)(|4.23| 2 —45°) = |4.48 x 4.23|/ 63.5° + (—45°) 
= |18.95| / 18.5° 


Check. 
| 18.95 | 7 18.5° = | 18.95 | (cos 18.5° + 7 sin 18.5°) = 17.95 + 76.01 


This answer is very close to the exact answer obtained in Example 3 (18 + /6). 


(6.5) The Conjugate Complex Number 


The conjugate of a complex number is obtained when we change the sign 
of the imaginary part of the number. For example, the conjugate of a + jb 
is a—jb; also, the conjugate of 
a — jb is a+ jb. These numbers are 
referred to as conjugate pairs. 

Geometrically speaking, the con- 
jugate is the reflection of the original 
number in the real axis (Fig. 7-8). 

The conjugate of z is symbolized 
FIiGUREM7aStP AY cont by z*. When we take the product 
jugate pair. zz*, we find: 


zz* = (a + jb)(a — jb) = a® — jab + jab+ Bb’ 
= tt bine z2 (7-14) 
The imaginaries vanish! We shall use this property of complex numbers later 
on in the division of such numbers. 
As a point of interest, let us briefly investigate the sum (z + mee and the 
difference (z — z*). We find that 
z+ z* = (a+ jb) + (a — jb) = 2a [see Fig. 7-9(a)] 
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and 


zZ— z* = (a + jb) — (a — jb) = j2b [see Fig. 7-9(b)]. 


(a) 


FIGURE 7-9. Sum (a) and difference (b) of a conjugate pair. 


In passing, it is worthy of note that certain algebraic equations have as 
their roots, complex conjugate pairs; for example, see the results of the 
example in Section 3. 


(6.6) Division of Complex Numbers 


Complex numbers may be divided in either the rectangular or the polar 
form. 

Let us perform the division: (a + jb)/(c + jd). To eliminate the imaginary 
from the denominator, we must multiply top and bottom by the conjugate 
of the denominator: 


@+jb._c—jd_ (ac-+ bd) + j(bc — ad) 4 
Rinrad ame + dh Sa 
EXAMPLE 5. Divide 8 — j4 by 4 + /2. 


Solution. 


OMEGA ef 2°54 32, 24 0 j32"& Le 
TenpUe4 = ]) = 0 a 20 D0 
When complex numbers are given in polar form, we may perform division 
by using the formula 


(|z,| 2.41) = 
(|Z2| 2.42) 


Zi 
Zo 


fotos (7-16) 


From Eq. (7-16), we draw the rule: To divide two complex numbers in polar 
form, we divide the magnitudes and subtract the arguments. The proof of Eq. 
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(7-16) proceeds in a manner similar to that for Eq. (7-13); it is left as an 
exercise for the reader (see Exercises 7-6). 


EXAMPLE 6. Divide the complex numbers given in Example 5, after convert- 
ing them to polar form. Check the result by reconverting to rectangular 
form and comparing the result with that of Example 5. Slide rule accuracy 
is adequate. 


Solution. From the slide rule: 


8 — 4 18,951 fi —26.5° 
4+ j2=|4.48| 7 26.5°. 


The quotient is: 


SOS eee eee 
4.48] 22652 1714-93. 
Check. 


[2] 2 —53° = |2| [cos (—53°) + 7 sin (—53°)] 
= |2| (0.602 — j0.799) = 1.204 — 71.598 


This answer checks closely with that from Example 5. 


Exercises 7-6 


Perform the indicated operations: 


1. (4.12 + 71.8) + (4.4 + 0.8) 11. |45| 245° — | 200] 7 —35° 

2. (100 — j100) + (200 + 7100) 12. (5 + /2)(6 + j4) 

3. (—100 + /50) + (100 + 2) 13. (5 —j2)(6 + j2)(—2) 

4. (882 + j52) + (512 + j810) 14. (8 + j4\(8 — jC +j1) 

5. |50| /.32° +|20] 2 18° 15. |5| 230° x [23] 2 136° 

6. |280| 2 —130° + | 300] / 130° 16. (5 +j2/(6 +j8) 

7. (520 — j200) — (410 + 7208) 17. (5 —j8)/(4 + 4) 

8. (1000 + 71000) — (—1000 + f100) 18. (100 + /200)/(700 + 7100) 

9. (81 +712) — (21 —j21) 19. (0.01 + 70.2)/(0.002 — 70.05) 
10. |38| Z 40° — |29| 7 20° 20. |546| / 369° ~ |6.7| Z 180° 
21. Prove the relation given in Eq. (7-16). ~*~ 
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és Impedance as a Complex Number 


Consider the series RC circuit shown in Fig. 7-10. In the circuit, the current 
I causes voltage drops Vz and V;, to exist across the elements R and C, 
respectively. V, is in phase with the current, but V, lags the current by 
90°. This is shown in the phasor diagram (Fig. 7-11); since I is common to 


/K—Vp-—J 


R 


2 Aee 
CT 
eee 
FIGURE 7-10. Series FIGURE 7-11. Phasor 
RC circuit. diagram of circuit of 


Fig. 7-10. 


both elements, it is used as the reference phasor. Because V, and V, are out 
of phase by 90°, they are said to be in phase quadrature. The vector sum of 
these voltage drops is equal to E. 
In Fig. 7-11, E lags I (the reference 
phasor) by an angle less than 90°. Imaginary 

Let us superimpose the phasor 
diagram of Fig. 7-11 on an Argand 
plane (Fig. 7-12). This places V, 
(and I) on the real axis; V, appears 
on the imaginary axis. Thus it is seen 
that E is a complex number, its 
rectangular components being V, on 


the real, and V, on the imaginary FIGURE 7-12. The phasor 
axis. We may describe E by the equa- diagram of Fig. 7-11 is super- 
Aas imposed on an Argand plane. 


E — Vie —jVo. (7-17) 


We may consider I as a complex number, also; when we divide Eq. (7-17) 
by I, we get 


(7-18) 
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Each term in Eq. (7-18) is a volt/ampere ratio; therefore, Ohm’s law applies, 
and the equation may be rewritten in the form 


where Z is the impedance of the circuit, R is the resistance, and X,, the reac- 
tance. Equation (7-19) defines impedance as the sum of a real quantity (R) 
and an imaginary quantity (jX;); in effect, it describes the impedance triangle 
which we discussed in Chapter 6. 

Since impedance is a complex quantity, it is subject to the rules of complex 
numbers discussed in the last section. This fact enables us to handle relatively 
difficult electrical problems much more easily than if we were to depend 
entirely on the trigonometric methods in Chapter 6. 

A similar argument leads to the equation 


Z=R+jX, (7-20) 


for the series RL circuit (Fig. 7-13). 


Imaginar 
}+ g y 


R 
(“JE 
iL ff 
k- | 
(a) (b) 


FIGURE 7-13. Current, voltage relations in the series RL circuit. 


Lastly, we may generalize for the circuit which contains R, L, and C in 
series. The equations which describe this kind of circuit are: 


LRA, — Xe), 4, > Xe (7-21) 
and 
Z= R— j(X_ — X,), Xo > Xz. (7-22) 
It is often useful to place Eqs. (7-19) and (7-20) in polar form: 
LS eS VAULT (7-23) 
Z=R+jX,=|Z| 28. (7-24) 
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EXAMPLE 1. A series RC circuit has a resistance of 500 Q and a reactance 
of 700 ©. Find the impedance in polar form. 


Solution. 


Z = 500 — j700 = | /500? + 700? | / arctan 79° 
= |860| 7 —S54.5° QO. 
EXAMPLE 2. A series RL circuit has an impedance whose numerical value 


is 1000 Q, and whose angle is 35°. Find the resistance and reactance of the 
circuit. 


Solution. 
Z =| 1000| 7 35° 
= | 1000| (cos 35° + j sin 35°) 
= 1000(0.819 + 70.574) 
= 819 + 7574. 


The resistance in the circuit is about 819 Q; the reactance, about 574 Q. 


Exercises 7-7 


1. Find the impedance of a series circuit which has a resistance of 1000 and an 
inductive reactance of 200 (2. 


2. Find the impedance of a series circuit which has a resistance of 50Q and a 
capacitive reactance of 70 Q. 


3. The impedance of a circuit is |500| 7 —45° Q.. Find the values of the resistance 
and the reactance which make up the circuit. 


4. The impedance of a circuit is |700| / 30° ©. Find the values of the resistance 
and the reactance which make up the circuit. 


5. The EMF in a series circuit is 50 — j50 V. If the current is |2| / 0° A, find the 
impedance in rectangular form. In polar form. 


6. The total current in a parallel circuit is 2 — j3 A. If the EMF is |100] / 0° V, 
what is the impedance in rectangular form? In polar form? 


7. The total impedance of two impedances connected in series is given by the 
formula: Zr — Z, = Zy. If Z, = |100| Wes —50° oO and LZ» a |150] Doe. AG As what 
is the total impedance? Sketch the resulting network. 


8. The total impedance of two impedances connected in parallel is given by the 
formula: Zp = Z,Z,/(Z, + Z,). If Z, = |100| 7 —50° O and Z, =|150| 7 25° O, 
find the resultant impedance. Sketch the resulting network. 


9. See Fig. 7-14. The total impedance of the series combination shown is 
|212| 7 45° ©. If Z, =|70.7| 2 —45° O, find Z,. 
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FIGURE 7-14. Question 9. FIGURE 7-15. Question 10. 


10. See Fig. 7-15. The total impedance of the parallel combination shown is 
16:65|h7-59.5" 02. 1b Zip |22.51-7°63.5", find Zee 


8. Admittance as a Complex Number 


The development which follows parallels that of Section 7. For this reason, 
we shall be quite concise in our treatment of admittance. 

Consider the parallel RZ circuit shown in Fig. 7-16(a). Since the source 
voltage E is common to both passive elements, it is chosen as the reference 
phasor [Fig. 7-16(b)]. 7;, the current in the inductor L, lags E by 90°. Zp, 


(a) (b) 


FIGURE 7-16. Current, voltage relations in the parallel RL circuit. 


Imaginar : : Heo 
Oe the current in the resistor R, is in 


phase with E. The vector sum of the 
currents, J, and J,, equals I, the total 
current in the circuit. I lags the source 
voltage E by less than 90°. 

Refer now to the Argand diagram 
(Fig. 7-17). We see that J, is a real 
quantity and J, is an imaginary 
quantity. Hence we write, 


FIGURE 7-17. Argand diagram 
for the parallel RL circuit. I=, — jl, (7-25) 
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Dividing Eq. (7-25) by E yields 
Y =G — jB,. (7-26) 
Similarly, for an RC parallel circuit, we may develop the equation 
Y=G+ jBp. (7-27) 


When we combine R, L, and C in parallel, the following equations are 
useful: 


Y= G— j(B, — By), B,> Bo; (7-28) 
Y=G+ j(B, — B;), Bo > B;. (7-29) 


The polar forms of Eqs. (7-26) and (7-27) are: 


Y=G— js, =|Y|/—8, (7-30) 
NaeG Brey (00. (7-31) 


EXAMPLE 1. A parallel RZ circuit has a conductance of 1000 wmhos, and 
a susceptance of 1500 wmhos. What is (a) the admittance of the circuit, in 
polar form, and (6) the impedance? 


Solution. From Eq. (7-26): 
Y = 1000 — 71500 pmhos 
or 


¥ = |/ 1000+ 1500?| / arctan 439° = | 1800] 7 —56.3° wmhos. 


Since Z is the reciprocal of Y: 


1 
[1800 x 10-*] 7 —56.3° 


= |556| / 56.3° Q. 


Z = 


EXAMPLE 2. A parallel RC circuit has an admittance whose numerical value 
is 500 wmhos and an angle of 70°. Find the values of resistance and reactance 
in the circuit. 


Solution. The admittance may be stated in polar form: 
Y = |500| 7 70° umhos, 
from which 


Y¥ = |500| (cos 70° + j sin 70°) = 171 + 7470 wmhos. 
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Then, 


1 1 
R= = gos = 58509, 


and 


1 l 


B= Poco = 21300. 


Xo = 
Thus, the circuit consists of a 5850-O resistor and a capacitive reactance 
of 2130 Q, in parallel. 


Exercises 7-8 


1. Find the admittance of a parallel circuit which has a conductance of 0.01 mho 
and a capacitive susceptance of 0.015 mho. 


2. Find the admittance of a parallel circuit which has a conductance of 0.002 mho 
and an inductive susceptance of 0.003 mho. 


3. The admittance of a parallel circuit is |0.005| / 40° mho. Find the values of the 
conductance and susceptance. 


4. The admittance of a parallel circuit is |0.02| / —20° mho. Find the values of 
the conductance and susceptance. 


5. The current in a parallel circuit is 5 — 73 A. If the EMF is 50 V, what is the 
admittance in rectangular form? In polar form? 


6. The EMF in a series circuit is given by the number, 50 + /40 V. If the current is 
1.5 A, what is the admittance in rectangular form? In polar form? 


7. Find the equivalent series circuit of the parallel RC circuit discussed in Ex- 
ample 2. 


8. A resistance of 470 Q, an inductance of 1 H, and a capacitance of 5 LF, are 
connected in parallel. Find an equivalent series circuit, containing two elements 
only, at a frequency of 60 Hz. 


9. A resistance of 20.0, a capacitance of 80 F, and an inductance of 15 mH, 
are connected in series. Find an equivalent parallel circuit, containing two ele- 
ments only, at a frequency of 400 Hz. 


9. Network Applications of Complex Numbers 
Having added complex numbers to our mathematical repertoire, we are 
now in a position to analyze networks containing capacitive and inductive, 


as well as resistive, elements. 
The methods of mesh and nodal analysis are well-suited to networks 
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containing both resistive and reactive elements. In Chapter 5, we carefully 
restricted our discussion to resistive networks only in order to simplify the 
presentation. Now, we can be more general: we will replace the scalars 
R and G by Z and Y, whenever necessary. 

The next four examples show how complex algebra can be applied to the 
mesh and nodal analysis of electrical networks. 


EXAMPLE |. Shown in Fig. 7-18 is a J-network interposed between a voltage 
source and load resistor. The 7-network shown is a high-pass filter; it will 
pass relatively high frequencies and attenuate the lows. Calculate the load 
voltage, V,, for the conditions given in the diagram. 


500.2 -/5002 -j/5002 


FIGURE 7-18. Example 1. 


Solution. The mesh equations are: 
(500 + j500)7, — j1000/, = 20, 
—j1000/, + (1000 + j500)/, = 0. 

To simplify our work, let us factor 100 from each equation: 
(Sepp 101, = 0.2, 
—jl0l, + (10 + j5)/, = 0. 

We need only solve for /,, thus we must expand determinants D and D,: 

yp ler) =o 


—j10 aural ae) LOE 5) a 10); 


= (S296. 


— 


(5 + 75) i 5 
= 710 Cle 
The load current (/,) is then: 


Pome, j2 12 | 2.90" 
a3 


B= DSS = ae ae = 13-71 59" mA, 


with slide rule accuracy. 
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From Ohm’s law: 


V;, = 1,R, = |13.7| £.59°-x 10771000 = | 13.40 Some 


EXAMPLE 2. Repeat the problem of Example 1, this time using nodal analysis. 


Solution. The network of Fig. 7-18 has been modified (Fig. 7-19), preparatory 
to its solution by nodal analysis. 


> —/0.00! 
0.002 mho : er V3 \ 


Reference node 


FIGURE 7-19. Example 2. 


The nodal equations are: 


(0.002 + j0.002)V, — j0.002V, = 0.04, 
—j0.002V, + j0.003V, — j0.002V, = 0, 
—j0.002V, + (0.001 + j0.002)V, = 0. 
Since we are interested in V,(= V,), we need only expand determinants 
D and D;: 
(0.002 + j0.002) —j0.002 0 
D =| —j0.002 j0.003 —j0.002 
0 —j0.002 (0.001 + 70.002) 
= —18 x 10°° — j6 x 10°° + 8 x 1079 
+ j8 x 10°°+ 4 x 10-® + 78 x 10-9 
= —6 x 10°°+ j10 x 10-9, 
(0.002 + j0.002) —j0.002 0.04 
D, =| —j0.002 j0.003 0 
0 —j0.002 0 
—j0.002 0.003 


= 0.04 = —16 x 1078, 
0 —j0.002 


238 / COMPLEX ALGEBRA 


Therefore: 


D, —16 x 10-8 


ge Dis ox 0e 10 x10" 


= |13.7| 259° V, 


with slide rule accuracy. 


EXAMPLE 3. Figure 7-20 shows a z-network which couples a signal from 
a voltage source to a load resistor. The z-network shown here acts as a 
low-pass filter; it will pass relatively low frequencies but attenuates the 
highs. Calculate the load voltage, V,. 


jl000.2 


FIGURE 7-20. Example 3. 


Solution. The mesh equations are: 
(500 — j500)/, + j500/, = 20, 
J5007, + 5007, = 0, 
J5007, + (1000 — j500)/, = 0. 


Let us factor 100 from these equations and expand determinants D 
and D,: 


Oe d)iejoo0 
D=(|75 0 75 = 375 — j250, 
0 7s (10 — 75) 


(SE 25) sae 


Days Ones: 
0 js 0 
Thus, 
jays SE Ee 21372 mA 


De 3757250) 
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and 
V, =1,R, = | 11.1| 7-213.7% & 107* x 1000 ="|1 1, Ue ee 


EXAMPLE 4. Repeat the problem in Example 3, this time using nodal analysis. 


Solution. The network in Fig. 7-20 has been modified (Fig. 7-21) so that 
nodal analysis may be used. 


~j0.00|mho 


/0.002 
mho 


Reference node 


FIGURE 7-21. Example 4. 


The node equations are: 


(0.002 + j0.001)V, + j0.001V, = 0.04, 
j0.001V, + (0.001 + j0.001)V, = 0: 


and 
(0.002 + j0.001) 0.001 
=|. =2 x 10-° +73 x 10-%, 
j0.001 (0.001 + j0.001) 
0.002 + j0.001) 0.04 
atch ae). = —j4 x 10° 
j0.001 0 
Finally, 
py = J4 X10, se 1 


1D) POSTS 


Exercises 7-9 


1. Find the currents in all branches of the circuit shown in Fig. 7-22. Use mesh 
analysis. 
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2. Find the following voltage drops in the circuit of Fig. 7-22: Van, Vep, and Vup. 
Use nodal analysis. 


FIGURE 7-22. Question 1. FIGURE 7-23. Question 4. 


3. Use the results of Question 1 to check those of Question 2, and vice-versa. 


4. Find the currents in all branches of the circuit shown (Fig. 7-23). Use mesh 
analysis. 


5. Find the voltage drops Vzz and V¢z in the circuit of Fig. 7-23. Use nodal 
analysis. 


6. Use the results of Question 4 to check those of Question 5, and vice-versa. 


7. Figure 7-24 shows the equivalent circuit of a vacuum tube amplifier and the 
coupling network to a succeeding stage. Compute the voltage output, V,. 


8. Check your answer to Question 7 by an alternate method. 


9. Find the load voltage, V,, in the bridged-T network shown. 


ine) 
S 
/-——.5 + 


FIGURE 7-24. Question 7. FIGURE 7-25. Question 9. 


10. Check your answer to Question 9, using an alternate method of analysis. 


10. A-C Bridges 


One of the more interesting applications of complex algebra is the analysis 
of a-c bridge circuits. 
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FIGURE 7-26. General bridge circuit. 


Figure 7-26 shows the generalized circuit of the a-c bridge. The bridge 
is balanced (as evidenced by a minimum reading at the null indicator) when 
the products of the impedances of the opposing arms are equal, i.e., when 


ZZ, = 2,25. (7-32) 
Since Eq. (7-32) may be placed in the form 
(Z:| 26:)(Z4| 24) = ((Z2| 292) (1Zs| 24), 
we have the equalities 
|Z,Z4| = |Z.Z3| (7-33) 
and 
6, + 0, = 0. + 03. (7-34) 


Equations (7-33) and (7-34) state the requirements (with respect to magnitude 
and phase) which we must meet in order to balance an a-c bridge. 

In Section 6.1, we defined the criteria for the equality of complex numbers. 
Clearly then, in any equation involving complex numbers, we may equate 
reals to reals and imaginaries to imaginaries. We will use this important 
idea in the analysis of a-c bridges. 


EXAMPLE. Figure 7-27 shows the circuit of a Maxwell bridge. This bridge 
is used in instrument work to determine the winding resistance (Ry), the 


FIGURE 7-27. Maxwell bridge. 
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inductance (Ly), and the quality factor (Oy) of an unknown coil. Find ex- 
pressions for these quantities in terms of the known quantities in the circuit. 


Solution. First, let us find expressions for the impedances of the four arms: 


1 1 
Sa ag Goa jac, 


where G, = 1/R,, and 


Z, 2 R,, 
Z; fa: R;, 
Z, = Ry + joLy. 


Substituting these values into Eq. (7-32) yields: 
Ry + joLy = fae + JoC RR. 
1 


Let us equate the reals in this equation; we get: 


— RRs, 
Seer, 


Ry 
When we equate imaginaries in the same equation, we find 
JoLy = joC,R,R;, 
or 


Le sae C,R,R3. 


The quality factor (Q) of a coil is defined by the relation OQ = X,/R, 
where X;, is the inductive reactance of the coil at a specific frequency, and 
R is the winding resistance (self-resistance). Therefore, Oy is defined by the 
ratio X,,/.R,y,.or 


@Ly  @wC,R.R; 


== (Se eee SS (& R . 
BomRe erGR IR: ee 
Review Exercises 
O.1ma 5k iy 
x 
1. The circuit shown in Fig. 7-28 is | o lOk Sk MG 
equivalent to that of a transistor a 
amplifier which is coupled to a succeed- 
ing stage. Compute the output signal, V,,. FIGURE 7-28. Question 1. 
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2. The equations 
es ZZ, 

Z, + Z, + Z, 
beh ZZ; 

7 REO aay # 
% ZZ; 

Z, + Z, + Z; 


Z4 
Zp 
Ze 


are used to transform the A (delta) 

2 network shown in Fig. 7-29(a) to the Y 

, b a 4 (wye) configuration in Fig. 7-29(b). 
Conversely, the equations 


ZA 2g 
Zy 23 Z, = (ZsZp + LaLo + LyLc) 
Tee Za 
Zc 
7 (ZaZp + ZaZc + ZeZc) 
Cc : 2 Za 
(a) (b) Zo ae (Z4Zp ab LiLo ae ZpLc) 
Za 
FIGURE 7-29. (a) A delta configuration, 
(b) a wye configuration. Note the resem- are used to transform from the Y to 
blance to the z-, and to the 7-network, the A. 
respectively. A low-pass filter, connected in the 


z-configuration, has elements with values 
of 7400 O, and —j500 Q. Find the equivalent 7-network. 


3. A high-pass filter, connected in the 7-configuration, has elements with values 
of 7200 QO and —j100 ©. Find the equivalent z-network. 


4. Sketch the network which is described by the following mesh equations: 
(2 —J2) I, Soy 21. —-i= 1S. 
j2i, —j3l, + j2I;, = 0, 
—f,+j2l,+ 2 —j2)i, = 0. 

5. Sketch the network which is described by the following nodal equations: 
6 — j0.5) V; — j0.5V, + jV;, — L, 
—j0.5V,+0+4+/)V. —j0.5V;, =0, 
—jV, —j0.5V, + (1 —j0.5)V; =0. 


6. At what frequency will the bridge shown be balanced? Find an expression for 
fin terms of the circuit elements given. 


7. Find expressions for Ry and Ly in the balanced bridge shown. 
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FIGURE 7-30. Question 6. FIGURE 7-31. Question 7. 


8. At what frequency will the bridge shown be balanced? Find an expression for 
f in terms of the circuit elements given. 


FIGURE 7-32. Question 8. 
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In this chapter, we will discuss the loga- 
rithmic function and its inverse, the ex- 
ponential function. We will then investigate 
the classic application, that of arithmetic 
calculation by use of logarithms. We will 
also consider several electronic applica- 
tions: the decibel, the use of logarithmic 
graph paper, and the study of electric 
transients. 

Near the end of the chapter, we will 
study the mutually related ideas of com- 
plex numbers, exponential functions, and 
the trigonometric functions. Finally, we 
will outline the roles these concepts play in 
advanced electrical theory. 


LOGARITHMS 
AND EXPONENTIALS 


a The Rules of Exponents 


Before we discuss logarithms, a review of the rules of exponents is in order. 
These rules are listed below, without proof: 


ee, TR (8-1) 
Geli gin) (8-2) 
(ab)” = a®-b". (8-3) 
(alb)® =a" |b. (8-4) 
(a*ym = nn, (8-5) 
Pee 220. (8-6) 
Geraaiia" aU. (8-7) 
al =R/a, a>O — unlessn is odd. (8-8) 
qn — R/q™ = (A/a)™, a>O — unlessn is odd. (8-9) 


EXAMPLE 1. From Eq. (8-1), 
Pi SDR NSPE RALE Eg S89 Yh 
EXAMPLE 2. From Eq. (8-2), 


a = 10-2) = 10? = 1000. 


EXAMPLE 3. From Eq. (8-3), 
(ia) = 2? GAS = BNC G4 0512, 


EXAMPLE 4. From Eq. (8-4), 


EXAMPLE 5. From Eq. (8-5), 
(28) CF = 8 6A 


EXAMPLE 6. Any number (except zero) raised to the zeroth power equals 
unity. For instance, 21° = 1, since 


f= 1 =210-) = a1 
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EXAMPLE 7. From Eq. (8-7), 


en 
ee Greig 


EXAMPLE 8. From Eq. (8-8), 


92 = 2/9 = 3, 
(27 7 


Note: In the last example, a (= —27) is less than zero, and n (= 3) is odd. 
What would happen if a were less than zero and n were even? 


EXAMPLE 9. From Eq. (8-9), 
82/3 — 2/8? = (2/8)? = 4. 


Exercises 8-1 


1. Express the following in exponential form: 


@) /5 (dyhi/3 

(b) &/10 (e) 1/4/73 

(c) 4 

2. Evaluate: 

(a) 1001° (e) 27} 

(b) 8° (f) 256%/8 

Ce) s20 (g) 9-3/2 

(d) 27°" (h) 6427/3 — 101° + (29)/3 

3. Simplify: 

(a) 8/3) 2/3) (d) 3/7 + 2/10 — 77 10 ie 


(b) 25/6 +10/6 — 14/6 (e) 6/50 + 2/18 — 5/8 
() /8 +72 


4. Multiply: 

@)(WVJ3 +S 24/3 — 3/2) (c) 4/10 + /6)? — 4/10 — /6)? 
(b) (6 + 3./5)6 — 3/5) (d) 4,/10(10 — /10) 

2. Logarithms 


Consider the exponential equation 


y ae (Ok. (8- 1 0) 
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where the independent variable, x, occurs as an exponent of the base, a. 
For example, if a= 2 and x = 4, then y = 2 = 16. We call the integer, 
4, the logarithm of 16 to the base 2, and write 


logarithm, 16 = 4, 


where the subscript 2 indicates the base used. For brevity, this equation is 
invariably written 


log, 16 = 4. 


Turning again to Eq. (8-10), we call x the logarithm of y to the base a. 
Symbolically: 


LOS yi x, desl Ot. ade ls (8-11) 


Equations (8-10) and (8-11) contain the same information; we call them 
inverse functions. Other examples of inverse functions that we have met 
previously are: 

Vy COs 6, Gi aLCCOS ). 
x4 YSN Ve 
Note: The base chosen must never be negative; it must also be other 


than unity. We so stipulate to avoid (1) imaginary values, and (2) the trivial 
case where 1* = 1 (one raised to any power is always equal to one). 


EXAMPLE |. Find the logarithm of the numbers 1, 3, 9, 27, and 81 to the base 
B: 
Solution. By definition [Eq. (8-11)]: 


log mle log, 3° ==.0; 
10825 — 109,93. = 1, 
fos = log,37==2; 
log27 — log, 3°) =, 
log;.81'= los, 34—= 4. 


Note: The result log; 1 = 0 implies a general rule: The lovarithm of 
1 to any base is equal to zero. 


EXAMPLE 2. Find the logarithm of the numbers 0.04, 0.2, 1, 5, and 25 to the 
base 5. 


Solution. Again using Eq. (8-11), we find: 
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log; 0.04 = log; 5-? = —2, 

log. 0:2 = 109,57 * === 

log l= logn5 = 0; 

loge.o) == lOg eel 

log; 25 — log; Be a 2; 

Having seen the results of two examples, we are now in a position to 

give a formal definition of a logarithm: If we arbitrarily designate a base, 
b (which must be other than one), the logarithm L of any other positive 


number N is the exponent which indicates the power to which b must be 
raised to yield N. Symbolically: 


biz N, (8-12) 
the inverse of which is 


logy tL. (8-13) 


Exercises 8-2 


1. Find the logarithms of the following to the base 4: 64, 0.25, 1, 4, 16, 0.0625. 
2. Find the logarithms of the following to the base 7: 5, 7, 1, 49, +. 

3. Find the logarithms of the following to the base 9: 729, 9, 1, 81, 4, 2. 

4. Find the logarithms of the following to the base 6: 36, 1296, 216, 3, 46, 656. 


3. Rules of Logarithms 


The following rules are indispensable when working with logarithms and 
should be committed to memory. 


Rule 1. The logarithm of 1 to any base is zero, i.e., log, 1 = 0, 
since a= |. 


Rule 2. The logarithm of a number equal in value to the base is 
one, 7.2., log,a= 1, since a’ =a. 


Rule 3. The logarithm of the product of two positive numbers M and 
N, to the base a, is equal to the sum of the logarithms of M and N, 
both to the base a. In symbols: 

log, MN = log, M + log, N. (8-14) 
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We may prove Eq. (8-14) by letting log, M = m, and log, N = n, from 
which a” = M and a” = N. Now consider the product: 


VMAs Gee Gre). 
the logarithm of which is given by 
los, MN = log,a'™*™ =m + n. 
Then, 
log, MN = log, M + log, N 
after substitution of log, M and log, N for mand 2, respectively. 


EXAMPLE |. Find log, 32, using the product rule (Rule 3). 
Solution. 


log, 32 = log, (16 x 2) = log, 16 + log, 2=44+1= 5. 
Rule 4. The logarithm of the quotient of two positive numbers M and 


N, to the base a, is equal to the difference of the logarithms of M 
and N, both to the base a. In symbols: 


log. 34 = log, M — log, N. (8-15) 


The proof of Eq. (8-15) is left as an exercise for the reader. 
EXAMPLE 2. Find log, 0.5, using the quotient rule (Rule 4). 


Solution. 


log, 0.5 — log. + = logs = log, 4° — log, 41/2 =—S +. 


Rule 5. The logarithm of a positive number M raised to the nth power 
is equal to the product of n and the logarithm of M, i.e., 


log, (M)” = n log, M. (8-16) 


The proof of Eq. (8-16) proceeds as follows: We let log, M =m, from which 
a™ = "M. ‘Then 


log, (/)" = log, (a™)" = log, a™”* = mn. 


But, 


mn = (log, M)n = nlog, M, 
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and Rule 5 is proved. 


EXAMPLE 3. Find log, (36), using Rule 5. 


Solution. 
log, (36)? = 2 log, 36 = 2 log, 6? = 4 log, 6 = 4. 


Rule 6. The logarithm of the nth root of a positive number M is 
equal to the quotient of the logarithm of M and the index n. Symboli- 
cally: 


log, 3/M = log, (M)" = 7 log, M (8-17) 


The proof of Eq. (8-17) is left to the reader. 


EXAMPLE 4. Find log, 8/8, using Rule 6. 


Solution. 


log, 4/ 8 = log, (8)? =1log,8 =i x3=1. 


Exercises 8-3 


. Find log, 64, using Rule 3. 

. Find log, 443, using Rule 4. 

. Find log, 256, using Rule 5. 

. Find log; 2/625, using Rule 6. 
- Prove Rule 4. 

- Prove Rule 6. 


NH nan bF DO NY — 


4. Choice of Base 


In preceding sections, we used a variety of positive numbers as the base for 
logarithms. This was done deliberately to demonstrate the generality of the 
mathematics. In practice, however, only two bases, base 10 and base e 
(= 2.71828 ---), have any significance. Logarithms to the base 10 (called 
common or Briggs logarithmst) are often used in computational mathematics. 
The reason for the choice of 10 is obvious, since we count in tens. The choice 


{ Henry Briggs: English mathematician (1556-1630). 
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of base e is not so obvious; we will discuss this choice later in the chapter. 
Napieriant logarithms (logarithms to the base e) find frequent use in mathe- 
matical analysis. A knowledge of both systems is essential in electronics. 
We will investigate the Briggs logarithms first, reserving a discussion of 
Napierian logarithms for the latter part of this chapter. 


en Common (Briggs) Logarithms 


Common logarithms have the standard notation, log N, where N is the 
number whose logarithm we wish to find, and the abbreviation Jog tells us 
that the base 10 is intended. In this book, notation such as log 2, log 202, 
etc., invariably means that we are using the base 10. 


(5.1) Use of Logarithmic Tables 


Let us attempt to find the value of the expression: log 8875. Since 8875 is 
equal to 8.875 x 10°, Rule 3 applies, and we get 


log 8.875 x 10° = log 8.875 + log 10° = log 8.875 + 3. 


Note: In particular, notice that, when given a number such as 8875, we 
must first rewrite it in the form 8.875 x 10%, i.e., the number, whatever 
it may be, is rearranged to have the form N x 10”, where 1 < N < 10. 

The value found for the second term (3) in the foregoing equation is called 
the characteristic (or index) of the logarithm. To evaluate the first term 
(log 8.875), we must turn to the table of common logarithms in Appendix B. 
We turn to the page in the tables headed “850-900,” run down the list of 
numbers in the extreme left-hand column until we reach 887, then move to 
the right until we arrive at the column headed by “5” at the top of the page. 
At this point in the table, we find the number 94817. Since 8.875 falls between 
1 and 10, its logarithm is 0.94817, 1.e., 10°-948!7 = 8.875. 

Finally, combining the above results yields: 


log 8875 = 0.94817 + 3 = 3.94817, 


where 3 is the characteristic, and .94817 is called the mantissa of the 
logarithm. 

Let us use this method to find the logarithm of a number less than unity; 
for instance: log 0.01834. We find: 


log 0.01834 = log 1.834 x 10°? = log 1.834 — 2. 


ft John Napier: Scottish mathematician (1550-1617). 
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From tables, 
log 1.834 = 0.26340 
and 
log 0.01834 = 0.26340 — 2 = 2.26340. 


Note in particular the notation 2 (read “bar two”). It indicates a negative 
characteristic only; the mantissa is always considered as positive when the 
logarithm is written in this form. However, we may also write 


2.26340 = (—2) + 0.26340 = — 1.7366. 


In the latter form, the entire logarithm is negative; the characteristic and 
mantissa are not given directly, but rather implied. This form is useful 
occasionally and should be remembered. 

The observant reader will probably have noticed the extreme right-hand 
column in the tables, headed “proportional parts.” We use this portion of 
the tables to find logarithms of numbers having more than four significant 
figures. 

As an example, let us evaluate log 55.128. We have 


log 55.128 = log 5.5128 x 10 = log 5.5128 + 1. 


To find log 5.5128, we find log 5.512 and then log 5.513. The difference of 
the mantissas of these logarithms is 


log 5.513 = .74139 
loz 10 74131 


8. 


Under the proportional parts for 8, and opposite the 8, is 6.4. We add 6.4 
to the mantissa .74131, to get .74137 (five-figure accuracy). Thus, 


log. 55.128 ==. 1.74137. 


Note: The method of proportional parts is essentially an exercise in 
interpolation (see Chapter 3). 

To find an antilogarithm, we reverse the procedure used to find the loga- 
rithm of a number. We might, for example, be given the expression alog 2, 
which, in effect, asks the question: What is the number whose logarithm, 
to the base 10, is 2? The answer, of course, is 100. 

Let it be required to evaluate: alog 2.78061. We turn to Appendix B and 
find the page where the mantissas .77815-.81351 appear (this is indicated 
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at the bottom of the page). Corresponding to the mantissa .78061, we find 
the number 6034. The characteristic 2 enables us to fix the decimal point; 
it tells us that the number we are after must lie between 10? and 10°; hence: 


alog 2.78061 = 603.4. 


As a further example, let us find alog —2.09631. Notice that the entire 
logarithm, because of the way in which it is written, is negative. We must 
first find the characteristic and mantissa: 


—2.09631 = —3 + .90369 = 3.90369. 


The characteristic 3 tells us that the number we wish to find must lie between 
10°" and 107°; thus, 


alog 3.90369 = 0.008011 


from tables. 

Finally, let us evaluate alog 4.18256. Looking up this mantissa in the 
table, we find that it falls between .18241 and .18270, which correspond, 
respectively, to the numbers 1522 and 1523. The difference of these mantissas 
is 


.18270 
18241 


29) 
Our given mantissa differs from the lesser mantissa by 15, i.e.: 


18256 
18241 


HSt 


Under the proportional parts for 29, we find that the nearest number to 
15 is 14.5. Opposite 14.5 is 5. We add 5 to 15220 to obtain; 


alog 4.18256 = 15,225. 


(5.2) Use of the Slide Rule 


Common logarithms may be found very simply on the slide rule. The accuracy 
is usually good to three places and is entirely adequate for most electronics 
problems. 

To find the logarithm of any number, we slide the cursor along the D 
scale, until the hairline is directly over the number. The mantissa then can 
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be read directly from the L scale. The slide rule does not give the character- 
istic; it must be supplied by a little mental arithmetic. 
To find antilogarithms on the slide rule, the foregoing procedure is 


reversed. 


Exercises 8-5 


1. Find: 

(a) log 88.54 
(6) log 1001 
(c) log 5234 
(d) log 0.01897 


2. Find: 

(a) alog 4.88897 
(b) alog —2.51556 
(c) alog 1.72090 


3. Use the slide rule to find: 


(a) log 10,500 
(b) log 9.7 
(c) log 156 
(d) log 823 


4. Use the slide rule to find: 


(e) log 235.87 
(f) log 0.19874 
(g) log 10,002 
(h) log 56.983 


(d) alog 0.86058 
(e) alog 5.97053 
(f) alog —4.18970 


(e) log 0.19 

(f) log 0.0087 

(g) log 238 

(A) log (3.6 x 10-4) 


(a) alog 3.8 (c) alog 4.786 
(b) alog —2.5 (d) alog 0.556 
6. Arithmetical Operations Using Logarithms 


It is possible to simplify the arithmetical operations of (1) multiplication, 
(2) division, (3) raising to a power (also called involution), and (4) finding 
roots (also called evolution) by the use of logarithms. 

In some disciplines (astronomy and surveying are examples), where extreme 
accuracy is essential, the arithmetical application of logarithms is very 
important. On the other hand, in electronics, where we often deal with 
components having tolerances of 5 or 10 percent, slide rule accuracy is usually 
acceptable. For this reason, we shall content ourselves with a brief discussion 
of arithmetical operations involving logarithms. 

Let it be required to find the product: 817 x 634. We proceed as follows: 


logis17 = 2.91222, 
log 634 = 2.80209. 
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The sum of the logarithms found is (2.91222 + 2.80209) = 5.71431. The 
product of the given numbers is equal to the antilogarithm of the sum of 
the logarithms, or 


alog 5.71431 = 517,980 


to five significant figures. (The reader should try the multiplication longhand 
and compare results.) 

In general, the use of logarithms converts the process of multiplication to 
one of addition. In cases where extreme accuracy is required, seven- and 
nine-place tables of logarithms are available. 

Quotients of rather awkward numbers may be easily found by the use of 
logarithms. Let us evaluate the ratio: 345%. We first find the logarithm of 
each number: 


log 159 = 2.20140, 
log 2020 = 3.30535. 


The difference of these logarithms cannot be found directly. Since we must 
subtract 3.30535 from 2.20140, we proceed as follows: 


2.20140 = 2 + 2.20140 — 2 = 4.20140 — 2. 


Then 
422014022 
3.30535 
0.89605 — 2. 


The quotient of the given numbers is equal to the antilogarithm of the 
difference of the logarithms, or 


alog 2.89605 = 0.078713 


to five significant figures. (The reader should try the division longhand and 
compare results. At the end of this trial, he should certainly be convinced 
that the method of logarithms is by far the easiest way!) 

In general, the use of logarithms converts the arithmetical operation of 
division to one of subtraction. 

We will next demonstrate the process of involution by means of logarithms. 
Let us evaluate the expression 12°. We find the logarithm of 12: 


log? = 1.07918 
and multiply the result by 5: 
L079 G5 =="5239590. 
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The antilogarithm of this result is equal to 12 raised to the 5th power: 
alog 5.39590 = 248,830 


accurate to five significant figures. (The reader should try this operation 
longhand and compare results). ; 

In general, then, the process of involution is converted to one of multipli- 
cation when logarithms are used. 

Lastly, let us investigate the process of evolution by using logarithms. 
We will find the cube root of 888. The logarithm of 888 is: 


log 888 = 2.94841. 


We divide the result by 3: 
—— — 0.98280. 


The antilogarithm of this result is equal to the cube root of 888: 
alog 0.98280 = 9.6116 


accurate to five figures. (The reader should evaluate the expression, 9.6116’, 
to confirm the result.) 

Thus, we use the method of logarithms to find roots of positive numbers. 
Using logarithms enables us to convert the process of evolution to one of 
division. 


Exercises 8-6 


1. Using logarithms, find the following products: 


(a) 456 x 0.189 (d) 833 x 0.593 
(b) 345 x 1199 (e) 909 x 5009 
(c) 89 x 0.01954 (f) 19 x 0.00984 
2. Using logarithms, find the following quotients: 

(a) 546/2.15 (d) 0.0115/612 
(b) 1988/546 (e) 123/54.9 

(c) 10,874/5896 (f) 5897/1.8094 
3. Using logarithms, evaluate the following: 

(a) 110° (d) 0.1188 

(b) 68* (e) 10055 

(c) 1.894% 


4. Using logarithms, find the following roots: 
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(a) 2/4.56 (d) 54-3/2 
(b) 3413 (e) (8/175) 
(c) 8/10,980 


ie Logarithmic and Exponential Equations 


From time to time, in electronics problems, we are called on to solve equa- 
tions containing logarithms or exponents in some or all of the terms. We 
define a logarithmic, or exponential, equation as one which contains the 
variable (or variables) in the form of a logarithm or an exponent. Examples 
ofesuch equations are: “y= los; x; y— a7," log x + log x? = 6; and 
5‘*+2) — 125. A knowledge of the basic rule of logarithms and exponents is 
essential if we are to handle equations such as these. Although, as in the case 
of trigonometric equations, it is not possible to give a general method, the 
methods shown in the following examples should serve to point out the usual 
approach. 
EXAMPLE 1. Solve the equation: 4% = 256. 
Solution We begin by finding the logarithm of each side of the equation 
(to the base 4): 

log, 4” ae log, 256, 
from which 


x log, 4 = 4 log, 4, 
x(1) = 4(1), 


XY aad: 
We may also solve this equation using logarithms to the base 10: 
log 4” = log 256, 
x log 4 = log 256, 
x(0.60206) = 2.40824, 
Kas 4 


EXAMPLE 2. Solve the equation: 2°*t? = 4”, 


Solution. Taking logarithms of each side: 
log 2°**).= log. 4” 
Then, 
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(x + 1) log 2 = x? log 4, 
(x + 1)(0.30103) = (x?)(0.60206), 
(TEES) =x 


Thus, our solution leads to a quadratic, the roots of which are x = —+ 
and %=1% 


EXAMPLE 3. Solve for x: log x + log x? = 4. 
Solution. Applying Rule 5 yields: 


log x + 2log x = 4, 


or 
3 log x= 4; 
and 
log Xe-31 33333: 
Finally, 


alog (log x) = alog 1.33333, 
Xi— ta OGel es 5359" 
x= 21,544, 


EXAMPLE 4. The formula for the characteristic impedance of an open-wire 
transmission line is 


Z, = 276 log? 


where Z, is the impedance of the line in ohms, b is the distance between the 
centers of the parallel conductors, and a is the radius of one conductor (the 
conductors are assumed to be identical), in the same units as b (Fig. 8-1). 
It is desired to construct a 300-Q transmission line, using No. 12 AWG 
copper wire as conductors. Calculate the dimension, b, in inches. 

Solution. From a set of wire tables, we find that the diameter of No. 12 
AWG is 80.8 mils; hence, the radius is 40.4 mils or 0.0404 inches. Substitu- 
tion of this value into the formula yields 


a b 
from which 


bie 2 
log 00404 = 1.0869. 
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b Spacers 


FIGURE 8-1. Parallel transmission line (see Example 4). 
Taking antilogarithms: 


bus: Zz 
gem alog 1.08690 = 12.215, 


from which b = 0.49349 inches. 


Note: In practice, the spacing could be 0.5 inches; the results would be 
entirely adequate. 


Exercises 8-7 


Solve for x, in Questions 1 through 7. 


1. 42% = 4096. 5. log x + log 2x = 4. 

2 oe e129. 6. log x + log x? + log x? = 6. 
B95 2852) == 125. 7. 2 log x + 4 log 2x = 3.0103. 
4. 37 = 545. 

8. The characteristic impedance of an 


air-insulated coaxial line is given by the 
formula 


en 38 log? , 


where Z, is the characteristic impedance 
in ohms, dD is the inside diameter of the 
outer conductor, and ais the outside 
diameter of the inner conductor in the 
same units as b (see Fig. 8-2). Calculate 
the dimension a, if the line impedance 
is 50 Q, and b is 0.3 inches. (Slide rule FIGURE 8-2. Coaxial transmission line 
accuracy is adequate.) (see Question 8). 


Sec. 8-7 LOGARITHMIC AND EXPONENTIAL EQUATIONS / 261 


8. Graphs of the Exponential and Logarithmic Functions 


Often, problems encountered in electronics may be expressed mathematically 
in terms of exponential or logarithmic functions. Therefore, it is important 
that we learn to recognize the curves of these functions. 

The curve of the exponential equation y = a* is shown in Fig. 8-3(a); 
that of the logarithmic equation y = log, x is shown in Fig. 8-3(b). 


(b) 


FIGURE 8-3. Graphs of (a) the exponential equation, y = a®, and (b) 
the logarithmic equation, y = log,x. 


It is interesting to compare these curves. Figure 8-4 shows the graphs of 
the equations, y = a* and y = log, x, plotted on the same axes. Each may 
be regarded as the image of the other; they are reflected in the straight-line 
function y = x, which passes through the origin at an inclination of 45° 
with respect to the abscissa. This is to be expected, since each equation is 
the inverse of the other. 

Note the manner in which the curve of y = a* approaches the abscissa, 
as X grows more and more negative. In the limit y becomes Zero, aS X grows 
indefinitely more negative. 

Further, notice the behavior of y = log, x, as x approaches zero. In the 
graph, y becomes indefinitely large in a negative way as x nears zero. From 
inspection of the graph, can you define the function y = log, 0? Why not? 
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FIGURE 8-4. A comparison of the graphs of y = a* and y = log, x. 


Exercises 8-8 


1. Plot the graph of the equation y = 2%, —3 <x <3. 
2. Plot the graph of the equation y = 2>*, —-3< x <3. 
3. Compare the curves obtained in Questions 1 and 2. 

4. Plot the graph of the equation y = log, x,0 <x <8. 
5. Compare the curves obtained in Questions 1 and 4. 

9. The Decibel 


Human hearing is nonlinear; it does not respond directly to an auditory 
stimulus. Research has shown that the response of the human ear is 
logarithmic, rather than linear, in nature. For example, the sound of a jet 
aircraft may be more than a million times greater in intensity than that of 
a falling leaf, yet the response of the ear to the former is far from being a 
million times greater than that to the latter. Human hearing response tends 
to “flatten out” at high levels; the response curve is rather like that shown 
in Fig. 8-3(b). If the sound is increased (or decreased) in intensity, the 
response of the ear to this change is approximately proportional to the 
logarithm of the ratio of the acoustical powers involved. Mathematically, 
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Change in loudness = K log ae (8-18) 
2 

where K is the constant of proportionality, and P,; and P, are the acoustical 

powers of the sounds being compared. 

The purpose of many radio transmitters, radio receivers, and of all sound 
systems, is to amplify and/or transmit audio intelligence, which appears 
eventually as acoustical energy. The ear’s response to this excitation is ap- 
proximately logarithmic. For this reason, it is customary (and convenient) 
to express all power ratios (whether electrical or acoustical) in the form of 
Eq. (8-18). 

The ratio of two power levels is expressed by the equation 


Nz = log ~ (8-19) 


where Np is in bels (in honor of Alexander Graham Bell), P, is (usually) 
the output power, and P, is (usually) the input power. (Sometimes we compare 
power levels at the same point in a circuit; then, the terms input and output 
do not apply.) 

The bel is rather too large a unit for practical purposes; a more useful 
sub-unit is the decibel (44; of a bel). We therefore modify Eq. (8-19): 


Niw= 10 log !2 (8-20) 


A decibel can be defined (from an acoustical point of view) as that increase 
(or decrease) in power level which is just barely perceptible to a listener 
with acute hearing. Normally, a change of three decibels (3 dB) is quite ap- 
parent to the average listener. 


EXAMPLE 1. The output of an audio amplifier is 20 W. Compare this 
to a second amplifier, which has an output of 40 W. 


Solution. Using Eq. (8-20) yields: 
Nang= 10 log 40 10 log 2.93 dB: 


Note: This example brings out a point which is often not recognized: 
doubling the power merely serves to increase the loudness by an amount 
just comfortably discernible to the average listener. 


(9.1) The Decibel in Terms of Voltage, Current, and Phase Angle 


In a reactive circuit (a circuit containing any possible combination of L, 
C, and R), power can be expressed as a product of voltage, current, and 
power factor. Mathematically, 
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Peanbicos) = EIF,: (8-21) 


Since J = E/Z, we may modify Eq. (8-21): 


2 2 
2 cos 6 LAGS 


a7. Zi 


In particular, two powers, say P, and P,, are given by 


E; E; 
ain 7: D1 and Pa = 7 Foe 


Substitution of these equations into Eq. (8-20) yields: 


(E:/Z2) Fy, 
(Ei/Z,) Fp, 


= 1008 (3) (22) Ure) 


= 10(2 log wag log Z, — log 5? ‘): 


Nas = DT 10 log 


and finally, 


Nets 20 log 2 2 + 10 log 21 F + 10 log 7 (8-22) 


EXAMPLE 2. An audio amplifier has a maximum undistorted output of 
50 W when the input signal is 10 mV. The amplifier is designed to work into 
a load impedance of 8/ 0° Q. If the input impedance is 50,000/ 60° O 
what is the power gain? 


Solution 1. We must do a preliminary calculation to find E,: 
PEA / ele o 1/0 Eo) = 20,V 
Then, from Eq: (8-22), we have: 


50; ae cos 0° 
+ 10 log sos 60° 


Naz = 20 logo = 10 lo9 
= 20 log 2000 + 10 log 6250 + 10 log 2 
= 20(3.30103) + 10(3.79588) + 10(0.30103) 
= 66.0206 + 37.9588 + 3.0103 
= 106.9897 


= 1070p, 
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Solution 2. The output power (P, = 50 W) was given. When we know 
the input power, Eq. (8-20) applies directly. From the equation 
P, = (£7/Z,)F,,, we have 


ero 0t Pike ve 
Py = 55 yp 008 60° = 1 x 10-8 W. 
Then, 
Naw = 10 log-——>?_. = 10 log (5 x 10") 
5 Se 


10(10.69897) = 106.9897 = 107 dB. 


If the input and output impedances (Z, and Z,) are purely resistive, as 
is often the case, the phase angle is zero, and the power factor equals unity. 
In this case, the last term of Eq. (8-22) vanishes. Moreover, if Z ; =iZ3 ine 
second term vanishes as well, and we are left with the equation 


Nae 0 log £2. (8-23) 
IE, 
1 


EXAMPLE 3. The impedance at the input and output of a transmission line 
is 50 Q. If the input voltage is 50 V, and the output voltage 40 V, what is the 
power loss in the line? 


Solution. Here we have the special case where the input and output 
impedances are equal, and assumed to be purely resistive, since no informa- 
tion is given as to phase. Thus Eq. (8-23) applies: 
Naz = 20 log $8 = 20 log 4 = 20 (log 4 — log 5) 
= 20(0.60206 — 0.69897) = 20(—0.09691) = —1.94 decibels. 


Sometimes, we are given information as to the current, impedance, and 
phase angle at the input and output of a circuit. In such a case, the formula 


Nee 220 log 2 + 10 logZ2 + 10 log an (8-24) 
1 1 


Pi 


applies. 

If the input and output impedances are resistive, the last term in Eq. 
(8-24) vanishes. Further, if the impedances are resistive and equal, Eq. 
(8-24) boils down to: 


Navi 20 log (8-25) 
1 
The derivation of Eq. (8-24) is left as an exercise for the reader. 
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(9.2) Reference Levels 


Statements such as “Amplifier A has a gain of 40 dB,” “The first acoustic 
level is 20 dB down from the second,” or “The attenuation of the filter is 
10 dB” have meaning, since a comparison of levels is implied in each case. 

However, the statement “The power level is 20 dB” is utterly without 
meaning unless a reference level is specified or understood. 

Several references have been suggested; one standard commonly used in 
the broadcast and telephone industries is the dBm. The dBm is defined as 
zero reference level (zero decibels ); it is specified as one milliwatt dissipated 
in a resistive load. Equation (8-20) is thus modified to accommodate this 
definition: 


ig 
Napm == 10 log 0.001 * (8-26) 


EXAMPLE 4. Find the power level of an amplifier which delivers 20 W to 
a resistive load. 


Solution. From Eq. (8-26): 


20 
0.001 


Nism= 10 log = 10 log 20,000 = 10(4.30103) = 43 dBm. 


(9.3) Voltage Gain in Decibels 


Soon after the use of decibels became popular in specifying power levels, 
radio engineers yielded to the temptation to specify voltage ratios in terms 
of decibels, without regard to the impedances involved. Although this practice 
may be frowned on in some circles, it is popular and cannot be suppressed. 
It should be clearly understood that the “voltage decibel” and the “power 
decibel” are not the same thing; they cannot be compared unless impedance 
is brought into the picture as well. For example, we might refer to a voltage 
amplifier with a gain of 40 dB. This simply means that the output voltage 
is 100 times greater than the input, without regard for the input or output 
impedances involved. The power gain will be, almost invariably, something 
else again. 


EXAMPLE 5. The two-stage amplifier shown in Fig. 8-5 has a voltage gain 
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FIGURE 8-5. Example 5. 
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per stage as shown. If the output voltage (V,) is 10 V, what is the input 
voltage, V;,,? 


Solution. The total voltage gain of the amplifier is 10 + 30 = 40 dB. There- 
fore, 


Les 20 log and 2= log ? 


from which 


Vin = 0.1 ‘VE 


Exercises 8-9 


In the following questions, slide rule aceuracy is sufficient. 


1. The power output of an amplifier is 10 W; the input power is 0.005 W. Find the 
power gain. 


2. The voltage output of an amplifier is 1 V; the impedance is 10 Q. The voltage 
input is 0.5 V, at an impedance of 100,000 ©. Find: (a) the power gain and (6) the 
voltage gain, without regard to the impedances. 


3. The power output of a transistor amplifier is 5 W into a load of 4 Q. If the signal 
current at the input is 1 mA, into an impedance of 1000 Q, find the power gain. 


4. The voltage input to a filter circuit is 10 V, across an impedance of 100 Q. The 
output voltage is 5 V, across a load of 50 QQ. Find the power attenuation. 


5. The power input to a line amplifier in a telephone circuit is 250 pW. The power 
output from the amplifier is 500 mW. (a) What is the power level at the input of the 
amplifier, referred to the standard reference level? (6) What is the power level at 
the output of the amplifier, referred to the standard reference level? 


6. The input power to an amplifier is 0.002 W. If the gain of the amplifier is 
40 dB, what is the output power? 


7. An amplifier has a gain of 100 dB. The output signal voltage is 5 V, the input 
SmV. If the input impedance is 50,000 Q, what is the output impedance of the 
amplifier? 


8. Derive the formula given in Eq. (8-24). 


9. The input and output impedances of the filter (Fig. 8-6) are 500 / 30° QO and 
50 Z 80° QO, respectively. Calculate the insertion loss of the filter. 


Filter 


Input 30v 7v Output 


FIGURE 8-6. Question 9. 
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10. Solve the problem posed in Question 9, this time using the formula given in 
Eq. (8-24). How do the results compare? 


10. The Use of Logarithmic Graph Paper 


The range or the domain (or both) of a function may extend over a wide 
interval. It is often convenient to plot such functions on logarithmic graph 
paper. This graph paper may take two forms: (1) semilog—one axis loga- 
rithmic, the other linear; or (2) Joglog—both axes logarithmic. A comparison 
of linear and logarithmic scales is shown in Fig. 8-7. Note the expansion of 
the lower part of the logarithmic scale [Fig. 8-7(b)]. This enables us to work 
with increased accuracy in this region when doing graphical analysis; it is 
one of the significant advantages of this kind of scale. 


(hs Soh Ee ee Fact gs aa aie ac a a i Ts) 
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FIGURE 8-7. (a) Linear scale; (b) logarithmic scale. 


(10.1) Plotting Curves on Logarithmic Graph Paper 


Let us plot the exponential equation y = 4*. When we attempt to use linear 
axes, it soon becomes evident that the range of the function far exceeds the 
limits of the graph paper, unless a very restricted scale is used for the ordinate. 
Then the behavior of the curve for small values of x is difficult to determine 
[Fig. 8-8(a)]. 


tA 
1000 


500 


(a) (b) 


FIGURE 8-8. The equation y = 4” plotted on (a) linear graph paper; (b) 
semilog graph paper. 
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On the other hand, when we use a logarithmic scale for the ordinate, the 
behavior of the function is just as obvious for small values of x as for large 
[Fig. 8-8(b)]. Furthermore, the locus of the function, when plotted on semilog 
paper, is a straight line! 

The reason for this becomes clear when we take logarithms of the func- 
tion: 


log y = log 4* = x log 4. 


Let logy = y, and x =u. We then have v= Cu, where,.C = lomaata 
constant). It will be noted that v = Cw is a linear equation; hence, the straight- 
line result in Fig. 8-8(b). 

Thus, the result of using semilog paper to plot functions having the form 
y = a* is to change them to straight-line curves. This simplification is another 
of the advantages of logarithmic graph paper. 

Now, consider the equation y = x*. The plot of this equation, on linear 
graph paper, is shown in Fig. 8-9(a). Again, it is difficult to determine the 
behavior of the curve for small values of x. 
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FIGURE 8-9. The equation y = x3 plotted on (a) linear graph paper; (b) 
loglog graph paper. 


If the same function is plotted on loglog paper, we have the result shown 
in Fig. 8-9(b). Again, notice the advantages of using logarithmic graph 
paper. 

The curve shown in Fig. 8-9(b) is linear for the following reason: 


log y= logy =="3 los x. 
If we let v = log y, and u = log x, we have v = 3u, which is a linear equation. 
Since both variables, x and y, appear in terms of logarithms, we must use 
loglog paper to plot the function. (We used semilog paper to plot the equation 
y = 4. Why?) 
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(10.2) Types of Logarithmic Graph Paper 


Logarithmic graph paper is divided 
into two main types: semilogarith- 
mic (semilog), and full logarith- 
mic (loglog). Many varieties of 
these basic types are available com- 
mercially. 

We define | cycle as that distance 
between 1 and 10, between 10 and 
100, between 100 and 1000, etc. on 
a logarithmic scale [see Figs. 8-10(a), 
(b), and (c)]. 

Semilog paper is available in linear 
x 1 cycle, linear x 2 cycle, linear x 3 
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FIGURE 8-10. (a) A one-cycle logarith- 
mic scale; (b) 2-cycles; (c) 3-cycles. 


1000 


cycle—up to (usually) linear x 5 cycle, although special paper can be had 
having any reasonable number of cycles. Semilog paper is available with 
a linear abscissa and a logarithmic ordinate, or conversely. Figure 8-11 
shows an example of 4-cycle semilog graph paper. 


FIGURE 8-11. 4-cycle semilogarithmic graph paper. 


Full logarithmic graph paper is available in 1 x 1 cycle, 1 x 2 cycle, 
2 X 1 cycle, 2 x 2 cycle—usually up to 5 x 5 cycle. Again, special paper 
can be obtained having any reasonable number of cycles vertically and/or 
horizontally. Figure 8-12 shows an example of 3 x 3 cycle paper. 


(10.3) Electronic Applications of Logarithmic Graph Paper 


Logarithmic graph paper is almost indispensible in the electronics industry. 
It is used, for example, to show the frequency response of amplifiers, phono- 
graph pickups, loudspeakers, signal generators, filters, and so on. 
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FIGURE 8-12. 3 x 3 cycle full logarithmic graph paper. 


EXAMPLE 1. Figure 8-13 shows an example of the use of semilog graph 
paper. The response of a high-quality audio amplifier is plotted versus 
frequency. Since the nominal output of the amplifier in question is 20 W, 
this value has been chosen as reference (zero decibels). Notice that the 
response of the amplifier is down 3 dB at approximately 20 Hz, and also at 
30 kHz. Elsewhere, within the confines of this range, the response is 
essentially “flat.” Since human hearing lies in the range 30 to 15,000 Hz 
(approximately), the frequency response of the amplifier is very good. Notice 
that we were able to graph the full response (well over the range of human 
hearing) with only 4-cycle paper. 

Logarithmic scales are used in many of the charts and nomograms found 
in electronics handbooks and literature. The next example shows how 


10 100 1000 10,000 100,000 
f (Hz) 


FIGURE 8-13. The frequency response of a high-fidelity amplifier. 
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loglog graph paper may be used to construct a simple chart, which is used 
to determine capacitive reactance. 


EXAMPLE 2. Consider the formula for capacitive reactance, X, = 1/wC. 
Taking logarithms of each side of this equation yields: 


log X, = log = log 1 — log aC = —log w — log C. 


The resulting equation has the form v= —u-+ K, where v = log Xj, 
u = log w, and K = —log C (a constant). Since this equation is linear, the 
locus of X; = 1/@C, when plotted on loglog paper, is a straight line with a 
negative slope. 

Representative values of X,, in the frequency range 10 to 100,000 Hz, for 
C= 0.001 nF, C = 0.01 pF, and C = 0.1 wF are shown in the following table: 


Reactance (X¢) Frequency 
C = 0.001 0:01 C= 01 
15.9 MQ 1.59 MQ 159 kQ 10 Hz 
1.59 MO 159 kQ 15.9 kO 100 Hz 
159 kQ 15.9 kO 1.59 kQ 1000 Hz 
15.9 kQ 1.59 kQ 159 0 10 kHz 
1.59 kQ 159 QO 15.90 100 kHz 


10 100 1000 10,000 100,000 
f (Hz) 


FIGURE 8-14. A reactance vs. frequency chart. 
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These values enable us to plot the straight-line loci shown in Fig. 8-14. The 
completed chart allows us to determine approximately the reactance of 
0.001, 0.01, and 0.1 uF capacitors, for frequencies between 10 and 100,000 
Hz. 


Exercises 8-10 


Use suitable logarithmic paper to plot the graphs of the following equations. 


Ve yi, Soy) 
pA ILE 6 y= x*. 
3a a Tey = ace 
Gay at So y= a 


9. The power output from a public address amplifier varies with frequency, as 
follows: 


Power Frequency Power Frequency 
10 W 50 Hz 15 W 2000 Hz 
12 100 15 4000 

14 200 13 8000 
14.5 400 11 12,000 

LS 800 9 16,000 


Plot the frequency response curve of the amplifier. 


10. The table shows how the total harmonic distortion of an amplifier varies with 
frequency. Plot the curve. 


Distortion Frequency Distortion Frequency 
3 30 Hz 0.25% 2000 Hz 
gf 50 02577 4000 
Li, 100 0.4% 8000 
Oi; 200 0.8% 12,000 
0.4% 400 50/4 16,000 
0.3% 800 Deis 20,000 


11. Construct a chart giving power in terms of current, for a range of 0.001 A to 
1.0 A, for resistance values of 10, 20, and 50 Q. 


12. Construct a chart giving power in terms of voltage, for a range of 1 V to 100 V, 
for resistance values of 1000, 2000, and 5000 Q. 
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13. Using logarithmic graph paper, plot a graph showing the variation of frequency 
with the LC product in the resonance formula f = 1/22,/LC, for values of LC 
between > 10-/° and 1 x 107", 


11. The Irrational Number e 


In scientific work, we are often vitally concerned with the rate of growth or of 
decay of some quantity—the rate of growth, or decay, being proportional 
to the instantaneous value of the varying quantity. Examples from science 
of this kind of variation are: the growth of certain organisms by cell division 
(biology), the decay in activity of radioactive substances such as radium 
(physics), and the behavior of voltage and current in electrical circuits. The 
last is of immediate interest to us. 

When we attempt to analyze this kind of growth mathematically, we in- 
variably find that the expression 


limit (1 + x)!/* 
L——>0, 


is one factor in the equation describing the variation. In Chapter 11, we will 
show that this expression (technically called a limit, since x approaches zero) 
is equal to the irrational number 2.71828 ---, and is denoted by the symbol, 
é. 

Since e evolves naturally in growth problems of all kinds, we use equa- 
tions of the form y = e*, and its inverse, x= log, y, to describe such 
phenomena. 

The equation y = e* can be written in the alternate form y = exp (x). 
This kind of notation is used when the exponent is lengthy. For instance, 
we can write the equation 


y = 23e(1+22) 


in the more compact form, y = 23 exp (1 + 2x). 

The equation, y = log, x, is usually written in the abbreviated form, 
y = In x, where the notation /n is used to inform us that the natural number, 
e, is used as base. We shall adopt this procedure in this text. 


12. Napierian Logarithms 
In certain electrical problems, it is often necessary to find the Napierian 


(natural) logarithms of real numbers greater than zero. This may be done by 
referring to tables (see Appendix C), or by using the slide rule. 
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(12.1) Tables of Napierian Logarithms 


To find the Napierian logarithm of a positive number, we use tables and the 
usual rules of logarithms, along with the following additional rule which 
relates common and Napierian logarithms: 


In 10 = 2.30259. (8-27) 
The following examples will show the method. 


EXAMPLE 1. Let us find In 5.54. This may be found directly from the tables 
in Appendix C, since these tables cover the numbers 1 to 10.09. We find 
In 5.54 = 1.71199, where 1 is the characteristic and .71199, the mantissa. 


EXAMPLE 2. Let us find In 5540. Before referring to the table, we must 
perform the following operations: 


In 5540 = In (5.54 x 10%) = In 5.54 + 3 In 10. 


Since we already know In 5.54 from Example 1, we can proceed, making 
application of Eq. (8-27) to handle the term, 3 In 10: 


In 5540 = 1.71199 + 3(2.30259) = 8.61976. 
The mantissa in this answer (.61976) differs from that of Example 1. Why? 


EXAMPLE 3. Find In 0.00554. 


Solution. 


In 0.00554 = In (5.54 x 10-8) = In 5.54 — 3 In 10 
= 1.71199 — 3(2.30259) = —5.19578 = 6.80422. 


Again, the mantissa differs from those of the preceding examples. Why? 


To find Napierian antilogarithms, we reverse the procedure discussed above. 


EXAMPLE 4. Find aln 2.02022. Since 0 < 2.02022 < 2.31154 (the limits of 
the table), we can find the desired number directly. Thus, aln 2.02022 = 7.54. 


EXAMPLE 5. Find aln 5.482. Reversing the procedure of finding a natural 
logarithm, we have: 


aln 5.482 = aln [.87682 + 2(2.30259)] = (aln .87682)(aln 4.60518) 
= (2.403)(100) = 240.3. 
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EXAMPLE 6. Find aln 3.102. 


Solution. 


aln 3.102 = aln (—3 + .102) = aln —2.898 


aln 1.70718 _ 5.513 _ 9 95513. 


= aln (1.70718 — 4.60518) = sn 4.60518 = 100 


Notice again how the procedure has been reversed in order to find the natu- 
ral antilogarithm. 


(12.2) Use of the Slide Rule 


An engineering slide rule may be used to find natural logarithms directly. 
However, any slide rule capable of yielding a common logarithm may be 
used to find natural logarithms provided we follow this procedure: (1) we 
find the common logarithm of the given number, and (2) we multiply the 
result by In 10 = 2.3. 


EXAMPLE 7. Find In 6840, with slide rule accuracy. 
Solution. We find: 


log 6840 = 3.835 
and 
In 6840 = 3.835" x 2.3: = 8.82. 


When we are asked to find a Napierian antilogarithm, using the slide 
rule, the procedure given can easily be reversed (see Examples 5, 6, and 7). 


Exercises 8-12 


Use tables to find: 


Le ings:8 8. aln 1.708 
2. In 60 9. aln 1.081 
Bein t1:2 10. aln 2.897 
4. In 5528 11. aln 3.45 

5. In 0.018 12. aln 5.4982 
6. In 0.001978 13. aln —4.834 
7. aln 2.605 


Sec. 8-12 NAPIERIAN LOGARITHMS / 277 


14. ‘Use a slide rule to check the “ballpark” accuracy of your answers to Questions 
1-13. 


13. The Equation: y = ae* 


We now turn to a discussion of equations having the general form, y = ae*, 
where x and y are variables, and a is a constant. Suppose we are given a 
numerical value for x and asked to determine the corresponding numerical 
value for y. We may approach the problem in several ways: 


(1) Often, the most convenient method is to refer to tables of exponential 
functions (see Appendix D). If the value of x falls within these tables, we may 
obtain the answer directly, or by interpolation. See Example 1. 


(2) We may take the common logarithm of e (0.43429), multiply it by x, 
and take the antilogarithm of the result. This result, when multiplied by a, 
is equal to y. See Example 2. 


(3) We may take the Napierian logarithm of each side of the equation, 
rearrange according to the rules of logarithms, and solve for y. See Example 
3. 


EXAMPLE 1. Evaluate the equation y = 5 exp (0.12). 
Solution. From tables, exp (0.12) = e®!2 = 1.1275. Then: 


y = 51.1275) = 5.6375. 


EXAMPLE 2. Repeat the question in Example 1, using common logarithms 
in the solution. 


Solution. Since log e = 0.43429, we have: 
log e®!? = (0.12)(0.43429) = 0.0521148. 
Then, 
alog 0.0521148 = 1.12758 
and 
y = 5(1.12758) = 5.6379, 
which compares closely with the answer obtained in Example 13 


EXAMPLE 3. Repeat the question in Example 1, using Napierian logarithms 
in the solution. 
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Solution. Since y = 5 exp (0.12), 
In y = In 5e*?? = In5 + 0.12 Ine = 1.60944 + 0.12 = 1.72944, 
from which 


y = aln 1.72944 = 5.6375. 


Sometimes, the exponent in the equation y = ae* is negative, and we then 
have the equation y = ae~*. We may evaluate y directly from tables 
(Appendix D), or indirectly, since 


EXAMPLE 4. Evaluate y in the equation y = 5 exp (—0.12). 


Solution. From tables: 
en’ 2 = 088692: 
hence, 


y = 5(0.88692) = 4.4346. 


Exercises 8-13 


Solve for y: 
1. y = 6e’. 
2. y = 25 exp (—0.8). 
3. y = 100e?-* + 100e-*+. 
Ate (en> > 28°) 2, 
Sey a2i(e™l2 — 6:12). 


Solve for x: 

6. 50 = exp (x — 1). 

eeXPAX i 2). 4. 

8. exp (x? — x — 2) = 1. 

9, exp (x? — 2) = exp (—x + 4). 
10. exp (x~*) = 4. 
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14. Electric Transients 


Webster’s dictionary defines the word “transient” as “passing away in 

time or ceasing to exist.” In particular, the definition of an “electric transient” 

is “a temporary or rapidly changing state or condition of an electrical 

system.” 

Consider the series RC circuit 

shown (Fig. 8-15). Obviously, no 

querer y| current can flow when the switch is 

Sule C open. Immediately after the switch is 

closed, a relatively heavy current flows 

R to charge the capacitor C (assuming 

that C is initially discharged). At the 

instant of switch closure, the current 

FIGURE 8-15. A series RC circuit. is limited only by the resistor, R, and 

is equal to E/R (Ohm’s law). After this 

instant, the current decays exponentially as the capacitor acquires a charge. 

When C becomes fully charged, current flow ceases, at which time the 

voltage drop across it is practically equal to the EMF. Figure 8-16 shows this 
transient condition. 


| 
m 


t(sec) —> 


(Switch ee t=0) 


FIGURE 8-16. The transient current in the circuit of Fig. 8-15 after 
switch closure. 


The exponential equation 


wa Ve, —t 
i= oe) exp RG (8-28) 


may be used to find the current at any time after the switch is closed. In the 
equation, i is the instantaneous current in amperes, E is the EMF in volts, 
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R is the resistance in ohms, C is the capacity in farads, and ¢ is the time in 
seconds, 
We define the time constant of an RC circuit by the equation 


ERG (8-29) 


where 7 (Greek letter taw) denotes the time constant in seconds, and R and 
C have the same meaning as before. This definition allows us to compare 
various RC circuits. Although all such circuits obey the law expressed by 
Eq. (8-28), the time required to complete the transient condition varies 
widely and is dependent on the value of the RC product. 


EXAMPLE 1. If R= 100kQ and C = 1 yF in the circuit of Fig. 8-15, what 
is the time constant? 


Solution. From Eq. (8-29): 
onl 1 Ox. ye 10S. 0,1 s: 


EXAMPLE 2. If Rand C have the same values as in Example 1, and E = 100 V, 
what is (a) the maximum possible current, and (5) the current at 0.1 s after 
the switch is closed? 


Solution. From Example 1, tr = 0.1 s. Then: 
(a) Because maximum current flows at t = 0s, from Eq. (8-28), 


WRT te aps ates 0 
ae Ron” Olle hac 100, 000\a ro 


(b) After an elapsed time of 0.1 s, 


E id 
oT = Ro? (1) ze (0.36788) = 367.88 
2008 (rae 


The important conclusion to be drawn from the results of Examples 1 and 
2 is this: In one time constant (in this instance, 0.1 s), the current decays 
approximately 63.2 percent from maximum (from 1000 to 368 wA in our 
example). This is universally true for all RC networks. Moreover, during 
the time represented by a second time constant, the current will decay 63.2 
percent of the remainder (in our case, from 368 to 136 wA, a decrease of 
232 wA). This continues until, at the end of five time constants (0.5 s in our 
example), the current falls to practically zero (see the result of the following 
example). 


EXAMPLE 3. Using the values given in Examples 1 and 2, compute the 
instantaneous current in the circuit five time constants after switch closure. 
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Solution. 


ee ane SRE ett 
= = exp (—5) = | (0.00674) = 6.74 yA. 


In Example 3, we found that the current at the end of five time constants 


Switch 


FIGURE 8-17. Aseries RL circuit. 


was less than one percent of the 
original current. For all practical 
purposes, the transient condition has 
passed. 

Let us turn our attention to the 
series RL circuit shown in Fig. 8-17. 
When the switch is open, no current 
flows. Immediately after switch 
closure, current flows, although at a 
very low level. The current is very 
small due to the influence of the 


counter EMF developed at the inductance L. As the counter EMF diminishes, 
the current rises exponentially toward its ultimate Ohm’s law value, E/R, as 


shown in Fig. 8-18. 


(Switch eee i= 0) 


t (sec) —> 


FIGURE 8-18. The transient current in the circuit of Fig. 8-17 after 


switch closure. 


The rise of the transient current in the circuit of Fig. 8-17 is given mathe- 


matically by the equation: 


R L 


(8-30) 


In Eq. (8-30), 7 is the instantaneous current in amperes, E is the EMF in volts, 
R is the circuit resistance in ohms, L the inductance in henries, and ¢ is time 


in seconds. 
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In an RL circuit, the time constant is defined by 


. ae (8-31) 


where 7 is the time constant in seconds, and L and R have the usual meanings. 


EXAMPLE 4. In the circuit of Fig. 8-17, let L—5H and R= 1000Q. 
Find the time constant of the combination. 


Solution. From Eq. (8-31): 
a 0.005:S. 


EXAMPLE 5. If the source shown in Fig. 8-17 is 100 V, and L and R have the 
same values as in Example 4, compute (a) the instantaneous current after 
the elapse of one time constant, and () the current after five time constants. 


Solution. 
(a) After one time constant (0.005 s): 


os eee ed 0.005) ee ee 
i=F 1 exp ( 1000 x 93°) | — Fa e-!) 


» 
E — 100 » 
_ zl — 0.36788) = 1000 X (0.63212) = 63.2 mA. 
(b) After five time constants (0.025 s): 
ARTO ib O.025 V7] Sn eiuria a 
he aL exp ( 1000 x 2) = £1 — 0.0067) ~ 99.3 mA. 


From the results of Example 5, we conclude: The transient current rises 
to about 63.2 percent of its final value (E/R) in the time corresponding to 
one time constant; after five time constants, the transient condition is 
practically over. 

Occasionally, we are called upon to solve either of Eqs. (8-28) or (8-30) 
for the time factor, t. The solution for t, in Eq. (8-28), proceeds as follows: 


i= ea ex se 
Raa RCs 
from which 
StS AR 
eR Gaal 


Taking logarithms: 
Fo =10(/8) 
BC E 
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and 
ORCI n. (8-32) 


The solution for ¢ in Eq. (8-30) is similar to that just completed and is left 
as an exercise for the reader. The result is: 


Dip eee i 
ee ee (8-33) 


EXAMPLE 6. Using the values given in Examples 4 and 5, compute the time 
at which the instantaneous current in the circuit of Fig. 8-17 is 50 mA. 


Solution. From Eq. (8-33): 


Pe 5 in( — 50 x 1073. x ae Moray 10-? In 


~ J000 100 2 
= —5 x 10-°(In 1 — In2) = —5 x 10-8(—0.69315) = 3.46575 
=~ 3.44ms: 


Exercises 8-14 


1. Find an expression giving the instantaneous voltage drop across C in the circuit 
of Fig. 8-15. Hint: Kirchhoff’s voltage law. 


2. Find an expression giving the instantaneous voltage drop across R in the circuit 
of Fig. 8-15. 


3. Plot the graphs of the equations obtained in Questions 1 and 2 for an interval 
of zero to five time constants. 


4. Find an expression giving the instantaneous voltage drop across L in the circuit 
of Fig. 8-17. 


5. Find an expression giving the instantaneous voltage drop across R in the circuit 
of Fig. 8-17. 


6. Plot the graphs of the equations obtained in Questions 4 and 5 for an interval 
of zero to five time constants. 


7. Derive Eq. (8-33). 


8. In the circuit of Fig. 8-15, let R = 2 MO, C = 5 pF, and E = 100 V. If Cis 
initially discharged, at what time will the current be equal to: (a) 40 wA, (6) 30 wA, 
(c) 20 wA, and (d) 10 nA? Find the voltage drop across C for each instance. 


9. In the circuit of Fig. 8-17, let R = 1000, L = 10 H, and E = 100 V. At what 
time will the current be equal to: (a) 0.2 A, (6) 0.4 A, (c) 0.6 A, and (d)0.8 A? Find 
the voltage drop across L for each instance. 
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15. Complex Numbers: Exponential Form 


In this section, we will show the remarkable relationship which exists 
between the number e, the trigonometric functions, and the imaginary number 
j. This relationship is expressed by Euler’s identity.f It is of fundamental 
importance generally, and is of particular importance to us, since it is the 
cornerstone of advanced electrical theory. 


(15.1) Three Important Series 


In practically any standard calculus text, the power series for sin x, cos x, 
and e* are developed.t Such a treatment is beyond the scope of this text, 
but there is no reason why we cannot accept and use these series. Thus: 


3 5 7 9 11 
Sea a sparse aot ail fs Cy) 
x? xt x® x8 x10 
PS 2 a Raber Wea gar (Te 20) 
2 3 4 5 
@=1+5+5+a+agtat (8-36) 


Let us note some of the characteristics of Eq. (8-34): 


(1) The signs of the terms alternate, +, —, +, —, ..., aS we progress to 
the right. 


(2) The terms, as we progress to the right, have the order 1, 3, 5, 7,9, 11, .... 


(3) el beecoe/ficients ol terms, in’ order, are 1/1! == 1, 1/3) = WGK 27 1), 
Lis ter (Sd 93 x2 al) a @ 


(4) Eq. (8-34) is an infinite series; this is indicated by the row of dots(...) 
placed at the end. By the term, infinite series, we mean a series with an 


infinite number of terms. 


(5) Only odd integers occur in the series for sin x; for this reason, sin x is 
called an odd function. 


Let us investigate Eq. (8-35): 


+ Leonard Euler: Swiss mathematician (1707-1783). 
{ For instance, see Douglass and Zeldin, Calculus, Prentice-Hall, Inc., Chapter XIII. 
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(1) Signs alternate, +,—,+,—,.... 
(2) The terms, in turn, have the order 0 (x° = 1), 2, 4, 6, 8, 10, .... 


(3) The coefficients; in’ order, are: 1/0) 319 1/21 0s a 
Via a) eee 


(4) Eq. (8-35) is an infinite series. 

(5) Only even integers occur; hence, cos x is an even function. 
Finally, an inspection of Eq. (8-36) reveals: 

(1) All terms are positive. 

(2) The terms, in turn, have the order 0, 1, 2, 3, 4, 5, .... 


(3) The coefficients of the terms, in order, are 1/0!, 1/1!, 1/2!, 1/3!, 1/4!, 
iy/5.bc5 wee 


(4) The series is infinite. 


(15.2) Euler’s Identity 
Let us make the substitution j9 = x into Eq. (8-36). We get 


ot = 1 +50 + UO", UO? 1 GO | GOK, GO 


Since 7? = —1,j* = —j, j = 1, etc., we may simplify as follows: 
a Be ; 3? [Ori Nals aos 
ESN AE sete gy tart Sr eceusn 


Ge? G4 Gs : Gs 6° GF 
=a tara Fe) eS ee 


Compare the sum of terms in the left-hand parentheses to Eq. (8-35). This 
is nothing more than the series expansion for cos 6. Moreover, the sum of 
terms in the right-hand parentheses represents the series expansion for sin 0. 
Thus, this expression can be written in the simplified form: 

e?” = cosé+jsin 6. (8-37) 

If we substitute —6 for 6 in Eq. (8-37), we have 


e-© = cos 6 — jsin 6. (8-38) 
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Equations (8-37) and (8-38) are called the Euler identities. In them, we 
have two beautifully simple expressions which relate e, 7, and the sine and 
cosine functions. 


(15.3) Complex Numbers 


In Chapter 7, we expressed the complex number z in terms of its rectangular 
coordinates, by the equation 


z=|z|(cos@ + sin 6). 
Therefore, from Eq. (8-37): 
z= |z\ 6%, (8-39) 


It follows, then, that we may express the complex number z in three different 
ways: 


Bi jp = |7 (20, = [2 7 (8-40) 


Equation (8-40) shows z in rectangular form, in polar form, and in exponential 
form. 

Since current, voltage, impedance, and admittance are complex quantities, 
we may express each in exponential notation: 


tlie, (8-41) 
E =|Ele*, (8-42) 
Z =|Z\|e”, (8-43) 
| le (8-44) 


In each of Eqs. (8-37) through (8-44), 6 is always given in radians, never 
in degrees. 


(15.4) Multiplication and Division of Complex 
Numbers in the Exponential Form 


Complex numbers written in the exponential form may be readily multiplied 
and divided, as follows: 


(1) Multiplication: 


(| A| e”)(| B| e%*) = | AB| e? 2? = | AB] e'9+3¢) — | AB] ef), 
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(2) Division: 


4ler) _|4 
(Ble) |B 


a Bes A 
J8 p-id — 
ead 4 


e(J8-5b) — vA ei(O-b)_ 
B 


EXAMPLE 1. If T=2+ j2A and Z = 100 — 7173.2 Q, find the voltage, 
E, in exponential form. 


Solution. 
I= 2 + j2 =|2.828| 7 45° = |2.828 |e" A, 
and 
Z = 100 — 7173.2 = | 200) 7 —60° =| 200) e577? ©: 
Therefore, 
We 1228286" <1 200 es 
= (565.6 | e552 565.6 e os ave 


EXAMPLE 2. If I= 5.196 +73 A and Y = 0.01 + 70.01 mhos, find E in 
exponential form. 


Solution. 


I = 5.196 + j3 =|6| 230° = |6|e*/* A, 


and 

Y = 0.01 + 0.01 =|0.01414] / 45° = |0.01414| e/ mhos. 
Then, 

E ee = |6| e*/5 = 0.01414 | e*/4 


= |424.3|e!*/® e574 — | 424.3] e712 V, 


(15.5) Applications of the Exponential Form 


Computations, such as those shown in Examples 1 and 2, are not the chief 
application of the exponential form. The polar form is usually the most 
convenient for the operations of multiplication and division of complex 
numbers. 

Let us express the function cos in terms of exponents. Adding Eqs. 
(8-37) and (8-38) yields 


ef 1. e-# — 2cos 6 


or 
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i0 —j0 
eon ies as. (8-45) 


Taking the difference of Eqs. (8-37) and (8-38) results in 
ei? _ ei == 2) Sit 0, 
from which 


f pe eas 
sin? = apes (8-46) 

Equations (8-45) and (8-46) give us a clue to the applications of the 
exponential form; using them, we may express any sinusoid in terms of ex- 
ponentials. Further, we may state any complex recurrent waveform in terms 
of a sum of sine and cosine functions. We call such an expression a Fouriert 
series, and the analysis of such a waveform, harmonic analysis. This form of 
the Fourier series is trigonometric; a more useful form is the exponential 
Fourier series, the link between the two being Eqs. (8-45) and (8-46). 

It is then one short step to the analysis of a nonrecurrent waveform by 
means of the Fourier integral. This notion leads to the Fourier and Laplace 
transform methods.+ 

The latter method allows us to solve differential equations (see Chapter 11) 
by transforming the original equations to algebraic form, where the usual 
rules of algebra apply. The advantage, here, is that it is easier to solve alge- 
braic equations than the original differential equations. 

Each of the methods mentioned depends on the idea we have developed 
in this section. Although the methods are advanced in nature, and thus 
considerably beyond this text, it is hoped that this brief outline will excite 
the curiosity of the reader and that he will go on to study texts dealing with 
these topics. 


Exercises 8-15 


Perform the indicated operations: 


1. (a) |5| exp (jz/3) + |10| exp (z/4) 
(b) |20| exp (—jz/3) + |40| exp (—jz/5) 
(c) |100| exp (—jz/3) + |100| exp (jz/4) 
(d) |80|exp (jz/2) + |90|exp (jz/10) 


+ Jacques Fourier: French mathematician and physicist (1768-1830). 


+ Named after Pierre Simon, Marquis de Laplace, a French mathematician who did 
pioneer work in this area. 
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2. (a) | 10| exp (jx/5) — |5| exp (jz/5) 
(6) |20|exp (jz/4) — | 10] exp (—jz/4) 
(c) |5.2| exp (jx/3) — |10.4|exp (—jx/5) 
(d) | 104| exp (jx/2) — | 208| exp (—jz) 


3. (a) |5| exp (jz/3) x |10| exp (jz/5) 
(6) |20| exp (jz/2.2) x |10] exp (jz/1.1) 
(c) |500| exp (—jz/4) x |400| exp (—jz/8) 
(d) |104| exp (jz/4.4) x |15| exp (jz/5.4) 


4. (a) |100| exp (jz/2) = | 20| exp (jz/4) 
(b) |50| exp (j2x) = |100|exp (jz/2) 
(c) |108| exp (—jz/5) + |50| exp (—jz/6) 
(d) |22| exp (0.127) = | 18] exp (—j0.58z) 


5. If Z, =|100|exp (jz/6) and Z, = |50| exp (jz/5), find Z, + Zs. 


6. Find the total impedance if Z, and Z, given in Question 5 are connected in parallel. 


Review Exercises 


1. A VITVM (vacuum-tube voltmeter) is calibrated in decibels, as well as in volts. 
At —2 dB on the dB scale, the voltage read on the 0 — 50 volt scale is 20.5 V. 
When the meter reads +5 dB, what is the indication on the 0 — 50 volt scale? 


2. The hum-level rating of a high-fidelity amplifier is 80 db below full output, which 
is 35 W. The amplifier is used to drive an 8-Q, speaker. Find the power level due 
to hum at the speaker. What is the hum voltage at the speaker ? 


3. The empirical formula used to find the capacitance of a capacitor is: 


where k is the dielectric constant, A is the area of one plate in square inches, and 
d is the thickness of the dielectric in inches. Using suitable logarithmic paper, 
develop a chart showing capacity versus area over a range of 1 to 100 square inches, 
for dielectric constants of 1, 10, 100, and 1000. Assume that d remains constant 
at 0.01 inches. 


4. Find an expression for the instantaneous power in the capacitor in the circuit 
of Fig. 8-15. 


5. Plot the equation obtained in Question 4 for an interval of zero to five time 
constants. 


6. Find an expression for the instantaneous power in the resistor in the circuit of 
Fig. 8-15. 


7. Plot the equation obtained in Question 6 for an interval of zero to five time 
constants. 


8. Find an expression for the instantaneous power in the inductor in the circuit 
of Fig. 8-17. 
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9. Plot the equation obtained in Question 8 for an interval of zero to five time 
constants. 


10. Find an expression for the instantaneous power in the resistor in the circuit 
of Fig. 8-17. 


11. Plot the equation obtained in Question 10 for an interval of zero to five time 
constants. 


12. Use Eq. (8-34) to determine the value of sin 40°, accurate to three figures. 
How many terms of the series were needed to obtain this accuracy? 


13. Use Eq. (8-35) to determine the value of cos 40°, accurate to three figures. 
How many terms of the series were needed to obtain this accuracy? 


14. Find the value of tan 40°, accurate to three figures. 


15. Find e, e?, and e’, accurate to three places, using Eq. (8-36). How many terms 
of the series were needed to obtain this accuracy? How does this compare with 
Questions 12 and 13? 


16. The voltage in a circuit is given by v = 100 sin wf. Express this equation in the 
exponential form. 


17. The current in the circuit of Question 16 is given by i = 5 cos otf. Express this 
equation in exponential form. 


18. Find an expression for the instantaneous power, in exponential form, for the 
circuit mentioned in Questions 16 and 17. 


19. Find an expression for the instantaneous power in a purely resistive circuit. 
Give your answer in exponential form. 
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From the theory of networks, we have the 


following system of linear equations: 


V; = Zul, AF LZiol, a7 Zi3l; 
V, a Za K, = ZI, Wi Zo31; 
V; a Z31], te Z321, =e 2331; 


In this chapter, we shall show that systems 
of equations like these may be written in 


the matrix form: 


V; Li ee Lie Zhen els 

NAS IL ERA LANNE 

V; Thee wb bead hoa Na ks 
where the variables and constants are 
arranged in rows and columns, and the 


contents of any pair of brackets is called 


a matrix. 
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Introduction 


Matrix expressions are subject to many of the rules of ordinary algebra; 
they may be added, subtracted, multiplied, and inverted (inversion is analo- 
gous to ordinary division in algebra). 

Besides being useful in solving various electronic problems, it is essential 
that the technologist have a working knowledge of matrix algebra, since 
matrix notation is popular in many modern texts and periodicals. Without 
this knowledge, the engineer or technician would find it impossible to read 
such material. 


v7 The Matrix 


A matrix is a rectangular array of elements arranged in rows and columns 
and placed within a pair of brackets.t For example, 


jit Ghig FO bin 
Qo; Age ++ Aon 

[4] =] * (9-1) 
Lami aAm2 a> gi ann 


represents a matrix having m rows and n columns; it contains m times n 
elements, and is of order {m, n}. It should be noted: the number of rows 
need not equal the number of columns, although this may be the case for some 
matrices (plural of matrix). An alternative method of writing Eq. (9-1) is 


[A] = [ai]. (9-2) 


+ Different notation from that shown in Eq. (9-1) is sometimes used: 


Qj, Ayo <*** Ain Aye io ain 

Aq, Go, *** Gon Ay, Gog *** Aon 
(A) =| ° i ; or ||A||= 

Ani Qme °*** Amn Api) Gn 22> ann 


Also, script letters are occasionally used to denote a matrix: 
& =[A]= (4) =|/All, 
B =[B] = (B) =|| Bll, 


cic 
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where the subscript 7 represents row and j, column. a,,; is the general element; 
it occupies the ith row and the jth column of the matrix. 
In general, matrices may be of any order. For instance 


ay 

ial 2253 
(GEA We lait 1 
3 


is a column matrix of order {3, 1}; 


i=l 


[a1; Qyp 13] = lass] 1203 


is a row matrix of order {1, 3}; and 


is a square matrix of order {2, 2}. 

A matrix can be regarded as a mathematical “showcase” wherein we dis- 
play an array of numbers. The numbers, for example, may correspond to 
the variables or constants from a system of linear equations. 

If a matrix, of any order, has all elements a;; equal to zero, the result is 
the null (or zero) matrix. It is analogous to zero (0) in ordinary algebra. 
We shall use the symbol [0] to denote the null matrix: 


OPOr =. 0] 
yr eae 

Okrig odl sharin 94: x3) 
0_ 


When all elements on the principal diagonal (upper left to lower right) 
of a matrix are equal to one (1), and all elements off the principal diagonal 
equal to zero, the result is the unit matrix. It is analogous to one (1) in ordi- 
nary algebra. The unit matrix is denoted by the symbol [U].t Symbolically: 


rat O ate 0 | 
(hoe Dh Quel Bete iG) 
or i= j 
[UI] = a, | a eee ne (9-4) 
O for, 147 Vee | aes 
[rae Lea Valarie 


+ In mathematics, the notation [/] (identity) or [E] (German “Einheit”) is commonly used 
to denote the unit matrix. We shall avoid this usage, reserving the symbol [/] for the current 
matrix, and [E] for the voltage matrix. 
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Note: [U] may be of any order but is, of necessity, square, i.e., m= 7 in 
all cases. 


EXAMPLE. The unit matrix of order {4, 4} is written: 


1g 0).0 
Ouse 0, 0 
y= 
Oex0 cs Lak) 
OeR0s 8 Osa 


Two matrices, say [A] and [B], are equal if, and only if: 


(1) The matrices are of the same order, and 
(2) The corresponding elements of each matrix are equal. 
Thus, [A] = [B] if, and only if, 
fre 2 oe 
[a:5] a [ssl 1, 2: 3, Saft n y (9-5) 


2. The Sum and Difference of Matrices 


Two matrices, [A] and [B], which must be of the same order, may be added 
to yield a third matrix [C],.if the corresponding elements of [A] are added 
to [B]. Thus, if 


[ Qi ioe estas Ain | Poa Oe ean el 
Qo, Goo *** Gon Dy. (OR) Senne 1D. 
[A] = and [B]= 
| Ami Ame argu Ann | MO Das Dongil 
are added together, we have [A] + [B] = [C], where 
(yy 2 Bi) Gia BID) Ha > (Giner Bin) 
(ey + Dos)? (Gon + Das) >> “(an + Dan) 
[C] —= . . . 
mat ae Dit) (Ans = Dns) ohne (ane =f Dina) 
Cee Coe eC 
Cor Cop *°* Con 
— (9-6) 
Cm Cme ey Cmn 
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Similarly, we may show that the difference [A] — [B], where the matrices 
must be of the same order, yields a new matrix, [D], when corresponding 
elements of [B] are subtracted from [A]. Symbolically: 


[A] — [B] = [D], 
where 
(a1, — 541) (Ai. — Dy.) (Gin — Dyn) 
(Ao, = by,) Cl boo) (Gon — bon) 
[Dl=| | 
(Gini — Dini) (Ans c Dine) (Qinn re bas) 
di; di. din 
ai yy ds. 
== . . . (9-7) 
din ding de 
EXAMPLE 1. 
E 3|+ —| 2 | rrsheaegl al 1 6 
(het OQ) Oat) 1 Oa Oem (me 
EXAMPLE 2. 
23 QO —9 4 —45 12 
1 2 —8;+1)15 —6 0 
0 —6 4 4 2 1 
23 + 4 0O—45 —9+4 12 27 —45 3 
—i 1 We oa hs 2—6 —8+0 |=] 16 —4 —8 
0+4 -6+42 Atel 4° —4 5 
EXAMPLE 3. 
Bi ; —] 2 2 —(—1) 4a 3 2 
[ES ie Co ae EG) Cup Gelb =i! 
EXAMPLE 4. 
4 6 3229 4 32 6 —9 —28 —3 
3 ON en 4 8|=|3—4 0o—8|/=]|] —1 =8 
4 —7 —9 8 41.9 ~—7 = 8 | 13 —15 
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ae Product of Scalar and Matrix 


A matrix may be multiplied by a scalar, say k, if each element of the matrix 
is multiplied in turn by k. Symbolically, 


te fh 
KA] = [kasd 


Dasa, 
2a eeeen 


(9-8) 


Conversely, a scalar may be factored from a matrix by reversing the above 


procedure. For example: 


ee ae) ze Ko 
kao, kagy Qo 
EXAMPLE 1. 
50 250 10 
5140) =| 200 |= 25) 8 
5 25 1 
EXAMPLE 2. 
1 Yin 4 
AUS? 2247) 5i|i== 32 
3 0 ibe 


Exercises 9-3 


Perform the indicated operations: 


hi Aa ean 
Argo. 9 —-9 2 4 


2. 25.6) 387 ay ss 0 
4 1 a aed eth yal 4 
lea) =-9 20 Ug 


—16 


| 


(9-9) 


20 


3. [56 45 109 56 543 98 
89 —9 —98|—| —7 —48 94 
eS ee Ome 2 —5 —87 32 


4.{5 78 450 654 167 
ey a5) -* —}| 45 


10 
58 93 
(Oro a=6 Qe 38a 65 


6. ey Y, 9 
78} 2 4 Y) 
ron elf 
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Te —14 0 49 8. ae th) 


65 |e 4 eI 570} 56 92 
—19 9 10 ay), Sv 
Factor: 
9. ie 50 re 11. [27 —36 —63 
s) 110) OS 9 —45 54 
18 99 81 
10. | 8 1A | Pal BR Seas 
16 14 70 63 
4 —7 49 175 
Simplify: 
13. i} 33). #5) 5 Sie ASS 9 34S 
56,0 —9 76]-+ 43 1 9 O0|/—8 0 1 4\;+ 68}9 0 —8 
4 Om 4. —4 -6 8 4 8 —5 3 6 9 
14. 4 6 6 ah oS) Sy be Sn UL 5 
0.6 — 9, 4 — 5.4 
eS snags $ SJoodt § Sah 7g 
4. Product of Matrices 


The product of two matrices, [4] and [B], exists only if [A] has the same 
number of columns as [B] has rows. The resultant product, [AB], has as 
many rows as [A] and as many columns as [B]. If, for example, [A] is of order 
{2, 3}, and [B] is of order {3, 1}, the product exists and is of order {2,0 

Provided the foregoing rule is observed, we may multiply two matrices, 
[A] and [B], in the following manner: 


(1) The first element in the first row of [A] is multiplied by the jirst element in 
the first column of [B]. 


(2) The second element in the first row of [A] is multiplied by the second 
element in the first column of [B]. 


(3) The process is continued, multiplying elements in the first row of [A] 
by the corresponding elements in the first column of [B], until the row and 
column are exhausted. 


(4) The products found in steps 1, 2, and 3, are added. The result is an element 


of the product matrix which is placed in the first row and the Jirst column of 
that matrix. 
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(5) Elements in the first row of [A] and the second column of [B] (if it exists) 
are multiplied as described in steps 1, 2, and 3. The resultant products are 
added. The resulting sum is an element of the product matrix; it is placed 
in the first row and second column of that matrix. 


(6) Step 5 is repeated for as many columns as exist in [B]. The resulting 
elements are placed in the first row and corresponding column of the product 
matrix. This completes the first row of the product matrix. 


(7) Steps 1 through 6 are repeated for the second row of [A], beginning with 
the first element of that row and the first element in the first column of [8], 
as before. When the process described in steps 1 through 6 is exhausted, 
the second row of the product matrix is completed. 


(8) Step 7 is repeated for as many rows as exist in matrix [A]. The completed 
result is the product matrix [AB], which we may call [C]. 


Let us summarize steps 1 through 8: The product of two matrices, [A] 
and [B], is a third matrix, [C], wherein the element located in the ith row 
and the jth column is found by multiplying each element of the ith row of 
[A] by the corresponding element in the jth column of [B], and then summing 
the resulting products. Symbolically: 


$ b PN RACE ee RH (7 (9-10) 

Cj >= ik9K5 pe 

: rath ogee Saal PS pete Fak | 

where [A] has order {m, r}, [B] has order {r, n}, and [C] has order {m, n}.7 
The notation used in Eq. (9-10) is best illustrated by the diagram shown 

in Fig. 9-1. After careful study, it should be clear that Eq. (9-10) and Fig. 

9-1 contain exactly the same information. 


eT (> ee ee 
FIGURE 9-1. A schematic representation of the product of matrices. 


: : Qi; Aj Dis 
EXAMPLE 1. Multiply [A] and [B], if [4] = and 1B) = eae 
Az, Age 21 


t+ The symbol >) (sigma) is read “The summation of... .” 


Sec. 9-4 PRODUCT OF MATRICES / 299 


Solution. Following the rules of multiplication given, we have, 


ee Gu a ae a ial 


Qo, Age G3) A154, + Asbo, 
Notes: 


(1) The product of row 1 elements of [A] and column 1 elements of [B] is 
indicated by the encircled elements. The result is the first row (one element, 
in this case) of the product matrix [AB]. 


(2) [A] is of order {2, 2}; [B], {2, 1}; and [AB], {2, 1}. How does this agree 
with the general rule given in this section? 


(3) Does the product [BA] exist? If not, why? 


EXAMPLE 2. An example of the multiplication of two square matrices 
follows: 


; 3, ae el 7 bas +(=)4) «Oe De ae 

2573 an hy Oe) 2X-Y)+ C4 2) =e 
a ee Tien SAG) se io > a Ps 

(—4)+ (12) (—8)+(15)]} | 8 7 

EXAMPLE 3. Reverse the order of multiplication in Example 2: 

Ws fi F i, he Pe eee en. | 

EP EA (4)(1) + (5)(2) (4)(—)+OG) 
ie pes a0) ame (2) oe Ha > Be. i. 

7 | @+ a0” —4 405) |S 


Note carefully: The result is not the same as that of Example 2, even though 
the same matrices were multiplied in both cases. 


In general, matrix multiplication is noncommutative, i.e., [A][B] ~ [BIA]. 
This is illustrated by the results of Examples 2 and 3. However, there are 
exceptions to the rule, one of which is: 

[A][U] = [U][A] = [A]. (9-11) 


(See the results of the next example.) 
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EXAMPLE 4. 
Qi, Ayn Ay ay 
As, Qo G3||0 1 ad, +0+0 O0+a,+0 040+ a4; 


Q;,0> Ol OW 0 a3, 0 0--0-> a;, 


- oO 
I 


ess 09 O+a,.+0 0+0-+a4,; 


Q3,; G32 33 0 0 


& 
i) 

& 
re 

g 
bo 
wo 


43; 39 33 


G1 Ayn Ay3 Goer G.+0+0 a3;+0+4+0 


P00 
OMe OUE) O04 d,5 ds) — || 01d, 07-0 a2, 1-0 Ot a,, —- 0 
0 0 Q3; 39 33 0+-0-+ 4, 0-0-4, 0+ 0- a,, 


Qi Ayn Ay3 


| 


Qo, go Gy3 | 


Q3,; G3. G33 


Note: In this example we have proved Eq. (9-11) for {3, 3} order matrices. 
In general, this is true for the product of [A] and [U], of order {n, n}. 


It has been shown (see Examples 2 and 3) that the order of multiplication 
of matrices is important. When given [A][B], we say “[A] premultiplies 
[B], or [B] postmultiplies [A].” Conversely, if given [B][A], we say “[B] premul- 
tiplies [A], or [A] postmultiplies [B].” 


Exercises 9-4 


“BIE aaa 
2pm are <[ 8a 9 


male on i 6. [4 4 10 ‘| 
300 —100_} 0.02 E —4 . 3 


7. Reverse the order of multiplication of Question 5. 

8. Reverse the order of multiplication of Question 6. 

OF ie 2 —3)]{ 8 ‘be Ae Sitar e a3" 
4 -—5 ; 1 | 2 5 ; b; by 
7 —2 3 2 |—5 —4 T7jLe, cs | 

10-0829" “101 [Fx 12.[100 2000 —100]{ 0.1 0.2 

12 -—2\|| y 200 —50 1500/}|0.3 —0.3 
3 4 —4]Lz L400 —500 —300 | [0.4 0.5 
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13. [4 8 2 1 0 2 
Sape So — 1 2 33 
4 fe 1 AS Sato 


14. Reverse the order of multiplication in Question 13. 


15. Simplify: 


Ef} DP wah ZemSoaeAaies 4 —6 
1545 e252 SAE EO a FO eS 0 
LS SaaS tOne tee —5 4 2/10 1 Dy 
5) The Inverse Matrix 


As an experiment, let us find the product of the matrices: 


The result is 


ie ate 1 7. i | a2 ; i 

iT _ 1 el re URE] 

The product turns out to be the unit matrix. 
Now, let us reverse the order of multiplication: 


—# Atl 2] L-#+H w+) LO 1 
Again, our work has produced the unit matrix! 
Is there something special about these matrices, that they should produce 
the unit matrix, irrespective of the order of multiplication? The answer is 
“Yes.” Each matrix is the inverse of the other. 


In general, if given a matrix [A], we can find the inverse matrix [A]-', 
such that 


[4][4]-* = [4}"?[4] = [U]. (9-12) 


(Not all matrices have an inverse; there are certain restrictions which we shall 
discuss later.) 


(5.1) The Transpose, Determinant, and Adjoint of a Matrix 


Before we learn to invert a matrix, it is necessary to introduce several new 
ideas. 
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The transpose of a matrix, say [A], is obtained by exchanging row for 
column (or column for row). The transposed matrix is denoted by the symbol 
[A]’. For example, the transpose of 


Qi Ayn °° Ain G3, Ay, *°* Ani 
Qo, gp *°* Aon Ajo As. *** Ame 

is ; : ¢ ==)(Ale 
Ami Ane ND ade Ann LQin don ae &: Ann 


EXAMPLE |. If 


jb BAM 1 
LAV 4. 5086 1 then [A= 12 
bee) 3 


Nn 
oOo oOo ~4 


The determinant of a matrix (abbreviated, det [A] or |A]) exists only for 
square matrices. If det [A] = 0, the matrix is called singular. This is the case 
for all nonsquare matrices, and also for some square matrices. If, however, 
det [A] + 0, the matrix is nonsingular. For example, if 


bape [ a1 ae 


Las, Ago 
then 
Qi; Ars 
det [A] = |A| = = M11 Aq_ — Ay2Qo}. 
Qo, Ago 
EXAMPLE 2. If 
ib 0 | Rae 0 
fAje=1 1 8 1), then -det [4J=i1l 8 -—1)/=.=3: 
ay 1D 0 a | 0 


At this point, the reader should review the material on determinants in 
Chapter 4. 


The adjoint of a matrix (denoted, adj [A]) is obtained by: 


(1) Writing the transpose of the original matrix, and 


(2) Substituting into the transposed matrix the cofactor correspond- 
ing to each element in the matrix. 


We shall use a matrix of order {3, 3} to illustrate the foregoing procedure. 
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Given 
G11 Ayn Ay3 
[A] =] Go, op a3], 
A3,; Az. 33 


the transpose of which is 


Qi, Ag, G31 
[A]? = Qo As. Ase}, 


Q13 Ao3 33 


we may write the cofactors for each element as follows: 


A595 Ase 
A,, = cofactor of a,, = + , 
Ax3 33 
aad 
A,, = cofactor of a,, = — aes 
Qo3 33 
LCs 
Then, 
Ai Ay; As, 
adj[A] =| Aj. Aso Ase]. 
Aj3 Ags A33 


EXAMPLE 3. Find the adjoint of the matrix 


ie 
[A]=|2 1 Oe 
1a 3 


Solution. The transpose is: 


pedi 
RE 8 iain 
i Oes 


The cofactors of each element are: 


An = +|4 oe Ay = -| , \=-3 

Obs —1 3 

An = +| a= Ay = k i= 6 
mz lO ies 

Aus = +| |=4 Aus = —| ! |= -2 
a= lies —=1 0 


304 / MATRIX ALGEBRA 


Z a Dent = y > 41 a 
13 1 2 rob eee 1 > rae 
A33 = + ia, = —] 
33 7 1 1 oe _ 
Hence, 
Seo 1 
adj [A] = | —6 4 2). 
3 —1 —1 


(5.2) The Inverted Matrix 


When the determinant and adjoint of a nonsingular matrix are known, the 
inverse matrix may be easily found by using the relation, 


Eee ac Al, 2 
(le det [A] (9-13) 
EXAMPLE 4. Find the inverse of the matrix given in Example 3. 


Solution. We have the adjoint from Example 3, and must find the determi- 
nant of [A]: 


iesineest 
(ieee ie = =6 
ik Ohae) 


Then 
3/-—6 —5/—6 1/—6 
—6/—6 4/—6 —2/—6 
3/—6 —I1/—6 —1/—6 
—1/2 5/6 —1/6 
= 1 —2/3 133 
—1/2 1/6 1/6 


PAC Al oe 
eS det [A] 


Check. We may always check the accuracy of our work by using Eq. (9-12): 
—1/2 5/6 —1/6][1 1 OO 
1 —2/3 dy 3) (2a Oiler OO 2 

—1/2 1/6 1/6) ia 2 3 Ons O7 at 


+ Only nonsingular matrices can be inverted; the inverse of a singular matrix is not defined. 
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Matrices of order {2, 2} are easy to invert; those of order {3, 3}, not so easy; 
and those of {4, 4} and higher orders, difficult and laborious. The limit of 
paper-and-pencil work is about the fourth order. After this, the problem 
becomes better suited to the modern digital computer. 

A “short-cut” method, for second-order matrices only, is available: 


(1) In the given matrix, exchange the elements found in positions 
A,; and Ago. 


(2) Change the signs of the elements in positions a,, and dp). 
(3) Divide each element in the new matrix by det [A]. , 


EXAMPLE 5. Given: 


an 
=| | | 


we have: 


3 
adj [A] = E 


r= [7 
a af 


Exercises 9-5 


—|l 
, and) deti4]=7. 


Then: 


Find the inverse of each matrix. Check your answers. 


1.74 10 6.{8 2 4 
E Ee 0 1 4 
ie meee 
GEOL Tele? a) 
ie Zs Zz 70 j 
8 10 4 
3. [10 4 8. [ 0.1 2 4 
ie 5 03 ee 
0.4 iO 
4. fa b 9.[01 02 0.4 
E | f 0.3) 0:5 
0.6 0.2 0.4 
Selita 8 
8 0 1 
Pan Ee 
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6. Applications of Matrices 


We mentioned earlier (at the beginning of this chapter) that systems of 
equations like 


te SX, — 2X; 
V3 ho OX. 


may be placed in the matrix form: 


BS s E a ie (9-14) 


The validity of this move may be justified as follows: If we multiply the 
matrices on the right-hand side of the equation, we get 


1 one per 2X» 

Sealand Geb aeatenc ued 
which indicates the equality of the column matrices. Equating corresponding 
elements yields 


1 5X 2X5 
2 == aX] + BX. 


which are the original equations. 
Matrix algebra offers a truly elegant means of solving systems of linear 
equations. In Eq. (9-14), let 


eae eee ay: Fig ae ape 
|= [: ;|= fs | =ea 


Substitution of these equations into Eq. (9-14) gives 


[A] = [B][X]. (9-15) 
We have reduced the original system of equations to the simplified matrix 
form of Eq. (9-15). 


Our object is to solve for [X] and, eventually, for the unknowns x, and 
x,. If we multiply each side of Eq. (9-15) by [B]~', we have 


[B]"[4] = [B)"TBI[X] = [UX] = [X1. (9-16) 
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Equation (9-16) is the solution for [X]; it is equal to the product of [B]~’ 
and [A]. Accordingly, we must find [B]~’: 


t OT 
pra[t 4] 
HO PRE 


1 =2h4— a 


Then, 


sje AH 
Ne Sho 

[ 
S| 
Oo = 
ee 


from which 


Anda Gil Xs == wiichware: the 
solutions of the original equations. 


EXAMPLE 1. Solve for the currents J, 
and J, in the circuit of Fig. 9-2. 


Solution. The mesh equations for the 
circuit are: 


10 = 6/7, — 44 
FIGURE 9-2. Example 1. —5= —47,+ 9/,, 


the matrix form of which is 
A 2 6 —4|/ 7, 
Sy eer’ = CRE 
10 : 6 —4 : ; 
Het A [E] (voltage matrix), 4 i = [Z] (impedance matrix), 


vf 
and ee = [J] (current matrix). By substitution, we get [E] = [Z][/], which 


is Ohm’s law in matrix form! 
Let us solve for [J]: 
[Z)*[E) = (Z) (2) 7) = (0) 7) = 1, 


from which 


atest eetcval [atasests tO) Pe 84 al 
He =|" | 51 = [ozs 


and J, = 1.84 A, J, = 0.263 A. 
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EXAMPLE 2. Solve for voltages V, and Nieto ORCaNN2 


V, in the circuit of Fig. 9-3. 


Solution. The nodal equations for the 
circuit are: 


5 = 0.04V, — 0.03V, 
0 = —0.03V, + 0.05V,, FIGURE 9-3. Example 2. 


the matrix form of which is 
<1 Pie 0.04 —0.03] [V; 
Opi—0.03 0.05)" V, 
7) : 0.04 —0.03 : 
ILSt == |/}) (currentematrix); = [Y] (admittance 
0 —0.03 0.05 


VY, 

Vy 

[Y][V] which again is Ohm’s law in matrix form. 
Let us solve for [V]: 


matrix), and = [V] (voltage matrix). By substitution, we get [J] = 


[YL] = (Y) (YI) = (VV = 1/1, 
from which 

Percale cre) klar 2a 

Vise =| 200 ea ele eat 


endeva—221:3 V,V, = 136.4 V. 


Exercises 9-6 
1. Use matrix methods to solve the following problems: 
Questions 1, 2, 3, 7, and 8, Exercises 5-2. 


2. Use matrix methods to solve the following problems: 
Questions 4, 5, and 8, Exercises 5-3. 


3. Use matrix methods to solve the following problems: 
Questions 1, 4, 7, and 9, Exercises 7-9. 
Th An Electronic Application: The Phase-Shift Oscillator 


Figure 9-4 shows a schematic diagram of the phase-shift oscillator. Positive 
feedback from the plate to grid circuit of V,; is ensured by the phase-shift 
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FIGURE 9-4, Phase-shift oscillator. 


network comprising R,, R,, R;, C,, C,, and C;. The total phase shift around 
the circuit is 180° (from grid to plate of V,) plus 180° through the network. 
In. the usual’ case, R, = R, =k, = Rand C, =] CG —| Cee 

It is proposed to find a formula relating frequency, at which the phase 
shift through the network is 180°, to the values of R and C. If we ignore the 
loading effect of V, (usually negligible), our first step will be to redraw the 
phase-shift network (see Fig. 9-5). In Fig. 9-5, V,, represents the output 
signal from the plate circuit of V,; V,, the grid signal to V;; 4, 4, and J; 
are the mesh currents. 


FIGURE 9-5. Phase-shift network. 


The mesh equations for the network are: 


Vig = (R — jXoh a Ri, 
Qc — RI, OR= JX RE (9-17) 
0, REA OR SX 


from which we write 
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Vin Rey AG AR 
0 |}=|—R QR 1X.) 
0 0 ESR 


From Ohm’s law, V, = /,R; thus 


ae I,R 
Vin 3 I,(R — jX¢) tes IR 


dpb (9-18) 


(9-19) 


Equation (9-19) gives the ratio of V, to V;,; the phase angle, by definition, 


between these voltages is 180°. 


Let us solve for the currents /,, J,, and J,. Equation (9-18) may be written 


in the abbreviated form 
WAS IVA VEAP 

A solution for [J] is then given by 
EL AVA bea LAP 


where 
Pie 2 Za 
(An val aiva 
VE, a, Vb, 
Z\i= 12 22 32 
ez tz! Mz 
Lis Whs FER 
Zea, 


(9-20) 


(9-21) 


(9-22) 


In Eq. (9-22), Z:,. Zi, ... , Zs; are the cofactors of [Z]", and | Z| = det [Z]. 


Substitution of Eq. (9-22) into (9-21) yields 


a 4 FL, lb 
ji 11 21 31 Vin 
wie Z= Zi ele 
Lb, Vi ae 
(Ae 12 22 32 ) 9-23 
HEA PAR Ipane ba Ce 
Lb, VE Zz 
7. 413 23 33 0 
ah SWAN diPANIE Pal 
from which 
Ziv in 
A IZ 
_ | ZpVin -24 
iL =e Ws | 9 (9 ) 
LZiVin 
Is IZ] 
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and I ae LZiVinl| Z|; I, ae ZV nl |Z|, and I, = Zi3V in/| Z|. 
Substitution of these values into Eq. (9-19) yields: 


ve = |X | ° (9-25) 


We must now evaluate the cofactors Z,,, Zj., and Z,;: 


DiRa— sXe) ee 

sarees i @ on —jxy|T3R Re x8, 0-26) 
7a day 
—R O 

Zy=— ‘ = 2R? — jRXo, (9-27) 
att (les 


0 


——R 
Ze 
presses ap 


| = RE (9-28) 


Substitution of Eqs. (9-26), (9-27), and (9-28) into Eq. (9-25) results in: 


ae RE ae 
R3 
ee at PIE Dandy en St -29 
5R® — 5RX2, — joR*X, + JX3 O22) 


At this point, if we recall that the phase shift through the network is 180°, 
we can save ourselves some work. Since the angle is 180°, the sum of the 
imaginary values in the denominator of Eq. (9-29) must be zero. Then, 


—j6R*X, + jX4 =0 
~j6R°X_ = —jX4 


OR eX, 
or 
Mgaerd ba ) 
6R? = (— a)? 
and 
pede as 
ee 2x N/GeRGs 
since @, = 2zf,, where f, is the operating frequency of the phase-shift 
oscillator. 
8. Further Applications of Matrices 


Besides the examples given thus far, there are other important applications 
of matrices in electronics. In the next chapter we will discuss the mathematics 
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of two-port networks, during the course of which we shall make frequent 
use of matrix algebra. 


Review Exercises 


1. Find an expression for the frequency, in terms of R and C, at which the phase 
shift in the network (Fig. 9-6) is 180°. 


0 
iE 


R R R 
Input | ‘| 1 Output Input Output 
FIGURE 9-6. Question 1. FIGURE 9-7. Question 2. 


2. Find an expression for the frequency, in terms of R and L, at which the phase 
shift in the network (Fig. 9-7) is 180°. 


3. Find an expression for the frequency, in terms of R and L, at which the phase 
shift in the network (Fig. 9-8) is 180°. 


Input = L ik Output 


FIGURE 9-8. Question 3. FIGURE 9-9. Question 4. 


4. Find an expression for the frequency, in terms of R and C, at which the phase 
shift in the network (Fig. 9-9) is 180°. 


5. Use matrix algebra to find the amplitude of the mesh currents in the network 
shown in Fig. 9-10. 


2.2 wx2'2 22 22 
(~v) aes 12 > 1.2 —) 1.2 fap) 


FIGURE 9-10. Question 5. 


lOv 
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Many electronic circuits may be analyzed 
in terms of: 

(1) signal source (excitation), 

(2) transmission, and 

(3) load (response). 

The theory of two-port networks is essen- 
tially the study of the transmission of 
electrical energy (signal) between source 
and load. Many electronic devices can be 
considered as transmitters of electrical 
energy, some examples being: the vacuum 
tube, the transistor, transmission lines 
(both at power and at radio frequencies), 
and electrical delay lines. 

The two-port network, besides being of 
fundamental importance _ electronically 
speaking, offers us an opportunity to apply 
the matrix algebra discussed in Chapter 9. 
In this chapter, we will use matrix algebra 
extensively in order to (1) demonstrate its 
applicability to electrical theory, and (2) 
simplify the theory of two-port networks. 


MATHEMATICS OF 
10 TWO-PORT NETWORKS 


th The Black Box Concept 


A simple electrical circuit is shown‘in Fig. 10-1. A voltage source is connected 
to a load through an intermediate network consisting of Z, and Z,. These 
impedances are arranged in an L-configuration. That part of the circuit 
between terminal pairs 1, 1 and 2, 2, is called a two-port network; port | is 
the input (terminal pair 1, 1), and port 2, the output (terminal pair 2, 2).t 

Very often the values of the two-port network constants (Z, and Z,, in 
this case) are unknown. However, it is still possible to specify the performance 
of the network in terms of voltage and current. As an example, let us consider 
the circuit of Fig. 10-1. 


FIGURE 10-1. Voltage source coupled FIGURE 10-2. Measurement of voltage 
to a load through an L-network. and current in the circuit of Fig. 10-1. 


Voltmeters and ammeters have been connected into the circuit as shown 
(see Fig. 10-2). V, is the input voltage to the two-port network; it is, in fact, 
the terminal voltage of the source. V, is the output voltage from the net- 
work—it is also the load voltage. J, and J, are the input and output currents, 
respectively. 

Since the network constants are 
assumed to be unknown, we may 
generalize by placing the two-port 
network within a “black box” as es a5) 
shown in Fig. 10-3. (Black was prob- 
ably chosen to suggest mystery.) 

To be perfectly general, we assume FiGuRE 10-3. A generalized two-port 
that the input and output terminals network. Arrows point in the direction of 
of the black box cannot be distin-  *!ctton flow. 
guished; all we know is that the black 
box has two pairs of terminals. Thus we have no way of knowing the directions 
of J, and J,; arbitrarily, then, we allow them to have the directions shown 
in Fig. 10-3. Note also the assumed polarities of V, and V3. 


network 


+ The two-port network is also called the two-terminal-pair and, occasionally, the four- 
pole network, in some texts. 
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This leads to the black box concept, where the variables V,, V,, J,, and 
I, are allowed to characterize the network. We may then write functional 
equations, from which we obtain certain constants called parameters.t These 
parameters uniquely describe the network within the black box. 

Until now, we have used a specific network (the L-network shown in Figs. 
10-1 and 10-2)'as an example. It is not necessary to restrict ourselves to such 
simple networks. We may completely generalize by allowing the network 
contained in the black box to assume any configuration and any degree of 
complexity. We stipulate, however, that the elements comprising the net- 
work shall be /inear and bilateral. This includes the passive elements (induct- 
ance, capacitance, and resistance) and the active elements (voltage and cur- 
rent sources). 


2. Relationship of Variables 


A fundamental relationship exists 
between the variables V,, V,, J,, and 
I,. Consider the circuit shown in Fig. 
10-4. 

The calculated values of the varia- 
bles, for the conditions shown in Fig. 
10-4, are shown below: 


FIGURE 10-4. The current and voltage OLS 1, = 05258 


variables are related. Vie Riva i eos 


If the load resistor is changed to 5 Q, we have the following values: 


V,=4V, I, = 0.8 A, 
= TOV, T= 127A; 


Changing the load value, then, amounts to changing the values of the vari- 
ables V, and J,. Since these values change independently, they are the 
independent variables. V, and I, change as well; they are the dependent 
variables of the circuit. 

Next, let us allow the source voltage to change, say, to 20 V. The values 
of the variables under this condition are: 


V,=16V, I,=2A. 
Vo = 10 Vem eal cA 


{ In mathematics, when three variables are mutually involved, any one may be temporarily 
considered as a constant. The remaining variables then are expressed in terms of this 
parameter. 


316 / MATHEMATICS OF TWO-PORT NETWORKS 


In this case, V, and J, assume the independent role; they are the independent 
variables of the circuit. V, and J, now become the dependent variables. 

Clearly, the variables V,, V,, /,, and J, are interdependent. Which pair 
we choose as independent will depend upon the application; there are six 
possible combinations listed in Table 10-1. Each choice leads to a different 
set of network parameters, of which, only four will be discussed in this 
chapter. It should be clearly understood at the outset, that these parameters 
are closely related, since they arise from the same network. 


Table 10-1 
Independent variables Dependent variables 
hg I; Vi, V5 
Vi, V2 1Ep I, 
hh, Ve Ip, V, 
Vo, I; Vi, I, 
Vi; I, Vo, I; 
I, V, fq, Vo 


The combinations listed in Table 10-1 apply to any two-port network. 
We shall use them, throughout this chapter, to develop the various parameters 
associated with networks of this kind. 


3. The Impedance Parameters 


Let us choose J, and J, as the independent variables; V, and V, then become 
the dependent variables. In functional notation: 


Ve (1, 1,), 
i) ate 
V, = gh, fh). 
From Eq. (10-1), we may write the linear equations 
a Kil AGL, 
1 141 T AXof9 (10-2) 


Vy = Kl, ae Kyl, 


where K,,..., K, are constants of proportionality, the values of which we 


must find. 
Suppose that J, = 0 in Eqs. (10-2). Then, we have immediately 


Ve 
f, 


and pe 


oe 7 
1 


Similarly, if 7; = 0: 
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Ki Le ang. “Kypee Ui 
sunier I, 
The constants K,,..., K, are called impedance parameters since each has 


the dimension of impedance. Hence, we may rewrite Eqs. (10-2): 


Vy, = 2h, + Zee, 


(10-3) 
Vo = Zo1, + Zod, 
where Z,, = Ky, 212 = Kz, Z,, = K;, and Z,, = K,; In matrix forms Eqsueeees 
become: 


iS 2 i i |: (10-4) 
V, Zo1 Zoo) (Ls 

Let us briefly examine the subscript notation used in Eqs. (10-3) and 
(10-4). As well as assigning position in the matrix, the double subscript tells 
us how each of the impedance parameters is defined. For example: z,, 
= V,/I, with J, = 0; the subscript, 11, tells us that the parameter is the ratio 
of V, to J,. The lower-case z is standard notation for impedance parameters. 
Thus: z,, is an impedance parameter whose volt/ampere ratio is V,/J,; 
Z;. 18 an impedance parameter whose volt/ampere ratio is V,/J,; and so 
forth. 

Equations (10-3) are illustrated in Fig. 10-5. The sketch shows the equiva- 
lent circuit of a two-port network based on the impedance parameters. Each 
of Eqs. (10-3) is a mesh equation, based on Kirchhoff’s voltage law, repre- 
senting a series circuit. The input and output of the equivalent circuit cor- 
respond to the first and second of these equations, respectively. 


1 2 

+ + 

Z| 222 

Vj ee V2 

é. Zigto jana 2oil4 = 
1 2 
FIGURE 10-5. Equivalent circuit of a FIGURE 10-6. Measurement of z,, and 
two-port network based on impedance Zo. 
parameters. 


The parameters z,, and z,, may be evaluated empirically as follows: The 
two-port network output is open-circuited as in Fig. 10-6, whereupon J, 
becomes equal to zero. Substituting 7, = 0 into Eqs. (10-3) yields 


= (Bun om = (8) 
Za (+ Ae and 62... THe 
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In a similar fashion, with the input of the two-port network open-circuited, 
as in Fig. 10-7, J, = 0, and 


FIGURE 10-7. Measurement of z,. and 29». 


V V 
a0 la eaeAG ale 


Because of the method of measurement, the impedance parameters are 
often called open-circuit parameters. The following matrix summarizes the 
method of evaluation: 


ye a (output o-c) aes a (input o-c) 
jg I, 

Zo Es (output o-c) Zoey = = (input o-c) 
1 2 


The parameters z,, and z,. are called the open-circuit driving point im- 
pedances. Looking into terminal pair 1, 1 of a two-port network (with 
terminal pair 2, 2 open-circuited), we find an impedance equal to z,,. Simi- 
larly, when we look into terminal pair 2, 2 (with terminal pair 1, 1 open- 
circuited), we see an impedance equal to 2Z.». 

Parameters z,. and z,, are called the open-circuit transfer impedances: 
Z,. is the ratio of V, and J, with terminal pair 1, 1 open-circuited; conversely, 
z,, is the ratio of V, and J, with terminal pair 2, 2 open-circuited. If the 
network contains only passive, linear, and bilateral elements, the parameters 
Z,. and z., are equal. The proof of this statement is found in many standard 
texts on network theory.t 


EXAMPLE 1. The following measurements were made at the terminals of 
a two-port network: 


V,=10V VV 
V.=6 67 V.> with i,—.0 and V.=10V p with/, = 0. 
Jp == 01333 A ee, 2k 


Find the open-circuit parameters. 


+ For instance, see H. H. Skilling, Electrical Engineering Circuits, John Wiley & Sons, 
Inc., New York, 1957. 
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Solution. 


aaa = a 
<a (7)... = 7033 oe 
"4 *) 96:6 /e8 
2 ( 2 ee = OS 
a US Das abet Le 
zu = (72), = 793 = 202 
= 7) a0 
za = (52), _, =o03 = 400 


Note: The network must contain passive elements only, since Z,. = Zp. 


EXAMPLE 2. When a 20-Q load is connected to a 50-V source, through the 
network of Example 1, the measured input and output currents are 1.5 and 
0.5 A, respectively. Find V, and V,. What is the internal impedance of the 
source? The circuit is shown in Fig. 10-8. 


FIGURE 10-8. Circuit in Example 2. 


Solution. 
Vy = 21, + Ziel. = 3001.5) + 20( —0.5) = 35 V, 
Vg = Zod, + Zooly = 20(1.5) + 40(—0.5) = 10 V. 
Finally, 
ee EM Big a0 S ee 10 Q. 


Note: Notice the use of the negative sign with J,. This is done because the 
actual direction of J, is opposite to that assumed in Fig. 10-3. 


Exercises 10-3 


1. The following measurements were made at the terminals of a two-port network: 
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V;, =10V V, = 6.67 V 
Vo 0.67 V +i, =—- 0 and. V,— 10 V Las 
A= 0.667 A INAH 


Find the open-circuit parameters. 


2. The network of Question 1 is used to couple a 20-V source to a 10-Q, load. 
Find J, and J,, if V, = 5.5 V and V, = 2 V. What is the impedance of the source? 


3. The following measurements were made at the terminals of a two-port net- 
work: 


V, =20V V,=40V 
V, = 26.7V pl, =0 and V,=20V>ei, =0. 
I, =j3.33 A I, =j5A 


Find the open-circuit parameters. 


4. The network of Question 3 is used to couple a 50-V source to a load of j0.8 QO. 
Find V, and V,, if J, = 1 Aand J, = 2.5 A. What is the impedance of the source ? 


5. Find the impedance parameters of the network shown in Fig. 10-9. 


390 £2 820 2 
470 82 
FIGURE 10-9. Question S. FIGURE 10-10. Question 6. 


6. Find the impedance parameters of the network shown in Fig. 10-10. 


7. Find the impedance parameters of the network shown in Fig. 10-11. 


lO 22 I5 S lOO 2 I20 2 


[ S2 10 82 92 


FIGURE 10-11. Question 7. FIGURE 10-12. Question 8. 


8. Find the impedance parameters of the network shown in Fig. 10-12. 
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4. The Admittance Parameters 


The derivation of the admittance parameters of two-port networks parallels 
that discussed for the impedance parameters in Section 3. 

We choose V, and V, as independent variables; 7, and J, are dependent 
(see Table 10-1). We write: 


I, =f", V,) 


(10-5) 
I, = g(V;, V2), 
from which, 
TK ha 
1 pA PRED) (10-6) 
I, =e K3V, are K,V5. 
If i = 0, 
meth mel 
Ki V. andes. — ins 
Tre 0 
I I 
i ae tre and Resign 
The parameters K,,..., K, have the dimension of admittance since each 
is an ampere/volt ratio. The usual notation is: y,, = Ky, Vis = Ko, Yor = Ks, 
and y.. = K,. Thus, Eq. (10-6) may be rewritten as 
= Vn ea 
iL Vane Se ANAS: (10-7) 


Ty = YorVi + YooVo, 


Or 


if V. 
j = ie €| i (10-8) 

I, Yor Yoo Ve 
Figure 10-13 shows the equivalent circuit of a two-port network based 
on the admittance parameters. Both of Eqs. (10-7) are nodal equations; they 
may be written from Kirchhoff’s current law. Each equation describes a 


parallel circuit. The input and output of the equivalent circuit correspond 
to the first and second of these equations, respectively. 
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FIGURE 10-13. Equivalent circuit of a two-port network based on the 
admittance parameters. 


The parameters y,, and y,, can be evaluated empirically as tollows: 
The output of the two-port network is short-circuited (Fig. 10-14), whence 
V, = 0. Then, from Eqs (10-7) 


(Bane a = (B 
Vite (> br. and yo, = eee 


Short Short 
FIGURE 10-14. Measurement of y,, and FIGURE 10-15. Measurement of y,. and 
Joie 22. 


When the input is short-circuited (Fig. 10-15), V, = 0. Then, 


“(Baas =) 
Maes oe ( Mat and yo. = a) ee 


Because of the method of measurement, the admittance parameters are 
often called the short-circuit parameters. The following matrix summarizes 
the method of evaluation: 


X 
| 
DS om 


(output s-c) Vig = = (input s-c) 


I, : 
te a (output s-c) Voie = V, (input s-c) 


Parameters y,, and ys, are called the short-circuit driving point admittances. 


Looking into terminal pair 1, | (with terminal pair 2, 2 short-circuited) 
results in an admittance equal to y,,. Similarly, if we look into terminal pair 
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2, 2 (with terminal pair 1, 1 short-circuited), we see an admittance equal 
tO Voo. 

The parameters y,, and y,, are known as the short-circuit transfer admit- 
tances. Parameter ),, is defined as the ratio of J, to V,, with terminal pair 
1, 1 short-circuited. Conversely, y,, is defined as the ratio of J, to V,, with 
terminal pair 2, 2 short-circuited. If the network elements are passive, linear, 
and bilateral, y,. is equal to y.,, for the same reason that z,. = Zz», in this 
type of network. 


EXAMPLE 1. The following measurements were made at the terminals of a 
two-port network: 


Ve ON, Vie" OW. 
,=15A?; with V,=0 and 1,=0.5A> with V,=0, 
IF=051A T= OLA 


Find the short-circuit parameters of the network. 


Solution. 
ie (7 Es ae a = 0.15 mho, 
eS (F),., = oe = 0.05 mho, 
ye (H+), x = = 0.05 mho, 
Yen = (FE) = 7p = 0-1 mho. 


Note: The network contains passive elements only, since y,. = yo}. 


EXAMPLE 2. When a 20-Q load is connected to a 100-V source through the 
network of Example 1, the measured values of V, and V, are 50 and 16.67 Ni 
respectively. Find J, and J, (Fig. 10-16). What is the impedance of the source? 


Load= 
20 2 


FIGURE 10-16. Circuit in Example 2. 
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Solution. 
L, == VuV; -- VV == 0.15(50) + 0.05(— 16.67) —— 6.67 A, 
TL, = yaV, + Yo2V_ = 0.05(50) + 0.1(— 16.67) = 0.833 A. 
Finally, 


100 — 50 


heen = (EMF Tae Vi)/T, aS 66 ile 


ms UD Q. 


Note: Notice the negative sign used in connection with V,; compare this with 
Example 2, Section 3. 


Exercises 10-4 


1. The following measurements were made at the terminals of a two-port network: 


V,=10V V,=10V 
Pee SAV, = 0. and’) J, 1owwtesmeya 20) 
i SN To 005 5 


Find the short-circuit parameters. 


2. The network of Question 1 is used to couple a 15-V source to a 5.71-O, load. 
If V, = 8 Vand V, = 2 V, find J, and J,. What is the impedance of the source? 


3. The following measurements were made at the terminals of a two-port network: 


V,=10V V,=10V 
LL == 12 .5°A Vy = 0 and f, = —j2.5A V, = 0. 
ice G2j2155A T= 0 


Find the short-circuit parameters. 


4. The network of Question 3 is used to couple a 20-V source to a 4-Q load. If 
I, = 2.5 + 72.5 A, and J, = —j2.5 A, find V, and V,. What is the impedance of 
the source? 


5. Find the admittance parameters of the network shown (Fig. 10-17). 


lOO lO.Q 402 


20 2 


FIGURE 10-17. Question 5. FIGURE 10-18. Question 6. 
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6. Find the admittance parameters of the network shown (Fig. 10-18). 


7. Find the admittance parameters of the network shown (Fig. 10-19). 


50 
1000 2 
| | 402 
500 500 2 
| me | a big 
FIGURE 10-19. Question 7. FIGURE 10-20. Question 8. 


8. Find the admittance parameters of the network shown (Fig. 10-20). 


5. The Relations Between the Impedance and 
Admittance Parameters 


Clearly, the y and z parameters are related, since they originate from the same 
network. In view of the reciprocal nature of impedance and admittance, 
one is sorely tempted to write: 


Bart alee Zo9 = —>? Cte 


The analysis discussed hereafter will show that we have jumped to conclu- 
sions; the proposed “solutions” are, in fact, inequalities. 
As a first step in establishing the true relations between the y and z para- 
meters, let us solve Eqs. (10-3) for 7, and J, and Eqs. (10-7) for V, and V,. 
If we premultiply both sides of Eq. (10-4) by [z]-!, we obtain a solution 


for [J]: 
229 7129 
Fal ae dc 
7 21 Zi 
Bie are 
from which, 


Zz Zz 
Al 


L= “417, sania #1 Fa 
|z| £ 


(10-9) 
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The solution of Eqs. (10-7) for V, and V, proceeds in a similar manner; 
it is left as an exercise for the reader. The result is: 


Y= eae se nie 
10-10 
Vz= wa iyp “2 aye, 
ly| ly| 


Let us compare Eqs. (10-3) and (10-10). Both are solutions for V, and V, 
in terms of J, and J, and certain constants. Only the constants (coefficients) 
look different. Since the equations have the same form, we may equate the 
corresponding coefficients: 


(10-11) 
er 
Similarly, a comparison of Eqs. (10-7) and (10-9) gives us: 
Jat a yee nels 
(10-12) 
421 amy dh 
ye aE yo. = Bl 


The sets of Eq. (10-11) and (10-12) show the true relations between the im- 
pedance and admittance parameters. 

Two useful relations result from a consideration of Eqs. (10-11) and 
(10-12), namely: 


Sam : 
alia (10-13) 


and 
Z11Yi1 = 222 No0- (10-14) 


The proof of these equations is left to the reader. 


EXAMPLE 1. Convert the z parameters obtained in Example 1, Section 3, 
to the equivalent y parameters. 


Solution. From Eqs. (10-12): 


Byato med t0n. 
oe ae : , 


20 40 
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Yip = —2% = —0,025 mho, 


S00 


Yo = —2% = —0.025 mho, 


800 


Yoo = 3% = 0.0375 mho. 


Note: Notice the negative results for y,, and y.,. This occurs because of the 
current and voltage directions adopted (see Fig. 10-3). 


EXAMPLE 2. Refer to Example 2, Section 3. The calculated values for V, 
and V, are 35 V and 10 V, respectively. Using these values, and the admit- 
tance parameters found in Example 1, compute the values of J, and Jj. 


Solution. 


T, = ViVi, + YieV_. = (0.05)(35) + (—0.025)(10) = 1.5 A; 

Ty = YoY + YooVg = (—0.025)(35) + (0.0375)(10) = —0.5 A. 
Note: Compare these results to the current values assigned in Example 
2, Section 3. Note the negative current obtained for J,. The negative sign 


tells us that the actual current flows in a direction opposite to that assumed 
in Fig. 10-8. 


EXAMPLE 3. Convert the y parameters originally found in Example 1, Section 
4, to z parameters. 


Solution. From Eqs. (10-11): 


211 RE oa = p01 = 8% 
0.05 0.10 

212 = —qores = 40, 

rs) ee Cry ee) mS 

Zon = (te = 120 


EXAMPLE 4. Refer to Example 2, Section 4. The calculated values of J, and 
I, are 6.67 A and 0.833 A, respectively. Using these values, and the imped- 
ance parameters found in Example 3, compute the voltages V, and V,. 


Solution. 
Vi = 2, + Ziel, = (8)(6.67) + (—4)(0.833) = 50 V, 
Vo = Zod, + Zool, = (—4)(6.67) + (12)(0.833) = —16.67 V. 
Note: Compare these results to the voltage values given in Example 2, Section 


4. Notice the negative sign in connection with V,; this occurs because of the 
assumed direction of J, in Fig. 10-16. 


EXAMPLE 5. Equation (10-13) is useful in checking results. Substitution of 
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the values found for [y] (Example 1, Section 4) and [z] (Example 3) into this 
equation, will serve to check our work. Thus, 


ree ee 
ser ers 4 
ah Wy 


0.15 0.05 
O05. 820.10 


and 


EXAMPLE 6. Check the results of Example 1, Section 3 and Example | in this 
section, by substituting values obtained into Eq. (10-14). We get: 


Z11V11 = Z22Vo20 


and, after substitution, 
(30)(0.05) = (40)(0.0375), 
[y= 15) 
Exercises 10-5 


1. Find the z parameters for the network of Fig. 10-21. Convert the result to y 
parameters. Check your answers. 


20 2 302 


FIGURE 10-21. Question 1. FIGURE 10-22. Question 2. 


2. Find the y parameters for the network of Fig. 10-22. Convert the result to z 
parameters. Check your answers. 

3. Derive Eqs. (10-10). 

4. Prove Eq. (10-13). 

5. Prove Eq. (10-14). 


6. The Hybrid Parameters 


In practice, impedance and admittance parameters are sometimes difficult 
to measure accurately. Because of this, especially in transistor work, a third 
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type of parameter—the hybrid parameter—is used. The hybrid parameters 
of transistors are relatively easy to evaluate in the laboratory. As the name 
implies, the dimensions of these parameters are mixed (or hybrid). 

Let us choose J, and V, (see Table 10-1) as the independent variables; 
V, and J, are dependent. Then, 


V, =f, V,) 


(10-15) 
I, = gi, V2), 
from which 
V = KL KV. 
1 Le: + PEAT) (10-16) 


I, = Kyl, + KiV.. 


If Vs — 0, 
Kee and peel 
I, 1 
il a, 
Keele and Knees 
2 2 


Let-us substitute hj, = Ky, Ay, = Ko, he, = Ky, and hj, = Ageincemeee 
(10-16): 
V, = hyl, = hyVo, 


(10-17). 
I, = hy T, ai NyoVo. 


In matrix form: 


a <a ie a |: (10-18) 

I, hy, hoo Vy 

The parameters h,,,..., 4. may be measured as follows: The output 
of the two-port network is short- 


circuited (see Fig. 10-23), then V, = 0; 
is hence: 


and 


cin pa 
FIGURE 10-23. Measurement of h,, and ho,. lois (ae A 
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If the input is open-circuited (Fig. 
10-24), 7; = 0; therefore: 


and 


a ( Ty ) FIGURE 10-24. Measurement of /,, and 
Vodric0 hyp. 


Notice in particular: /,, is a volt/ampere ratio and thus has the dimension 
of impedance; h,, and h,, are voltage and current ratios, respectively, and 
are therefore pure numbers; and h,, is an ampere/volt ratio and has the 
dimension of admittance. It is easy to see how these parameters got their 
names; their dimensions are mixed (or hybrid). The following matrix sum- 
marizes the method of evaluation: 


V. 


fives (output s-c) ie a (input o-c) 
I, Vs 
I, Niele 

ie (output s-c) hy, = = (input o-c) 
Ty V, *, 


The equivalent circuit, corresponding to Eqs. (10-17), is shown in Fig. 
10-25. The first equation of the pair is a mesh equation; the second, a nodal 
equation. Thus, the equivalent circuit consists, at the input, of a voltage 
source in series with an impedance, /,,; at the output, by a current source 
shunted by an admittance, /y.. 


=<], 


FIGURE 10-25. Equivalent circuit of a two-port network based on the 
hybrid parameters. 


The hybrid parameters may be related to the impedance and admittance 


parameters. 
If we substitute the second of Eqs. (10-9) into the first of Eqs. (10-3), 
we get: 


Vi = 2yf, + Zin( Vi - a V.); 


| | 
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the solution of which, for V,, is: 


Van (217 Be (24) Ve (10-19) 


Z22 Zo9 


A comparison of Eq. (10-19) and the first of Eqs. (10-17) yields the follow- 
ing information: 


pppapeculitalhnre iy ey yporeercey. (10-20) 
Z99 


Z99 


When we substitute the first of Eqs. (10-3) into the second of Eqs. (10-9), 
we obtain: 


If = Tap uh a Z 112) =P mie 


the solution of which, for J, is: 
elon 1 
tb — a -— —— Vee (10-21) 
Z99 Z29 
A comparison of Eq. (10-21) and the second of Eqs. (10-17) yields: 
= ee 5g al . 
iP = os andufsa— ome (10-22) 


In a similar manner, we can show the remaining relations between the 
hybrid, the impedance, and the admittance parameters. These relations are 
summarized in Table 10-2. 


Table 10-2 
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Two transistor configurations, the common-base (CB) and the common- 
emitter (CE), are shown in Figs. 10-26 (a) and (b), respectively. Each can 
be considered as a two-port network under small-signal conditions.t Equa- 
tions (10-17) and (10-18) may be directly related to the diagrams if we adopt 
the more meaningful notation given below: 


<~<— le Ic —— Ic —_> 
i Yop 
i| ! 
(a) 


FIGURE 10-26. Two transistor configurations: (a) the CB; (b) the CE. 


For CB: For CE: 

7, 7, (emitter current) I, = i, (base current) 

I, = i, (collector current) J»=="1, (collector current) 

V, = v.» (emitter-base voltage) V, = v, (base-emitter voltage) 

V. = Ve (collector-base voltage) V. = Ve (collector-emitter voltage) 


Note: Lower-case letters are used to signify instantaneous, or signal, poten- 
tials and currents. 

After these changes in notation are made, the matrix equations for the 
CB and CE modes appear as follows: 


ée h h bs 
: J =| i e (omnGE) (10-23) 
I, Nore Moon | [Veo 
} Hae tise |. Ph 
ia a : ‘a (for CE) (10-24) 
l, Roie Nove Vee 


In Eqs. (10-23) and (10-24), we use the subscripts b and e to identify the 
common-base and common-emitter configurations, respectively. 

The common-base hybrid parameters /,,,,..., 422, are related to the 
common-emitter parameters /,,.,..., Ase, aS Shown in Table 10-3. 


+ Under small-signal conditions, the transistor behaves essentially as a Jinear device, and 
linear equations may be used to describe it. However, under /arge-signal conditions, the 
transistor no longer behaves linearly and linear equations cannot be used without the 
possibility of gross error. 
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Table 10-3 


CB to CE CE to CB 


~ Aol — Arey art hite aa | hel — Rise 
Mize = 1 + hgyy ny = 1 + hoje Inia» = 1 + hAgie 
Wet Tea ee ess he mo eliaie hoo, we —__li22¢ 
have = 1 + Aoiy Ihave = 1 + hop Sates IE 220 = Te Bate 


The hybrid parameters are used in the design of small-signal transistor 
amplifiers. When the two-port network (which represents the transistor) is 
driven by a signal source having an internal impedance, R,,,, and is provided 
with a load impedance, R,, (see Fig. 10-27), equations may be derived which 


FIGURE 10-27. A two-port network, based on the hybrid parameters, 
with load connected and driven by a signal source. 


give (1) the voltage gain, (2) the current gain, (3) the power gain, (4) the input 
impedance, and (5) the output impedance of the amplifier. These equations 
are given in Eqs. (10-25) to (10-29), inclusive. Their derivation is an interest- 
ing exercise in Ohm’s and Kirchhoff’s laws and is left to the reader (see 
Exercises 10-6). Formulas applicable to small-signal transistor amplifier 


design are: 
A, = Voltage gain = RESTS ; (10-25) 
A, = current gain = 1 Se: (10-26) 
A, = power gain = A,A,, (10-27) 
R; = input impedance = ee ; (10-28) 
R, = output impedance = eo : (10-29) 


Equations (10-25) to (10-29) may be used to predict the performance of 
either the CB, or the CE, amplifier. The appropriate hybrid parameters 


334 / MATHEMATICS OF TWO-PORT NETWORKS 


(h, or h.) must be used. If necessary, the formulas in Table 10-3 may be used 
to convert from one to the other. 


EXAMPLE 1. A transistor has the following parameters: 


hy, = 40 Q, 
Mics as 4 - 10-4, 
hiss ar —0.98, 


Nos, = 0:5 pmhos. 


Find the CE hybrid parameters. 
Solution. Using the formulas from Table 10-3, we find: 
ees 40 ye 
ste = T + (—0.98) — 


4.12 - 10-4 — 4 - 10-4 
hie oS ~ 6+ 10-4, 
Hemet (20,08) 
ee (0.98) = 


ate OSes 
ne = T + (—0.98) 


2000 Q, 


49, 
= 25 pwmhos. 


EXAMPLE 2. Using the parameters calculated in Example 1, compute the 
performance characteristics of a CE amplifier with a 5000-Q load, which is 
driven by a signal source having an impedance of 1000 ©. 


Solution. Using Eqs. (10-25) through (10-29), we have: 


He —49 - 5000 
° 2000 + 2.06 - 10-? - 5000 
= —116 (The negative sign indicates a phase reversal of 180°.) 
Wi a2 43.5 


5 0 Oatue BOOM 


A, = (—116)(43.5) = —5000 (The negative sign arises because 
of the current and voltage conventions chosen; it may be ignored 
in this calculation.) 


The power gain may also be given in decibels: 
A, = 10 log 5000 = 37 db 


_ 2000 + 2.06 - 10-? - 5000 _ 
se epemai15)10 5 S000 
2000 + 1000 


Ro = 906-10? + 25 - 10%» 1000 


— 66,000 ©. 
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Exercises 10-6 


1. Derive the equations which relate the hybrid and admittance parameters. Use 
Table 10-2 to check your work. 


2. Derive Eq. (10-25). Hint: Voltage gain is defined by the equation A, = V./V,; 
thus, the use of Eqs. (10-17) is indicated. Note also, from Fig. 10-27, J, = —V./Rr. 


3. Derive Eq. (10-26). Hint: A, = I,/l. 


4. Express the power gain of a transistor amplifier in terms of the hybrid parameters 
and the load resistance. 


5. Derive Eq. (10-28). Hint: R,; = V,/T,. 


6. Derive Eq. (10-29). Hint: R, = V,/I, and is the impedance we see looking into 
terminal pair 2, 2, with the load removed, and an impedance equal to Rin, placed 
across terminal pair 1, 1. Thus, the resulting mesh equation for the input circuit is 


(hy, ae Rint); + hyV. = (0) 


7. A transistor has the parameters: /,,, = 30Q, hy, = 0.0005, h.,, = 40, and 
hy9, = 0.6 pymhos. Assuming that Ring = 1000 O and R; = 10,000 Q, calculate: 
(a) The performance characteristics of a CE amplifier using this transistor. 

(b) The performance characteristics of a CB amplifier using this transistor. 

How do these amplifiers compare? What are the significant differences ? 


i The ABCD Parameters 


Very often we are interested in the transmission properties of a two-port 
network. We may be required to find the voltage, current, or power levels 
at the output (terminal pair 2, 2) in terms of voltage, current, or power at 
the input terminals. The opposite may also be true; we may be asked to find 
the variables at the input in terms of those at the output. It is not often in 
these situations that we know both input and output voltages (or currents); 
rather, one voltage and one current (at one port or the other) are most 
likely to be known. 

Let us choose V, and /, as the independent variables (see Table 10-1), 


from which 
V,=fV., £), (10-30) 
L, — g(V,, I,). 


The corresponding pair of linear equations follows: 
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y= AV, = Bi, 


(10-31) 
T= Cy, — DiI,. 

The second term in each of Eqs. (10-31) is preceded by a negative sign. 
Since we are considering the transmission property of a two-port network, 
we shall henceforth consider J, as flowing away from the load, thus the rever- 
sal of sign. (This rather odd situation develops because we assume electron 
flow in this book. When conventional current is assumed, as in many texts, 
the current arrows are in the opposite direction. Then the terms “sending cur- 
rent” and “receiving current,” used hereafter, seem more reasonable since 
they were originally predicated on the basis of conventional current flow.) 

Since we are considering the transmission of voltage and current, we shall 
henceforth call V, and J, the sending voltage and current; V, and J, become 
the receiving voltage and current. In line with this thought, we shall adopt 
new notation as follows: 


i = ie Ue — V3, 


10-32 
Lee FLIP. er 


The subscripts s and r indicate the words “sending” and “receiving,” respec- 
tively. This is shown in Fig. 10-28. 


FIGURE 10-28. Illustrating the concept of sending and receiving voltages 
and currents. The direction of the currents is opposite that conventionally 
shown in many texts since electron flow is assumed. 


Substitution of Eqs. (10-32) into (10-31) yields: 


Aad He 
i, — Cy, + DI, 


V;, AN BinkVe 
= . (10-34) 
if CDi 
The coefficients A, B, C, and D may be evaluated empirically as follows: 
We open-circuit the output of the network; then J, = 0, and 


(10-33) 


or 
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V d, 
«—-(7),., om =), 
V, I,=0 - V, I,=0 


When we short-circuit the output, V, = 0, and 


V I, 
I V,=0 ye V,=0 


The following matrix summarizes the method of evaluation: 
Vs 
(output o-c) B anya (output s-c) 
(output o-c) D=— (output s-c) 
As is the case with the hybrid parameters, the ABCD parameters have 


mixed dimensions: A and D are pure numbers, B has the dimension of 
impedance, and C, that of admittance. 


EXAMPLE 1. The following measurements were made at the terminals of 
a two-port network: 


Ve 30 N. V, = 26.07 V 
Kee 10 Ver 10s Bands e/a. ee: V = 
leew Facaoh33 iA 
Find the ABCD parameters. 
Solution. 
ig 30 
abe (7) Biel ener y 
V,) 1,=0 
mar his P2060 
B=(r'), = Tax = 209, 


ie Gis ASTEEPA 
a tebe = Niece 


EXAMPLE 2. The network of Example | is used to couple a 30-V source to 
a 10-Q load. The measured load voltage is 5 V, and the load current is 0.5 A. 
Find the values of the sending voltage and current. What is the internal 
impedance of the source? 


Solution. From the first of Eqs. (10-33): 
V, = 3(5) 4°20(0.5) 25: 
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From the second of Eqs. (10-33): 
te ON) 2 (0'5) =A. 


Finally, 


Exercises 10-7 


1. The following measurements were made at the terminals of a two-port network: 


= 10¥ V,=9V 
Va 5 Vid = 0° andisig=l2As V,=0. 
i SiN Th = IS 


Find the ABCD parameters. 


2. A source is coupled to a 20-Q load through the network of Question 1. If the 
load current is 0.1 A, what is the sending voltage and current? If the impedance 
of the source is 10 ©, what is the EMF? 


3. Find the ABCD parameters of the T7-network shown in Fig. 10-29. 


382 2 2 
2 22 


FIGURE 10-29. Question 3. FIGURE 10-30. Question 4. 


4. Find the ABCD parameters of the z-network shown in Fig. 10-30. 


5. Find the values of sending voltage and current necessary to produce a 0.2-A 
load current in the circuit shown in Fig. 10-31. 


FIGURE 10-31. Question 5. FIGURE 10-32. Question 6. 
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6. Find the impedance “looking into” terminal pair 1, 1 of the circuit shown in 
Fig. 10-32. 


8. Relations Between the z, y, and ABCD Parameters 


Substitution of the first of Eqs. (10-9) into the first of Eqs. (10-3) results in: 


Vi= 2 (72% V, nM) + Zieh, 


the solution of which, for V,, is: 


yee, = el, (10-35) 


291 Zo1 


Substitution of Eqs. (10-32) into (10-35) yields: 
Vee yp Slr (10-36) 
Z91 Z91 


A comparison of Eq. (10-36) and the first of Eqs. (10-33) yields the follow- 
ing relations between the impedance parameters and A and B: 


yb Sy eye ea (10-37) 
Z91 Z91 
If we substitute the first of Eqs. (10-3) into the first of Eqs. (10-9), solve 
for I,, and substitute Eqs. (10-32) into the result, we have upon comparison 
of the result and the second of Eqs. (10-33): 


Coe ae onde (10-38) 
Z91 291 


A similar consideration of Eqs.(10-7), (10-10), (10-32), and (10-33) yields 
the following relations between the admittance parameters and the ABCD 


parameters: 
A=—8, B= = 
21 21 (10-39) 
Ca elie Dee i 
Yai Joi 


EXAMPLE 1. Convert the impedance parameters found in Example 1, Section 
3, to ABCD parameters. 


Solution. From Eqs. (10-37) and (10-38): 
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EXAMPLE 2. Check the result from Example 2, Section 3, letting V, = 10 V 
and J, = 0.5A. 


Solution. 


V, = AV, + BI, = 1.5(10) + 40(0.5) = 35 V, 
i= CV, + DI, = 0.05(10) +/2(0.5) = 1.5 A. 


Compare this result with the previous example. 


EXAMPLE 3. Convert the admittance parameters found in Example 1, Section 
4, to ABCD parameters. 


Solution. From Eqs. (10-39): 


ae 
20) 
a 0 ho, 
Oa ee 8 


EXAMPLE 4. Check the work in Example 2, Section 4, letting V, = —16.67 V 
and J, = —0.833 A. (Why do we use negative signs here?) 


Solution. 


V, = AV, + BI, = —2(—16.67) — 20(—0.833) = 50 V, 
I, = CV, + DI, = —0.25(—16.67) — 3(—0.833) = 6.67 A. 


Compare this result with the previous example. 


The determinant of the matrix 


PA AleB 
= |* a 


when expanded, is 
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ADEB i aes 
det = Sia iE (10-40) 
Giada Gad 


Substitution of Eqs. (10-37) and (10-38) into (10-40) results in 


1 2112 Zii2 Lise 
det [A] — Zu. Zee _ 121. 1 @ Zu200 _ 211229 12721 
4] Zo, Zo Zo, Zo 251 251 + 251 
since Z19 — Z91- 
Moreover, substitution of Eqs. (10-39) into (10-40) yields a similar result, 


SINCE Vi. = Vor. 
We conclude: 


det [4] = AD — BC=1 (10-41) 


for all passive, linear, and bilateral networks. 

If a two-port network is symmetrical (i.e., can be turned end-for-end 
without disturbing the external circuit in which it is connected), y\; = Yoo 
and z,,; = Zo, from which it follows that A = D. Equation (10-41) then 
becomes 


det [4] = 42— BC =1. (10-42) 


We can easily solve for V, and J, in Eqs. (10-33) if we take advantage of 
the relation expressed by Eq. (10-41). Premultiplying Eq. (10-34) by [A]~' 


yields 
D Hl ne 
2s ole wll Bi Wie i foal 


from which we obtain 
V, = DV, — BI,, 
(10-43) 
I, = —CV, + Al. 


EXAMPLE 5. Check the results of Example 2, Section 7, given that V, = 25 V 
and /s=s1sA2 


Solution. From Eqs. (10-43): 
Vee 1(25) = 200) = 3. NV, 
T, = —0.1(25) + 3(1) = 0.5 A. 


Exercises 10-8 


1. Derive the expressions given in Eqs. (10-39). 


2. Find (a) the impedance parameters, and (b) the ABCD parameters for the net- 
work of Fig. 10-33. 
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lO.2 20 $2 


30 2 


FIGURE 10-33. Question 2. FIGURE 10-34. Question 3. 


3. Find (a) the admittance parameters, and (6) the ABCD parameters for the 
network of Fig. 10-34. 


4. Find (a) the impedance parameters, and (b) the ABCD parameters for the 
network of Fig. 10-35. 


22 | 2 2 | 2 2 | 
i ig la 


FIGURE 10-35. Question 4. FIGURE 10-36. Question 5. 


5. Find (a) the admittance parameters, and (b) the ABCD parameters of the 
network shown (Fig. 10-36). 


6. Design a T-network having the following parameters: A = 2, B = 30, C = 0.1, 
anus) == 2. 


7. Design a z-network having the following parameters: A = —1.5, B = —10, 
C = —0.35, and D = —3. 


8. Prove that det [A] = 1 using the y parameters. 


9. Show that A = D for all symmetrical, passive, linear, bilateral networks. 


9. Parameters in Terms of Network Constants 


It is often convenient to relate the various parameters to known network 
constants; for example, the impedance parameters are closely connected to 
the 7J-network, the admittance parameters to the z-network, and so forth. 


(9.1) The T-Network 1 2 
2 22 
Although the 7-network may be ex- 
pressed in terms of any of the Zi2 


parameters, it is easiest to relate it 


to the impedance parameters. Let : 
us consider the network shown in FIGURE 10-37. A T-network showing 
Fig. 10-37. The parameter z,, is notation used. 
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defined as the driving-point impedance at terminal pair 1, 1, terminal pair 
2, 2 being open-circuited. In terms of the network constants, z,, is given by 
the equation: 


Z4 = Z, + Zp. 
Similarly, 
Zo = Ly + Lip. 


Z,. is a mutual impedance, since it is common to both input and output 
of the network. It is related to the transfer impedances as follows: 


Z19 = 2g; = Zip. 


From the foregoing, the impedance matrix for the 7-network appears as 


(10-44) 


[Z7] = 


ie + Zy ZL t 
Zp Z = Zi 
EXAMPLE /1.. If,. in) Figs 10-37,.2;,= 20,.0,,Z,.= 10,0, and. Z,3.—s5 ae 
the impedance matrix for the network. 


Solution. 
ZL Za 20 
Zig = 29, = Zy, = 5 Q, 
Zag Lig Lg 100+5= LBRO 


and the impedance matrix is 
a= eae) 
miner |G 


(9.2) The x-Network 


A z-network is shown in Fig. 10-38. 
We define the driving-point admit- 
tance, y,,, as the admittance seen 
when looking into terminal pair 1, 1 
with terminal pair 2, 2 short-circuited ; 
it is given by 


yu =%4+ Vp. 
FiGuRE 10-38. A z-network 
showing notation used. Similarly, 
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Yoo = Yo+ Vio. 


Y,. is a mutual admittance, common to both input and output; it is 
expressed by 


Vio = Yu = — Noo. 


(We may account for the negative sign by considering the current and voltage 
conventions used.) 
Thus, the admittance matrix for the z-network appears as 


ere Yn —YVip | 


(10-45) 
a Yi. Y, =r Yio 


[yz] a 
EXAMPLE 2. In. Fig. 10-38, let Y, = 0.05 mho, Y, = 0.02 mho, and Y,, = 
0.03 mho. Find the admittance parameters, and write the admittance matrix 
for the network. 


Solution. 
Yu = Y¥,+ Yy» = 0.05 + 0.03 = 0.08 mho, 
Vie = Yor = — Yy, = —O.03 mho, 
Voo = Y,+ Yip = 0.02 + 0.03 = 0.05 mho. 
Then, 


: | 0.08 —0,03 
oom 0.03 0.05 


(9.3) Network Transforms 


A T-network may be transformed to an equivalent z-network, and converse- 
ly, by the use of the relations which exist between the y and z parameters. 
The following examples show the method. 


EXAMPLE 3. Transform the 7-network discussed in Example 1 to an equiva- 
lent 2z-network. 


Solution. We must first convert the z parameters found in Example 1 to the 
equivalent y parameters. From Eqs. (10-12): 


mee 209 aS. te 
Vaio Tz] = 359 — 0.0429 mho, 


on ie oad ew ce ok 
en SS yn = Tz]. = 50 = 0.0143 mho, 


zi, 25 


vay SS Iz Egle 0.0714 mho. 
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Since Yi» = —Yy. = —yo, the equivalent network has a mutual admittance 
equal to —(—0.0143) = 0.0143 mho. Then, 


Y, = yi1 — Vip = 0.0429 — 0.0143 = 0.0286 mho, 
and 
Y, = Yoo — Yi. = 0.0714 — 0.0143 = 0.0571 mho. 


702 When the admittance values are 
changed to impedances, we get the 
equivalent network shown in Fig. 
10-39. 


EXAMPLE 4. Transform the 7-net- 
FIGuRE 10-39. Result of work, discussed in Example 2, to an 
Example 3. equivalent 7-network. 

Solution. We must first convert the 

y parameters, found in Example 2, to z parameters. From Eqs. (10-11): 


at ey tye WARY 
Zieiyl  O031 eka 
aD ee Vice UL) 
oie a sip) aaa 003.8 a 9.68 QO, 
oe Vii OSes 
Dip OMe 
Then, 
Zs = 24g = Zo, = 9.68 OF 
Zi fn ~— 2 — 16.1 — 9.68 = 6.42 0, 
Ls —— Zo9 a Zs == 25.8 = 9.68 a 16.1 {Q). 
The equivalent 7-network is shown 
6.42 Q 16.1 2 in Fig. 10-40. 
968 2 (9.4) ABCD Parameters in 
Terms of Network Con- 
stants 
FIGURE 10-40. Result of When the constants comprising a 
Example 4. two-port network are known, it is 


possible to find the ABCD parameters 
using these values. A knowledge of these parameters allows us to predict 
the transmission characteristics of the network. 
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The two simplest networks consist of (1) a series line impedance, or (2) a 
shunting admittance. Figures 10-41(a) and (b) illustrate these cases. 


1 : ewan, jf ala poe 
cy remy 2 
% \%y % Y \y 


FIGURE 10-41. Two simple circuits: (a) a series line impedance; (b) a 
shunt admittance. 


Let us first consider the network shown in Fig. 10-41(a). From Kirchhoff’s 
voltage and current laws, 


Vs ae V, ae PN bs 


10-46 
I, = 0 + I,. ( 


Equations (10-46) are similar in form to Eqs. (10-33); hence, we may equate 
the coefficients: 


eal Beas 
C=0 D= 1. 


The matrix which corresponds to the network of Fig. 10-41(a) is: 


Meee eee 10-47 
(4 =|, a (10-47) 


Now, let us turn to a consideration of the network of Fig. 10-41(b). 
Representative equations are: 


V,.=V,+0, 
(10-48) 
If a YV, ae lz 
from which, 
[Ari eM (10-49) 
Seer yar] 


Next, we will consider the two possible L-configurations shown in Fig. 
10-42. Kirchhoff’s equations for the network of Fig. 10-42 (a) are: 


Ve = A VANS 


(10-50) 
(en giana 
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~ 
a 


$= 


(a) 


FIGURE 10-42. The two possible L-networks; we shall use the notation 
“L” to identify network (a) and “L’” to identify network (b). 


Substitution of the second of Eqs. (10-50) into the first yields: 


V,=(1 + YZ)V, + ZL, 


(10-51) 
Ls = Ve =F tbs 
from which 
[AF] = Le care (10-52) 
aun AY; 1 : 
In a similar fashion, we may also obtain the matrix 
Ane Pigs 10-53 
[ Al = ven ote YZ 3 ( a ) 


which corresponds to the network of Fig. 10-42(b). 
Finally, let us find the matrix for the T-network shown in Fig. 10-43(a). 
Kirchhoff’s equations for this network are: 


(a) 
FIGURE 10-43. (a) T-network; (b) z-network. 


Ve = 2,1, + 2,1, + Ve, 


(10-54) 
I, = VV L,, 


where V,,, is the voltage across the admittance, Y. If we let V,, = Lol + Ves 
the second of Eqs. (10-54) becomes: 


je gis (Ean AYE (10-55) 
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Substitution of Eq. (10-55) into the first of Eqs. (10-54) gives us: 
V,=(1 + YZ)V, + (Z,+ Z, + YZ,Z,)I,. (10-56) 


Thus, Eqs. (10-54) appear, when rewritten, as: 


Ve = (1 = YZ,)V, oe (Z, hi Le ae YZ,Zs)I,, 
I, = YV, ia d pi YZ.)I,, 
and 
1 YZ, Zi Z. WAIL 
Pee am 1 i er L<2)) (10-57) 
Y 1+ YZ, 
ow 
Jb, 
a 
o——________—___—_o 
‘le 24 1 © 
[Az] = ; j Bie i 4 
(a) (b) 
A Z 
A 1A 
ae Zk 1 a 
A,|= L|= 
4] Y | [A Y a8 
(c) (d) 
Z4 22 
1+ YoZ Z i} eb 02 ie Se fb oe LP 
fede [ ay VAY Z ‘a id= aera ity ; i 
1 sea ee ah vs a ee 


(e) (f) 


FIGURE 10-44. Networks and their matrices: (a) series; (b) shunt; (c) L; 
(d) L’; (©) x; (f) T. 
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In a similar manner, we can show that the matrix for the network of 
Fig. 10-43(b) is 


(10-58) 


1 Vez Vb 
ae a |: 


Y+Y.4+ ¥,Y.Z2 1+ YZ 


The chart in Fig. 10-44 summarizes the various networks and their 
matrices. 


Exercises 10-9 


1. Transform the network shown in Fig. 10-45 to its z equivalent. 


1000 2 
100.2 lOO 2 
200 2 
FIGURE 10-45. Question 1. FIGURE 10-46. Question 2. 


2. Transform the network shown in Fig. 10-46 to its T equivalent. 


3. Transform the network shown in Fig. 10-47 to its T equivalent. 


lOL 
o—+ t+—o 
5.2 1IO.2 
i le 52 


FIGURE 10-47. Question 3. FIGURE 10-48. Question 4. 


4, Transform the network shown in Fig. 10-48 to its z equivalent. 


5. Find the ABCD parameters of (a) the 7-network in Question 1, and (6) the z 
equivalent. How do your answers compare? Why ? 


6. Find the ABCD parameters of (a) the z-network in Question 3, and (d) its T 
equivalent. How do your answers compare? Why? 


7. Derive the representative matrix for the network in Fig. 10-42(b). 


8. Derive the representative matrix for the network in Fig. 10-43(b). 
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10. Series Networks 


A pair of two-port networks may be placed in series (Fig. 10-49); the im- 
pedance matrix of the combination is then equal to the sum of the individual 
impedance matrices.t Thus, 


. In5—> 
Network 2 2 
#4 
Network 
1 #5 2 


FIGURE 10-49. Two, two-port networks in series. 


[21,2] = [2] + [2], (10-59) 


where [Z,,.] is the total impedance matrix and [z,] and [z,], the individual 
matrices. 


EXAMPLE. Find the impedance par- 20.2 20 2 

ameters for the H-network shown in 

Fig. 10-50. 30.2 

Solution. We may rearrange the net- lO2 IO.2 

work as shown in Fig. 10-51. Now 

we have two 7-networks in series. FiGure 10-50. An H-network. 
The individual impedance matrices 

ater 


FiGuRE 10-51. The H-network of Fig. 10-50 is made into two T-networks 
in series. 


+ There are exceptions to this rule. The interested reader should see E. A. Guillemin, 
Communications Networks, Vol. 11, John Wiley & Sons, Inc., New York, 1935. 
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Sel NG 
[24] = 35 for network No. 1, 


2S 


and \[Z.| = = 


15 
for network No. 2. 
25 


The total matrix, then, is: 
Sb) lie 25 15] . [60 30 
d= 15 35] lis 25} = [30 60 


11. Parallel Networks 


A pair of two-port networks may 
be placed in parallel (Fig. 10-52); 
the admittance matrix of the com- 
bination is then equal to the sum of 
the individual admittance matrices.t 
Thus, 


FIGURE 10-52. Two, two-port networks [¥1,2] = [vi] + D1, (10-60) 


in parallel. 
where [y,,.] is the total admittance 
matrix, and [y,] and [y,] are the matrices of the individual networks. 


EXAMPLE. Find the admittance matrix of the parallel-T network shown in 
Fig. 10-53. 


Network #1 
ese 


—— | 


Netneee #9 


FIGURE 10-53. A parallel-T network. FIGURE 10-54. The network of Fig. 10-53 
becomes two T-networks in parallel. 


{ There are exceptions to this rule. The interested reader should see E. A. Guillemin, 
Communications Networks, Vol. 11, John Wiley & Sons, Inc., New York, 1935. 
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Solution. We may rearrange the network as shown in Fig. 10-54. 
Then, for network No. 1: 
211 = 25 O Vi == 0.0429 mho, 
ie eG) : Vi. = —0.0143 mho, 
from which, 
Z91 —— 5 O Yo = —0.0143 mho, 
Zee nl Yoo = 0.0714 mho. 
For network No. 2: 
Zam 20.4) Yi, = 0.06 mho, 
== 10 0) = —0.02 mh 
fk from which, say ase 
Zep 10 Yo, = —0.02 mho, 
a SLORY) Yoo = 0.04 mho. 
The total matrix is: 
bea 0.0429 —0.0143 ty 0.06 —0.02 
Zocmenvt@o o(43 0.0714) | | 0.02. 0.04 
Ld 0.103 —0.0343 
010343 Ont 


12. Networks in Cascade 


The total ABCD matrix for two (or more) networks connected in cascade 
may be obtained by multiplication, in the correct order, of the ABCD matrices 


of the individual networks. 

Refer to Fig. 10-55. Here we have 
two, two-port networks connected in 
cascade. If we allow the matrices of 
the individual networks to be repre- 
sented by [K,] and [K,], the total 
matrix is given by the product [Kj] 


[K,]. If 
se a d [Ki] 
an 4 
GimeD; : 
AL eB 


the total matrix is: 
[Ki] [Kil es 
Emme yO C 


bs + B,C; 
A,C, + C,D, 


[K] 


B, 

D, 
A,B, 
B,C, 


Sec. 10-12 


i 
1 


anc] pea [zime 


FIGURE 10-55. Two, two-port 
networks connected in cascade. 


A; 
G; 


B, 


or , 


+ B,D, 


(10-61 
es } 
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Equation (10-61) represents the cas- 


7 falpee [A] is caded networks. 


If we connect the networks in the 


FIGURE 10-56. The networks of reverse order (Fig. 10-56), the total 
Fig. 10-55 connected in the reverse matrix is not the same as before. 


order. (Recall, from Chapter 9, matrix 
multiplication is generally noncommu- 
tative.) Rather, we have 


Bee tal lpg Ie Pond 
[EILEI—| oed Pee 


o Ore + B,C, A,B, a; Aa (10-62) 
A,C, + C,D, B,C, + D,D, 


EXAMPLE 1. Find the total matrix representing a series impedance and a shunt 
admittance, which are connected in cascade, in that order. 


Solution. 


LeeZ alee Lae 1+ YZ Z 
aati leet | | eh a 


Note: Compare this result with Eq. (10-52). They are identical! Clearly, we 
have obtained the matrix corresponding to the L-network in Fig. 10-42(a). 
This idea can be exploited to obtain the matrices of other, more complex, 
networks. See Example 3. 


EXAMPLE 2. Reverse the order of multiplication of the matrices in Example 1. 
What network does this product represent? 


Solution. 


jeeod ez 2Z, 
ltd =|) # F ae | | 
1 YZ 


We have obtained the matrix of the L-network shown in Fig. 10-42(b). 


Matrices for the T- and z-networks may be obtained if we take the product 
of the matrices of the individual elements of these networks, in the correct 
order. In Example 3, we obtain the 


10-\WW—0- - - --o—-vW\wW—02. ~—s Matrix for the 7-network. 
2 os 
ie : : 
EXAMPLE 3. Find the matrix for the 
rr ee aT “~o——_°2  T-network by multiplication of the 
FIGURE 10-57. An analysis of the T-net- matrices of the elements making up 
work. the T. 
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Solution. The T-network may be considered to be three elementary networks 
connected in cascade (see Fig. 10-57). Accordingly, 


va Wie ‘i E 4 ; Fi 
ST albiic GaN al 
(ieERY Zane Zu lem Zon 
Sey, i i : 
hh YZ,. Za Ze 412 Le 
PaneY. (oyZ, 


Note: This result can also be obtained if we consider the T to be made up of 
an L-network in cascade with a series impedance, or conversely. 


Exercises 10-12 


1. Consider the T-network of Fig. 10-43(a) to consist of an L-network in cascade 
with a series impedance. Derive the matrix. 


2. Consider the T-network of Fig. 10-43(a) to consist of a series impedance in 
cascade with an L-network. Derive the matrix. Compare the result with that of 
Question 1. 


3. Consider the z-network of Fig. 10-43(b) to consist of a shunt admittance, in 
cascade with a series impedance, in cascade with a shunt admittance. Derive the 
matrix. 


4. Consider the z-network to consist of an L-network in cascade with a shunt 
admittance. Derive the matrix. Compare the result with that of Question 3. 


5. Consider the z-network to consist of a shunt admittance in cascade with an 
L-network. Derive the matrix. Compare the result with those of Questions 3 and 4. 


6. A low-pass filter, connected in the 7-configuration, has as elements inductors 
L, and L,, and capacitor C. Write the matrix. 


7. A low-pass filter, connected in the z-configuration, has as elements capacitors 
C, and C,, and inductor L. Write the matrix. 


8. A high-pass filter, connected in the 7-configuration, has as elements capacitors 
C, and C,, and inductor L. Write the matrix. 


9. A high-pass filter, connected in the z-configuration, has as elements inductors 
L, and L,, and capacitor C. Write the matrix. 


10. A low-pass filter, connected in the 7-configuration, has as elements resistors 
R, and R», and capacitor C. Write the matrix. 


11. A low-pass filter, connected in the z-configuration, has as elements capacitors 
C, and C,, and resistor R. Write the matrix. 
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12. If o@L = 1/@C, write the matrix for the network shown in Fig. 10-58. 


Ee 
F ik GC 
Rs § 
ea rt Ai et 
FIGURE 10-58. Question 12. FIGURE 10-59. Question 13. 


13. If oL = 1/@C, write the matrix for the network shown in Fig. 10-59. 


13. Attenuation and Phase Shift in Two-Port Networks 


It is often necessary to find the voltage attenuation and phase shift caused 
by a two-port network. 

The parameter A has been defined as the ratio of sending voltage to receiy- 
ing voltage, with terminal pair 2, 2 open-circuited. If we include the load 
within the two-port network, we may then consider the output open-circuited. 
A consideration of the parameter A then yields the information we require 
as to voltage attenuation and phase shift. 

Figure 10-60(a) shows a two-port network which is intermediate between 
a source and a load. Let us find the product of the matrices of the network 
and the load, in that order: 


A,+B8,/Z, B, 
C1+0/Z 000, 


FIGURE 10-60. (a) A two-port network cascaded with a load, Zz. (b) 
The same network with the load included in the matrix. The output 
terminals are effectively open-circuited. 


Abe BA lier0 A, +3 B, 
= = es (10-63) 
C, D, Z, l Cite zs D, 


In Eq. (10-63), [K] represents the total matrix of the combined network 
and load. Note in particular: By this means we have effectively open-circuited 
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the output, I, = 0, and it is possible to use the A parameter (which is equal 
to A, + B,/Z,) to compute the attenuation and phase angle. 
Under these conditions [see Fig. 10-60(b)], 


V, = AV, (10-64) 
and 
LAs ' 
V, = (10-65) 


where A = A, + B,/Z,. 


EXAMPLE 1. Compute the amplitude and phase (with respect to V;) of V, in 
the network shown (Fig. 10-61) if V, = 100 V. 


FIGURE 10-61. Circuit from Example 1. FIGURE 10-62. The circuit of Fig. 10-61 
It is desired to find the amplitude and is modified by including the 10-Q load 
phase of V ,. within the network proper. 


Solution. We must first include the 10-QO load within the network proper 
as shown in Fig. 10-62. 

From an inspection of Eq. (10-65), it is apparent that we need only solve 
for the A parameter of the network of Fig. 10-62, in order to find V,. There 
are several ways of looking at this particular network. For instance, we could 
consider it as a T followed by two shunt admittances, all in cascade. How- 
ever, it is probably easiest to divide the network into two L-networks and 
a shunt admittance (the load), all in cascade. The total matrix then is 


_fl+sl 10) f1+f1 10) 71 0 
[ALAA =| 5 i] na be | 


SUB Bie ale E es aie a 
he CaN Ona aC D 
Then, 


= 22.4/ —63.5° V. 


A (2474) 
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EXAMPLE 2. Before proceeding with this example, the reader is advised to 
review Section 7, Chapter 9. In that section, we determined the formula for 
the operating frequency of a phase-shift oscillator. We will derive this formula 
once again, this time using the ABCD parameters. 

Consider the feedback loop of the oscillator (Fig. 10-63). Since the grid 
circuit of the vacuum tube offers an extremely high impedance to the network, 
we may consider the network output to be open-circuited. Thus, Eqs. (10-64) 
and (10-65) are valid here. 


G G G 
Grid | (—o--=- 
Vv; R R R 
Ground Ses 
FIGURE 10-63. Feedback loop of the FIGURE 10-64. An analysis of the feed- 


phase-shift oscillator. back loop of Fig. 10-63. 


We will continue our analysis by splitting the feedback network into two 
cascaded sections—a T and a z (Fig. 10-64). The matrix for the 7-section is 


1 — jX~G — X4G — f2Xe 
[Ay] aa é f 
G (7G 


and for the z section, 


[4] 1 —jX,G —jXe 
Sat (ol GNX Gin BEY I GAG 

where X, is the reactance of capacitors C, and G is the admittance of 

resistors R. 


To find the A parameter for the network, we need only multiply elements 
from the 7 and z matrices as follows: The element in the first row and the 
first column of the T matrix is multiplied by the element in the first column 
and first row of the z matrix. Then, the element in the first row and second 
column of the 7 matrix is multiplied by the element in the first column and 
second row of the z matrix. The results are added. We get: 


A = (1 —jXoG)\— jXgG) + (— X46 — j2X,)2G ya 
= 1 —j2X,G — X3G? — j4X,G — 4X2G? + jX3G 


= 1 — j6X,G — 5X2G? + jX3G°. 
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For reasons discussed in Chapter 9, we need only equate the imaginary 
terms of the equation to zero to isolate the frequency factor, fo. Accordingly, 


—j6X,G + jX3G? =0 


or 
Gi AGG", 
from which 
— 
22/6 RC 


Review Exercises 


1. Find the ABCD parameters for the network of Fig. 10-53. 


2. If 10 V is applied to the input of the network shown in Fig. 10-53, what is the 
output voltage when the load is 5 Q? 


3. Find the ABCD parameters for the H-network shown in Fig. 10-65. 


4. A 10-Q load is connected across the output of the network in Question 3. If the. 
input voltage is 94 V, what is the power at the load? 


2 22 29 
ise 2 82 
% \y 
12 182 
FIGURE 10-65. Question 3. FIGURE 10-66. Question 5. 


5. If V, = 1000 V in the network of Fig. 10-66, what is the value of V,? What 
general conclusion (if any!) can you draw from your answer? 


R R R 
€g, To grid of C C C 
following Input Output 
stage 
oO 
FIGURE 10-67. Question 6. FIGURE 10-68. Question 7. 
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6. The equivalent circuit of a vacuum tube amplifier is shown in Fig. 10-67. Derive 
a formula for e,, in terms of the source voltage, — /4€,;, and the circuit parameters. 


7. Find a formula for f,, the frequency at which the phase shift through the network 
shown is 180°. 
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Mathematics and electronics theory are 
so intimately related that it is often difficult 
to decide in which of these fields a parti- 
cular problem belongs. It stands to reason, 
then, that to effectively pursue the more 
advanced electronics theory, we will need 
more advanced mathematical tools. 

The calculus is one of the most powerful 
tools in the field of mathematics. When 
applied to electronics technology, it pro- 
vides a key to the understanding of certain 
phenomena, which would otherwise be 


virtually impossible. 


THE CALCULUS 


11 


Introduction 


By definition, a calculus is any branch of mathematics that involves calcula- 
tion (Boolean algebra is a calculus). Specifically, and by common usage, 
the calculus refers to a particular method of analysis having two main parts: 
“differential” and “integral.” Complementary pairs of operations, such as 
addition/subtraction and multiplication/division, are introduced in the less 
advanced branches of mathematics. In the calculus, differentiation and 
integration form the basic operational pair. 

Generally speaking, differentiation deals with the rate of change of a 
function, while integration is the inverse process. Even though the principles 
embodied in these operations are abstract by nature, they produce many 
firm applications in electronics and other branches of physics. We will develop 
these abstractions through the use of the more intuitive functions in x and y, 
and then proceed to the common electronics applications in which such 
quantities as current and voltage are the variables. 

Before we can proceed with the actual calculus operations, it is necessary 
to introduce the basic ideas of limits and increments. 


ile Limits 


As the name implies, a limit is a quantity which the value of a function 
cannot exceed. Imagine a situation in which a tree grows half as much each 
year as it did the year before, and in the first year it grows four feet. Strangely 
enough, there is a limit to the height that the tree can attain. We'll say that 
A, is the amount, in feet, that the tree grows during the year n. This can be 
expressed as A, = 4/2"-!. If the tree grows forever, the range of n is 
0 =n =o. The total height of the tree, in feet, at the end of any year n, 
is the sum of the amounts that the tree grew each year, up to and including 
year n. If we let h, represent the height of the tree at the end of year n, then 
at the end of three years, 


h, = A, + A,+ A; 
SoS 
=44+2+1=7ft. 

At the end of eight years, 


hz = A, +A, + A, + Ag+ A; Ag A, + As 
S42 A 271 12-8 pics 4 pt ooh 


Evaluating this sequence of numbers using the table of 2-" in the 
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appendices, we obtain: 


hg =4+2+1+4+0.5 + 0.25 + 0.125 + 0.0625 + 0.03125 
=} (BSH ie 


At the end of twelve years, 
hi» aaa hg + Ay + Ajo + Ay, + Ars 
= 7.96875 + 2°°+277+2°°+2° 
= 7.96875 + 0.015625 + 0.0078125 + 0.00390625 + 0.001953125 
= 7.998046875 ft. 


4 


Each year, as the tree grows, its height approaches 8 ft. If it were to grow 
forever, the tree would get closer and closer to, but never quite reach, the 
8-ft mark. Another way of saying this is: “The applicable function has an 
asymptote h = 8.” The limit, then, of the function is 8 ft. Symbolically, 
using lim as an abbreviation of limit: 
hm hi, = 8 it. 

Also, because the amount of growth is getting smaller and smaller each 
year, we can write: 


Into or tim (yh) 0 
The idea of limits is expanded in the following examples. 


EXAMPLE |. Find the limit, if any, of the function (4 — 1/x?), as x approaches 
plus infinity. 


Solution. As x increases indefinitely, the 1/x? term approaches zero; so: 


lim (4 ~ =) ing 
co xe 


EXAMPLE 2. Find the limit, if any, of the function in Example 1 as x 
approaches 0. 


Solution. Assigning successively smaller values of x, we see that 


when 05. puthen? OS) = 4 mat 2G: 
whence 0.40 then) (O4)— 4 — _ ho 65) 
when x=0.01, then (0.01) =4—4 fo 5996 


And we can see that lim (4 — 1/x?) = —oo. 
x0 
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EXAMPLE 3. Find the limit, if any, of the function (x? — 4)/(x — 2), as x 
approaches 2. 

Solution. Here, if we merely substitute the value 2 for x in the function, 
we get 0/0 which is meaningless. However, if we evaluate the function a 
number of times, assigning successive values of x that are getting closer and 
closer to 2, we find: 


when #ex:o0165 Wan e/ (is) eee ee eas 


wae 
when x d7. yr) i Ei cwi 
when x=19, f(1.9)= os 2239; 
when x=1.99, (1.99) = vee — 3.99, 
when x= 1.999, (1.999) = a — 3,999, 
and it is apparent that: 
tim (==>) =4 


EXAMPLE 4. Find the limit, if any, of the function (1 + x)!/* as x approaches 
0. The range of x is —co < x < +00, 


Solution. Following the procedure of Example 3, we can evaluate the func- 
tion a number of times using successive values of x that are getting closer 
and closer to zero. But the range of x includes all negative numbers as well as 
all positive numbers. So we must approach zero from both directions. 


when! (x = 0.5; /(0:3) = 4-.0.5)?=32.2500; 
when x = —0.5, f(—0.5) = (1 — 0.5)”-* = 0.5-2 = 4, 
when x = 0.1, f(0.1) = (1 + 0.1)! = 2.5937 (using logs). 


Tabulating the results when f(x) is taken to +0.001 and —0.001, we obtain: 


2.7048 2.7169 
2.7320 2.7195 
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Because zero lies between +0.001 and —0.001, the value approached by 
f(x) must be a number between 2.7169 and 2.7195. If we continue the process 
using values of x that are getting successively closer to zero, we'll find that 


fir (lee) 2 92.7 LBS 
x0 


Recalling our earlier discussion of logarithms, we see that the constant 
derived above is e, the base of the natural system of logarithms. Here, then, 
is a method of evaluating this important constant. 


Exercises 11-1 
Evaluate the following limits: 


1. lim (& + 2). 
x32 


2. lim (x sie +). 


2-0 


es 
3. lim (= = ). Hint: Factor the numerator. 
x2 Tae 


’ x? —3x+2 : : 
4. lim | ——.———— )- Hint: Factor both numerator and denominator. 
x—1 


z x? + 2). 
: a (= Se 5) 
2. Increments 


It has been established that a variable can have any value over a specified 
range. If we choose two values of a variable, say x, and x,, then the amount 
the variable changes in going from x, to x, is (%)» — Xa). This change is called 
an increment of x, and it is symbolized by Ax (read “delta x”). For example, 
if x changes from 5 to 7, then Ax = 7 — 5 = 2. If x changes from 7 to 5, 
then Ax = 5 — 7 = —2. So Ax can be either positive or negative, depending 
upon whether the variable increased or decreased in value. Actually, a 
negative increment is more properly called a decrement. However, the 
“negative increment” terminology is the one most often used in the calculus. 

If we choose to increase the value of x in an f(x), we can replace x with 
x + Ax in the function, causing a corresponding change in f(x). For example, 
if y = f(x) = x? + 2, and some increment Ax is added to x, then it follows 
that the corresponding change in y can be called an increment of y. For the 
given function, then, y + Ay = (x + Ax)? + 2. Transposing the y to the 
right-hand side, Ay = (x + Ax)? + 2—y. But y=x*?+2; so Ay 
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= [(x + Ax)? + 2] — (x? + 2), and we can say that, in general, Ay = 
f(x + Ax) — f(x). The change in f(x), or Ay, for a given change in x, is 
evaluated for a number of functions in the following examples. Incidentally, 
when we write an expression in which A is used to indicate an increment of 
a variable, we are using incremental notation. 


EXAMPLE 1. If y = f(x) = x? + 2, and x changes from 3 to 4, what is the 
corresponding change in y? 


Solution. The initial value of x is 3, and Ax = 1; so 
Ay = f(x + Ax) —f(x) = [3 + 1)? + 2] — @’ + 2) ==18 aw 


If x increases from 3 to 4, y increases from 11 to 18, and the change in 
y (Ay) is 7. 

EXAMPLE 2. If y = f(x) = 3x? + 5, and x changes from 2 to 4, what is the 
corresponding change in y? 


Solution. The initial value of x is 2, and Ax is 2; so 
Ay = [322 + 2)? + 5] — [3(2?) + 5] = 53 — 17 = 36. 


EXAMPLE 3. If a 2-A current is flowing through a 300-O resistor, what would 
be the change in power dissipated if the current were increased to 4 A? 


Solution. P = fT) = 3007. AP = f(I+ AD — fd). 1=2A andr 
2 A. So 


AP = 300(2 + 2)? — 300(2)? = 4800 — 1200 = 3600. 


The power will increase 3600 W (from 1200 to 4800) when the current is 
increased by 2 A. 


Exercises 11-2 


1. y =x? + 2x — 3. If x changes from 3 to 5, find Ay. 


2. What change in current will result if the voltage across a 1-kO, resistor changes 
from 20 V to 25 V? 


3. What will be the change in the reactance of a 75-mH coil if the applicable 
frequency changes from 500 kHz to 1 MHz? 


4. What will be the change in the reactance of a 1-F capacitor if the applicable 
frequency changes from 1 MHz to 2 MHz? 


5. What will be the change in voltage across a 50-pF capacitor when its charge 
changes from 100 wy 'C to 150 pec? 
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3. Average Rate of Change 


If we were to plot the distance travelled vs. time consumed for a typical 
200-mi automobile trip, we may obtain the solid curved line shown in 
Fig. 11-1. Regardless of the variations in speed along the way, the average 
speed for the entire trip is the slope of the dotted line through the origin. 
For this trip, the average speed, then, is: 


® 200 
& 
& 
< 
D 
3 100 
7 
3 
ic 
$2 
wn 
a O 
Time consumed in hours (7) 
FIGURE |1-1. 
As — 200 mi = 50 mph 


Kee Ade 


Stated another way, the average rate of change of s with respect to f, over the 
range 0 <t=<4, is SO mph. The average speed for any part of the trip 
(over any range of f) can be obtained if we compute the slope of the straight 
line that joins the two ends of the applicable time range on the solid curved 
line. In general, the slope of a straight line joining two points on the curve 
of a function is the average rate of change of the function over the range 
represented by the two points. 

The significance of this can be seen in Fig. 11-2. Here, the solid line repre- 
sents the power dissipated vs. current through a 2-Q. resistor. The function 
plottedasi, =—s2/ 7, 

Because of the nonlinear relationship between P and J, the average rate 
of change of power with respect to current, AP/AJ, is different for different 
ranges of current. For example, when the current changes from 0 to 2 A, 
the power changes from 0 to 8 W, and AP/AI = 8/2 = 4 W/A. But when the 
current changes from 2 A to 4 A, the power changes from 8 W to 32 W, and 
AP/AI = (32 — 8)/(4 — 2) = 24/2 = 12 W/A. If we draw a secant to the 
curve over a particular current interval, then the slope of this secant is the 
average rate of change of power with respect to current over the chosen 
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FIGURE 11-2. 


range of current. In Fig. 11-2 a secant has been drawn over the range J = 1A 
to [= 3 A. The slope of this secant is AP/AI = 16 W/2 A = 8 W/A. 

We could have determined any average rate of change of P with respect 
to J without plotting the curve. Using incremental notation, 


if ee = ON then P+ AP=2(7-+ Al), 


and AP = 27+ AJ)? — 29’. 
If J changes from 1 to 3 A, then AJ = 2 A. The corresponding change in 
power is 


AP 220) 0) 2 2G 18 — > 16 W, 


and AP/AI = 16/2 = 8 W/A—the same answer we obtained from the 
graphic solution. 


Exercises 11-3 


1. If y = 4x + 3, what is the value of Ay/Ax if x changes from 0 to 3? 


2. If y = 3x’, find the average rate of change of y with respect to x over the range 
Dia Ve A. 


3. The distance in feet, s, that a body falls in t seconds is given approximately by 
the equation s = 167°. What is the approximate average speed of a falling body 
over the time interval t = Os tot = 2s? Fromt =1stot = 4s? Fromt =2s to 
t= Sis? 


4. What is the average rate of change of the inductive reactance (with respect to 
frequency) of a 100-mH coil if the applicable frequency is varied from 1 MHz to 
1.5 MHz? 
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5. What is the average rate of change of power (with respect to current) consumed 
by a 10-Q resistor when the current changes from 3 A to 6 A? 


4. Instantaneous Rate of Change 


We have established the fact that the slope of a straight line is a constant. 
That is, there is only one number that describes the rate of change of one 
variable with respect to another. The instantaneous rate of change of a linear 
function is, therefore, the same as its average rate of change over any interval 
or range. 

On the other hand, if a function is nonlinear, the average rate of change 
of one variable with respect to another will depend upon the range in ques- 
tion. The slope of the applicable secant will be different for different ranges— 
so the instantaneous rate of change and the average rate of change can be 
entirely different. 

Because Ay/Ax represents the average rate of change of y with respect 
to x [when y = f(x)], then the smaller the value of Ax chosen, the more nearly 
the average rate of change approximates the instantaneous rate of change 
of the function at the point (x, y). It follows that the instantaneous rate of 
change of y with respect to x, at any point on the curve, is the slope of the 
tangent to the curve at the point in question. 

To develop this idea, let it be required to find the instantaneous rate of 
change of y with respect to x when x = 1, if y = x? + 2. First, we plot the 
function over an appropriate range (0 = x S 3) as in Fig. 11-3. 


& 


oe Ree a 


FIGURE 11-3. 


Now think of the point P sliding down the curve until it almost reaches 
point Q (where x = 1). As P gets closer to Q, that is, as Ax gets smaller, the 
secant PQ appears to revolve clockwise, hinged at point Q. If we make 
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Ax small enough, the secant will have the same slope as the tangent to the 
curve at x = 1. As Ax approaches zero, then, Ay/Ax approaches the value 
of the instantaneous rate of change of y with respect to x at the point x = 1. 
To find the value of this instantaneous rate of change, we must find the 
limit of Ay/Ax as Ax approaches zero. That is, we must evaluate 
lim Ay/Ax. 


Remembering that Ay = f(x + Ax) — f(x), and, in our example y = 
f(x) = x? + 2, we have: 


Ay =[@ + Ax)’ + 2] — @? + 2) 
= x? + 2xAx + (Ax)? +2 —x? —2 
= 2xAx + (Ax)’. 
So 
Ay _ 2xAx + (Ax)? __ 
TeaTiCe, Ler e ae 2x + Ax, 


and 


lim’ (2x =- Ax) = 2x. 
Az-0 


Notice that we did not use an initial value of x to find lim Ay/Ax. This 
Az-0 


means that the expression we obtained (2x) represents the slope of the tangent 
to the curve and, hence, the instantaneous rate of change of y with respect 
to x, at any and all points on the curve y = x? + 2. The slope of the tangent 
atx =1lis2X1—2:atx = itis? X2 =42atx =—3itis2- 3 ee 


5: The Derivative 


In finding, before, the instantaneous rate of change of y with respect to 
x for all values of x, we actually found the derivative of y with respect to x 
for the function y = x? + 2. Different symbols may be used to denote the 
derivative of y with respect to x. The most common are: dy/dx (read “dydx’”), 
f(x) (read “f prime of x”), and y’ (read “y prime”). The process of finding the 
instantaneous rate of change of a function is called differentiation. Alterna- 
tively, if we differentiate a function we produce another function which is 
the derivative of the original. In general, if y = f(x), then dy/dx = lim Ay/Ax. 


If we find the derivative of a function by evaluating the appropriate limit, 
as we did in the preceding section, we are using the so-called delta process. 
A few more examples of this type of differentiation follow: 


EXAMPLE 1. If y = f(x) = 2x? + 3, find dy/dx. 
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Solution. 


w $ (x? + 3). (Notice that the y is omitted when the actual 


function is included.) 


= fie 
where 
Ve f(x AX) — f(x) = 2 Axa 3 = 2x" 3) 
= 2[x? + 2xAx + (Ax)?] + 3 — 2x? — 3 = 4xAx + 2(Ax)’. 
So 
Re = 4x 4 2Ax, and tim AY = 4x, 


Therefore, d/dx(2x? + 3) = 4x. To evaluate dy/dx for any point, we simply 
insert the applicable value of x in the derivative. At the point x = 2, dy/dx 
= 8, and so on. The units of the answer would be consistent with the units 
of y and x in the particular problem. If y represented distance in miles and 
x represented time in hours, then the instantaneous speed at the 10-hour 
point would be 40 mph. 

EXAMPLE 2. If y = f(x) = 3x? + 2x + 1, find dy/dx. 


Solution. 


Ay = [3 + Ax)? + 2(x + Ax) + 1] — 3x? + 2x + 1) 
= 6xAx + 3(Ax)? + 2Ax 


and 


Ay 


Ax O*% + 3Ax + 2; 


sO, 


aya eA ys! 
dx = MS Ax mice f a 


The instantaneous rate of change of y with respect to x can be found if we 
substitute the applicable value of x into 6x + 2. 


EXAMPLE 3. If y = f(x) = 2/x?, find dy/dx. 
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Solution. 
2 2 2k LO a 
(ej ZESAX)? Vix ee Se IN AN Ax). 
_. —4xAx = 2(Ax)Ri 
Ty x22 2x Ane xX) se 


<a —4x — 2Ax 
Ax x*+ 2x?Ax + x(x)?’ 


jars) eS 


dy ae Aye 4 eee 
dx SS xi Ey 


Therefore, when x = 1, dy/dx = —4; when x = —2, dy/dx = 1/2; etc. 


Exercises 11-5 


Using the delta process, find dy/dx for each of the following functions. Also, for each 
function, find the slope of the tangent to the curve at x = 4. 


l..y =3x +2. 6. Y= 2x S272: 
2. y= 5x —1. Ty = —4x? + 3X 2, 
Spy x" 13? Si yea xe: 

4. y = 3x? + 3. 3 y = 3/x? +3. 

ro Pe Ie dls col We 10. y=2/@ + 1). 

6. Differentiation 


The delta process can be used to develop basic formulas that provide relatively 
quick and simple differentiation methods. In this section we will develop 
a number of these formulas and examine their application. 


(6.1) Differentiation of Power Functions 


The general form of a power function is y = ax” + b, where a, b, and n 
are any constants. Following the procedures of the preceding section, we 
have: 


ytAy=a(x+ Ax)’+ 5); 


dy _ ee Fen Vee tn [a(x + Ax)” a7 i (Geom 
dx Azo AX Az—0 
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Using the binomial theorem, which states that 
(a+ by” =a" + na" 'b+ Me hg 2b 


au nn te = eo 2) a” 3b3 ae ay 8 ap bm 


whercmte = 21) | (called factorial=two) wand 3! == 35x 2°x 1 (called 
“factorial three”), we can expand (x + Ax)” as follows: 
(0 == BG 1 ee al) n—2 2 
(x + Ax)” = x” + nx” Ax + xr t(A%) 


= reek aa oe + +++ + (Ax) 


Substituting the first three terms of this expansion for (x + Ax)” in the 
expression for dy/dx above, we obtain: 


dy _ E& anx"'Ax , an(n— 1)_y->5 a oS 
ASR Ave eATONae  6O>) Sans 


== lim janx ae eee 


Az-0 


x*A| = On at 


and, in general, 
d n b —— 1d 
Tx a Oy OnX ae (11-1) 


Note that Eq. (11-1) has no 5 on the right-hand side, implying that the 
derivative of an added constant is zero. This is consistent with the “slope 
of the line” idea, because a constant is represented by a line parallel to the 
xX axis in a coordinate system. As such, its slope—and hence its derivative— 
is equal to zero. We may conclude from this that: 


ee == () (where C is a constant). (11-2) 
Also, from Eq. (11-1), if a = 1 and n = 1, then 

d Liy eS Ome 

Fe em a 


which means that 


= re (11-3) 
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We can readily check the validity of Eqs. (11-1) and (11-2) by comparing 
the results that they provide with those found in Examples | and 3 in 
Section 5. 


If 9p 2x ethos eb 423) = (2)(2)xist ea 


ope a then oa — (2)(—2)x-2-! = —4x-8 = = 


We note that these results, although very quickly and simply derived, are 
identical to those obtained in Section 5. 
A few more examples of this direct process for differentiating power 


functions follow. 
EXAMPLE 1. If y = »/ x, find dy/dx. 
Solution. 


d / seas 1 \ ae 1 WPS 1 SAVY 
SN ae As a: 


EXAMPLE 2. If y = &/x?, find dy/dx. 


Solution. 


d 73 Ree bik et eure e AN REY ee, 2 
EN Set Ree 08 Cake aig ete et ree 


EXAMPLE 3. If y = 24/x°, find dy/dx. 


Solution. 


d pa ee le ee! 5/4, —_ 10 ide ON x. 
Tee Oi eho ing ete a pee 


Exercises 11-6.1 


Differentiate the following power functions. 


1. y = 6x +2. 6. y =57 x +8. 
2, Y= x* + 12. 1. y = 64/ x 44, 
3. y = 15x? — 7. 8. y = 98/x? + 5. 
4.y =8/x +3. 9. y = 204/x* + 13. 
5. y = 3/x* + 6. 10. y = 15%/x® — 16: 
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(6.2) The Derivative of a Sum 
Let us use the delta process to differentiate y = ax? + bx + c. 


y+ Ay = a(x + Ax)? + D(x + Ax) + ¢, 


Vere caX A AAX) i DAX 


ee mG: = 2ax + aAx + Bb, 


and 
F (ax' + bx + c) = lim (Qax + aAx + b) = 2ax + BD. 
Ax—0 
This solution implies that we could have obtained the derivative of each 


term independently, by means of Eq. (11-1), and then summed the deriva- 
tives. In other words, 


ae 3% d Chg hae | 
A * y+ A O*) ol re = Tw + bx +c). 


Because this approach is applicable to differences as well as sums, we can 
say that, in general, 


Neg ()=16 0 Wy, «then fw+e—w)= ae a 
(11-4) 


A few examples of the combined use of Eqs. (11-1) through (11-4) follow. 


EXAMPLE 4. Differentiate y = x? + 2x? — 3x + 2. 


Solution. 


Ses oe ener, ee) 


EXAMPLE 5. Differentiate y = 4x°/? — 7x? + 8x — 6. 


Solution. 
(Axi — 7x? + 8x — 6) = 10x?” — 14x + 8. 


EXAMPLE 6. Differentiate y = x”? — 3x5? + 2x — 10. 


Solution. 


(xt — 3x7 2x — 10) x — = x82 4.9, 
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Exercises 11-6.2 

Differentiate each of the following functions. 

1. y=2x — 4. 4, y = 0.6x? — 0.2./ x + 0.14. 

2. y = 4x? + 2x — 5. 5. y = 7x3? + 10x-75 — 9x18 + 13x — 6. 
3. y = 13x? — 10x? + 20x + 8. 6. y = 8x34 — 4x71? + 15x — 11. 


(6.3) Differentiation of Functions of the Type y = u” 
(where u is a Function of x) 


It can be shown by means of the delta process and a binomial expansion 
that the derivative of a function of the general type y = u”, where u is a 
function of x, is 


d £2)\) n-1 du =4 
7a Ne fr) aE. (11-5) 


To gain a better appreciation of this equation, let us first differentiate 
y = (x? + 2) by actually squaring the factor inside the bracket: 


d 2 oo d 4 2 = 3 a 2 
a 2) = A + 4x? + 4) = 4x3 + 8x = 4x(x? + 2). 
Alternatively, we could have used Eq. (11-5) directly by letting u = x? + 2 


(Z- 2x); andn = 2: 
dx 


ie 4 2)* = 2x? + 2)°-1(2x) = daxfx? + 2). 

Now suppose that the function to be differentiated is y = 3(x? — 2x + 5). 
Using Eq. (11-5), we let w= x? — 2x +5, from which du/dx = 2x —2 
and 

d 1/3 \ eS du 
Ay (Gi) ei) a 


By substitution, 
dy — (x? 2x + 5)-2/3(2x i) 


A few more examples of the use of Eq. (11-5) follow. 


EXAMPLE 7. If y = (x? + 2x + 5)‘, find dy/dx. 
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Solution. Let u = x? + 2x + 5; then du/dx = 2x + 2, and 


Ge 4 Ix + 5) = A(x? 4+ 2x + 5)%(2x + 2) 
= (Bx 4:8\x? + 2x + 5). 


EXAMPLE 8. If y = 3(x° + 3x? + 2x — 4)”, find dy/dx. 
Solution. Let u= x' + 3x? + 2x — 4; then du/dx = 3x* + 6x + 2, and 


Cyan 3 2 — 4)-1/2 2 
ee Hy + 3x? + 2x — 4)°1?(3x? + 6x + 2). 


EXAMPLE 9. If y = 2(x*/3 — 2x? + 5)°, find dy/dx. 


Solution. Let u = x*/? — 2x? + 5; then du/dx = 4x3 — 3x’, and 


dy ee (> 13 ia) (Wich) oo 3/2 A 
oe eres 30x12 \(x 2x3? +. 5)4, 


Exercises 11-6.3 


Differentiate each of the following functions. 


1. y =? ~ 1). 5. yp = 3(xl/3 — x2/9)2, 
Denver tS (AX 2X =15)2. 6. y = 1203x712 + 4x-¥8 + 5)-2, 
Sy == 150"? — 2x? - Sx = 7)'”. Te. y = 8(5x71/? — 2x-28 + 10x-34) V2, 


Ay AC 2x — 2)'?. 


(6.4) Differentiation of Products and Quotients 


It can be shown that, if uw and v are both functions of x, then 


d ipedy du E 
d d. 
£(4) =p ae: Gite 
dv 
= (<) = — a (where C is a constant) (11-8) 


The use of these three equations will be shown in the following examples. 


EXAMPLE 10. If y = x°(3x? + 1)’, find dy/dx. 
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Solution. Let u = x*; then du/dx = 3x?. Let v = (3x? + 1)*; then 


dv 


a 2 es. 3 
Fe = 23x? + 16x) = 36x? + 12x, 


By direct substitution in Eq. (11-6), we have: 
bs + 1)?] = x°(36x* + 12x) + (3x? + 1)?(3x?) 
= 63x° + 30x* + 3x?. 


As an exercise, check this answer by expanding the original f(x) and using 
Eq. (11-1). 


EXAMPLE 11. If y = (x — 1)¥?(x? + 2x + 3)?, find dy/dx. 


Solution. Let u=(x— 1)"; then dufdx =i(x— 1)". Let v= G@ 
+ 2x + 3); then 


. See + 2x ++ 3)-¥8(2% 4 2) = (4x + A)(x? + 2x + 3)-™8, 
By direct substitution in Eq. (11-6), we have: 


= (x — 1)!4| Fx + NOP + 2x + 39) 


xt + 2x + 39° | Fe = 4] 
(x — 1)'7(4x% + 4) it (a ear) 8 
— 3(x? + 2x + 3) 2(x — 1)? 
EXAMPLE 12. If y = x?/(x + 1), find dy/dx. 


Solution. Let u = x?, then du/dx = 2x. Letv = x + 1; then dijdx =a 
By direct substitution in Eq. (11-7), we have: 


al xe je ea sae 
dx\x +1] — (x + 1) x 4+ Oe 4+] 


As an exercise, check this answer using Eq. (11-6). 


EXAMPLE 13. If y = (x + 1)/(x? — 1), find dy/dx. 


Solution. Let u = x + 1; then du/dx = 1. Let v = x? + 1, then dv/dx = 2x. 
By direct substitution in Eq. (11-7), we have: 


dy _ (@—1)0) -@+DQx)_ —x*- 2x1 
dx (51) gra a ene 
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EXAMPLE 14. If y = 3/x1””, find dy/dx. 


SoumtonmeLet v= x: then dv/dx==4x *”: 
By direct substitution in Eq. (11-8), we have; 


4(3,)— 3") 3 
ORC Jim x et) ; 


As an exercise, check this answer using Eq. (11-3). 


EXAMPLE 15. If y = 1//x? + 1, find dy/dx. 


Solution. Let v = (x? + 1)’; then du/dx = 3x? + 1I)0 17x) =.x/V x? + 1. 
By direct substitution in Eq. (11-8), we have: 


ate ON al) x : 
dx x? eal Le al): 


As an exercise, check this answer using Eq. (11-5). 


Exercises 11-6.4 


Using any means you choose, differentiate each of the following functions. 


ty =x + 1). 5. eae 
Ee and 1/2 pa Z 
ine iS 6 ad 6 ae mae @ war Os aa 
Ba Cee 2a oe epee Ty = 
_x-—1 
of ea 


(6.5) Differentiation of Logarithmic, Trigonometric, 
and Exponential Functions 


Let us use the delta process and the laws governing the use of logarithms 
to differentiate the function y = log, u, where u is a positive function of x, 
and a is a positive constant not equal to 1 (a ~ 1). Then: 


y + Ay = log, (u + Au) 
Ay = log, (u + Au) — log, u = log, (1) 


u 
= loga (1 = at); 
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Ay _ 1 ( Au) 7 ( at) 
Ie AE Dns, ieee Au 108 mae u 


1 


cies 
= ST 7 08a (1 “i An) 


But in Section 1 we saw that lim (1 + x)'/* = e, where e is the base of 
Az-0 


natural logarithms. It follows that: 


dy _ Ay =1. . ( i ig lf 
du Te Au toes ae u et Oe 


But, because y = log, u, and u = f(x), we can write: 


d at | du. . 
Fx (08a u) = 7 log, e oF (11-9) 


If a has the special value e, then, using In to represent natural logs, 


d Behe dis: ‘ 
pe) (11-10) 


Regarding trigonometric functions, it can be shown that: 


Fee, ~ du. 2 
7x sin 1) COs UT (11-11) 
d eae ae OU i 
Tx (O98 u) = —sin Doe (11-12) 


Because tan u = sin u/cos u, we can use Eq. (11-7) to show that: 


d = du 

7 tan i) Sec" ur (11-13) 
and 

d du 

A oot u) = —csc? ore (11-14) 
Because sec u = 1/cos u and csc u = 1/sin u, we can use Eq. (11-8) to show 
that: 

d es. du 

Tx ise U) sec u tan u (11-15) 
and 

d du 

Tx bose u) = —ese u cot ua (11-16) 
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The basic formulas used for differentiating exponential functions are: 


Suey a Ina 4 altel 
and 
ae) = — 2 (11-18) 


Some of these equations are of particular interest in electronics work. 
Keeping in mind that reactive components cause a phase shift of about 90°, 
let us analyze Eqs. (11-11) and (11-12) graphically. The complete understand- 
ing of this analysis will no doubt prove valuable to the reader because, in 
a later section, we will use the idea to examine circuits that will change wave- 
shapes from one form to another. 

In Fig. 11-4(a) we see that the maximum positive instantaneous rate of 
change occurs at points 1 and 5 (where the positive slope is the steepest), 
and the maximum negative instantaneous rate of change occurs at point 3. 
At points 2 and 4, the slope goes from positive to negative and negative to 
positive, respectively; so there must be a point in each location where the 
slope is zero. In Fig. 11-4(b) we have plotted the values of the instantaneous 
rates of change of the sine wave in (a). Notice that where the slope in (a) 
is zero, the function in (b) is zero. Where the slope in (a) is maximum in the 
positive direction, the function in (b) is maximum positive. Where the slope 
is maximum in the negative direction in (a), the function is maximum nega- 
tive in (b). 


WY 


Ficure 11-4. 
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Because, in Fig. 11-4, (a) represents y = sin x, and (b) represents y = cos x, 
and since (b) was plotted in accordance with the instantaneous rate of change 
of (a), then (b) is the derivative of (a), or & (sin X= COS: 

The same method was used to plot (d) from (c), showing that (cos x) 


= —sin x. Because the cosine curve is just the sine curve with a 90° phase 
shift, it is apparent that reactive electronics components can be used to 
differentiate a function. The practical value of this idea will be explored in 
detail later. 

Examples of the use of Eqs. (11-9) through (11-18) follow. 


EXAMPLE 16. If y = log,) x, find dy/dx. 


Solution. From Eq. (11-9), £ (logis x) ~ logo e(1). 
But log, e = 0.4343; so dy/dx = 0.4343/x. 


EXAMPLE 17. If y = logy) (x? + 2), find dy/dx. 
Solution. Let u= x? + 2; then du/dx = 2x. Using Eq. (11-9), we have: 


dy ferlubind ioe Gioxes 


dy _ 0.8686x 
pO ae) 


x7+2 


EXAMPLE 18. If y = log, V (x* — 2)%, find dy/dx. 
Solution. Let u = (x* — 2); then: 


OH — 3 8 — 2)!93x4) = 


RCE Se A 
2 
Using Eq. (11-9), we have: 


Gyan een Ae 9x%(x? — 2)? 1,9544x? 
ae = GPa 043s ee 


EXAMPLE 19. If y = In x, find dy/dx. 
Solution. Using Eq. (11-10), we have: 


d - 
7x (ln x)= 


el 


EXAMPLE 20. If y = In (2x? + 3x — 1), find dy/dx. 


Solution. Let u = 2x* + 3x — 1; then du/dx = 4x + 3. Using Eq. (11-10), 
we have: 
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4x +3 ; 
2x? + 3x — 1 


dy _ J = 
imide ae TD 

EXAMPLE 21. If y = sin (x? + 1), find dy/dx. 

Solution. Letu = x’? + 1; then du/dx = 2x. Using Eq. (11-11) we have: 


dy _ 2 
naa (x? + 1)+2x. 


EXAMPLE 22. If y = 2 sin 2afx, where fis a constant, find dy/dx. 
Solution. Let u = 2xfx; then du/dx = 27f. Using Eq. (11-11), we have: 


2 = 2 cos 2afx:-2af = 4af cos 27 fx. 


EXAMPLE 23. If y = cos (3x? — 2x + 2), find dy/dx. 
Solution. Let u = 3x? — 2x + 2; then du/dx = 6x — 2. Using Eq. (11-12), 
we have: 


= —sin (3x? — 2x + 2)-(6x — 2) = (2 — 6x) sin (3x? — 2x + 2). 


EXAMPLE 24. If y = cos 27fx, where fis a constant, find dy/dx. 
Solution. Let u = 27fx; then du/dx = 2xf. Using Eq. (11-12), 
dy/dx = —2zf sin 2xfx. 

EXAMPLE 25. If y = tan (3x? + 5), find dy/dx. 
Solution. Let u = 3x? +5; then du/dx = 6x. Using Eq. (11-13), 

dy/dx = 6x sec? (3x? + 5). 
EXAMPLE 26. If y = cot (x? + 1)”, find dy/dx. 
Solution. Let u = (x? + 1)!”; then 


Ci meaile 2 -1/2 ped x , 
FOR CH CLIN Aad or x ex aren pte 


Using Eq. (11-14), we have: 


CV CSC Cee) 
Cu (x? + 1)! 


EXAMPLE 27. If y = 2 sec (7x + 2), find dy/dx. 
Solution. Let u = 7x + 2; then du/dx = 7. Using Eq. (11-15), we have: 
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a = 2 sec (7x + 2) tan (7x + 2)-7 = 14 sec (7x + 2) tan (7x + 2). 


EXAMPLE 28. If y = csc abx, where a and 6 are constants, find dy/dx. 
Solution. Let u = abx; then du/dx = ab. Using Eq. (11-16), 


dy/dx = —ab csc abx cot abx. 
EXAMPLE 29. If y = 10*, find dy/dx. . 
Solution. Let u = 3x; then du/dx = 3. Using Eq. (11-17), we have: 


= = 10 In 10-3 = 10*-2.3026-3 = 6.9078- 10%. 


EXAMPLE 30. If y = 852, find dy/dx. 


Solution. Let u = x”; then du/dx = 4x71? = 1/2./x. Using Eq. (11-17), 
we have: 


dy 1 85¥2 «2.222 
=— == $5”? -In 85: = 
dx y Du Gi N 1% 
EXAMPLE 31. If y = e**, find dy/dx. 

olution, Levu — 2x. thenrauidx =: 

Using Eq. (11-18), we have dy/dx = 2e?*. 
EXAMPLE 32. If y = e~*/4, find dy/dx. 

Solution. Let u = —x/4; then du/dx = —1, Using Eq. (11-18), we have 
dy/dx = —e- 24/4, 

EXAMPLE 33. If y = sin e***%, find dy/dx. 
Solution. Let u = e****; then, from Eq. (11-18), 


du ==, bys 
on 2e : 


and, using Eq. (11-11), we have dy/dx = 2e?**? cos e?t*3, 


EXAMPLE 34. If y = cos e°**, find dy/dx. 


Solution. Let u = e°***; then, using Eqs. (11-18) and (11-12), we have 
du/dx = —2 sin 2x-e°***, and 


d : / 
= mo) Siler Yr Ce cassie oe 
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Exercises 11-6.5 


Differentiate each of the following functions with respect to x. 


logis x. 12. 4 tan (x* + 5). 
DeHOO un Ok 2. 13. cot /x°. 

3. In Bx + 1). 14. 3 sec (x — 1). 
4. In /x? + 3. 15. 4 csc (x? — 3x + 1). 
Seasitiexe, 16. 107+?, 
Gass) x. W757) 

7. —2 cos (2x? + 1). 18. e%*. 

8. sin x — cos 2x. 193257 

9.2 sin wx? + cos xx. 20. e°° =, 
10. tan (x + 1). Ze, 
11. tan 27x. Den 


(6.6) Differentiating Implicit Functions 


So far in our discussion of the calculus, we have dealt exclusively with 
explicit functions. By definition, y is an explicit function of x if y is expressed 
Gitcctivanue terms Of x" (6.0...) = 3X 2 2X hl ay aen®, y= cos 2x). 
If, however, y is chosen as the dependent variable, and the function contains 
terms in both x and y—or if y is raised to a power other than 1—then y is 
said to be an implicit function of x (e.g., yi = x? + 1, x*y? + 2xy +2=0, 
etc.). We can often manipulate an implicit function so that it becomes explicit 
—for example, if x°y+2x+3y=5, then y(x?+ 3)+ 2x=5, and 
y = ( — 2x)/(x*? + 3)—which is readily differentiable. 

But sometimes we are faced with the problem of differentiating a function 
in which the dependent variable can’t be isolated, or it can be isolated only 
with considerable difficulty (e.g., 2y? + xy? — 3x°y + 5x = 0). It turns out 
that functions of this type can be differentiated in their implicit form by 
means of a relatively simple process. We differentiate the entire function with 
respect to x, remembering that y is a function of x, then solve for dy/dx. 


EXAMPLE 35. If x*y? = 1, find dy/dx by means of implicit differentiation. 


Solution. Consider x’y? as a standard product differentiation (of the type 
that can be accommodated by Eq. (11-6). Then, differentiating both sides 
of the equation, we obtain: 
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£09) + YZ) = £0). 


Because y = f(x), fe lh ry. If the reader finds this difficult to under- 
stand, he should mentally substitute y for u in Eq. (11-5). 


So we have: 


ap + y? 2x = 0, 


from which 
dy Pay: 
dx be 


We can check this by making an explicit function out of x*y? = 1, and 
differentiating directly: 
24,2 . 2 I — =a 
Va ee SOn iy? aise and) a= 47%, 


CMe LS 


ne a. 


Substituting y = x7! in dy/dx obtained by means of implicit differentiation, 
we get: 


dy Yi eae 


== See 


Oxi chide x? 


the same answer we obtained by means of explicit differentiation. 


Exercises 11-6.6 
Find dy/dx for each of the following by means of implicit differentiation. 


te ox x ol 
DX ete XVare ye == 10; 
3. y? + 3x’y? + 4x3y — 7x = 3. 


(6.7) Successive Differentiation 


Recognizing that dy/dx is itself a function of x, it is permissible, and often 
useful, to find the rate of change of dy/dx by means of successive differentia- 
tion. In other words, we can take the derivative of a derivative if we choose. 
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2 
The second derivative of a function has the symbol = (read “dtwo y 


dx squared,” or “d second y by dx squared,” or “the second derivative of y 
with respect to x”), where y is a function of x. An alternative notation is 


3 
y” (read “y double prime”). The third derivative is au or y’’’, and so on. 


To demonstrate the significance of successive differentiation, let us operate 
on the equation for a freely falling object. If the object is dropped from some 
fixed point, then the distance it travels (S) is a function of the length of time 
(t) it has been falling. So S= f(t) = 16¢? (approximately), where S is in feet 
and ¢ is in seconds. The velocity (V) of the falling object is the instantaneous 


rate of change of S with respect to t, or dS/dt. Therefore, V = 24 107) 327. 


If we differentiate the expression for velocity, we obtain the instantaneous 
rate of change of velocity with respect to time—which is the acceleration 
that the object experiences as it falls. 


a’s dV 


d ie 
Ge =F = FO = 22 


So the acceleration due to gravity is a constant and is approximately 
32 ft/s? 

Two more examples of successive differentiation should establish the 
method. 


EXAMPLE 36. If y = 3x* + x? — 3x + 2, find the first, second, and third 
derivatives of y with respect to x. 


Solution. 


OPS eee 


dx 

diya 
at = 18x + 2; 
diye: 

ae 18. 


EXAMPLE 37. Find the fourth derivative of y with respect to x for the function 
Ve iSinex: 


Solution. 
oven ; 
as COS.X: 
diva : ‘ 
sant —sin x; 
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Exercises 11-6.7 


Find the first, second, and third derivatives of y with respect to x for each of the 
following functions. 


1. y = 5x? + 11x? — 3x +2. 


Sanya SINE 


1 


rgd TE | 
Sy es 
ro Maximum and Minimum Values 


If the tangent to a curve is a horizontal line, say as the applicable function 
goes from an increasing value to one that is decreasing, then the tangent 
represents a constant, and it has a slope (and hence a derivative) that is equal 
to zero. If the curve of a function has a turning point that represents a maxi- 
mum or minimum value (e.g., an upward opening parabola has a minimum 
value, and a downward opening parabola has a maximum value), then we can 
determine the location of the turning point by setting the derivative of the 
function equal to zero and solving the resulting equation. For example, 
consider the quadratic equation y = 2x” + 3x + 2. Setting its first derivative 
equal to zero produces 4x + 3 = 0. Solving this equation for x, we obtain 
x = —i. This tells us that the function has a maximum or a minimum value 
at x = — because, at this point, the slope of the tangent to the curve is 
zero. The function is a quadratic having a positive coefficient of x2; so we 
know that its curve is an upward opening parabola. We know, therefore, 
that the function has a minimum value at x = —3. To find the minimum 
value of the function, we need only substitute —2 for x in the original equation 
and solve for y. 


y= 2-9? +3(-)+2= 4 


The minimum value of the function, then, is 7, and the coordinates of the 
turning point are (—3, 2). 
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For quadratic equations in general, Lax’ + bx + c) = 0 at the maxi- 


mum or minimum turning point. Differentiating and solving for x, we get 
2ax + b = 0, and x = —b/2a. Notice that this is the same equation that was 
used in an earlier chapter to find the maximum and minimum values of 
quadratic equations. 

If a function is not a quadratic and it has a turning point, we cannot 
determine by inspection if the turning point represents a maximum value, 
or a minimum value, or if it only represents a level segment of the function’s 
curve. Setting the first derivative of the function equal to zero can still be 
used to establish the location of the turning point, but we must use some 
other means to determine its nature. 

There are at least three ways to perform such a test: 


(a) We can evaluate the original function at the turning point, then deter- 
mine whether the function increases or decreases in value on either side. 
We can do this by substituting suitable values of the independent variable 
on both sides of the turning point. In the example above, the function has 
a value { at the turning point (x = —3). If we let x = 1 in the original equa- 
tion, then y = 1; when x = 0, y = 2. So the function is more positive on 
both sides of the turning point than it is at the turning point. The function, 
therefore, must have a minimum value. 


(b) We can find the sign of the derivative on both sides of the turning point. 
If the sign is positive, it means that the function increases as the independent 
variable increases. A positive slope means that the ordinary curve of the 
function rises to the right. If the sign of the derivative is negative, then the 
function decreases as the independent variable increases. A negative slope 
means that the curve rises to the left For example, using the same function 
as before, 


prs + 3x+2)=4x+3 (turing point at x = —3), 


To the right of the turning point, say at x = 0, the slope of the curve is 
4(0) + 3 = 3. Because this is a positive value, the curve rises to the right 
of the turning point. At x = —1 (to the left of the turning point), the slope 
of the curve is 4(—1) + 3 = —1. Because the value is negative, the curve 
rises toward the left of the turning point. We have established that the curve 
rises on both sides of the turning point; so the function has a minimum 
value. 


(c) By recognizing that the second derivative of a function is the rate of 


change of the slope of the tangent to the curve, we can determine the nature 
of the turning point by means of the sign of the second derivative. That is, 
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if d’y/dx* is positive, it means that the slope of the tangent is increasingly 
positive as x increases. To see this more clearly, consider the curve of 
y = 2x’ + 3x + 2 plotted in Fig. 11-5. To the left of the turning point the 
slope is negative, but it gets less 
negative (less steep) as it approaches 
zero at the turning point. In other 
words, the algebraic value of the 
slope increases from left to right. To 
the right of the turning point, the 
slope is positive, and its algebraic 
value increases (the slope gets steeper) 
as x increases. So throughout the 
curve, the value of the slope increases 
from left to right. For the function 
plotted in Fig. 11-5, d*y/dx? = +4. 
Because this is a positive value, dy/dx 
increases from left to right, indicating 
a minimum value rather than a 
maximum. On the other hand, if the 
sign of the second derivative is nega- 
tive, it means that the slope of the 
tangent becomes more negative as the 
FIGURE 11-5. independent variable increases. In the 
case of a quadratic function, a nega- 

tive second derivative indicates a maximum value. 

Some higher-order functions will have a level segment in an otherwise 
continually rising or falling curve. In this case we can set the first derivative 
equal to zero to evaluate the function at the point where the curve is parallel 
to the x axis. But here the sign of the second derivative cannot be interpreted 
as indicative of a maximum or a minimum value. As a generally increasing 
curve approaches a level segment, its slope approaches zero—it is decreasing 
in value. As the curve rises to the right of the level segment, its slope increases 
in value. So dy/dx does not continually increase or decrease as it does when 
there is, in fact, a maximum or a minimum value of the function. Whenever 
there is any doubt whatever regarding the nature of the curve on either 
side of a turning point, procedure (4) should be used. 


Exercises 11-7 


Use the calculus to find the coordinates of the turning point in each of the following. 
Determine whether the turning point represents a maximum or a minimum by means 
of the sign of the second derivative. Check your answers using any other means that 
you choose. 
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1. y = 3x? — 3x +5. 4. y = 2x? — 50x. 
2.9 =x + x — 1, 5. y = [5x = 22!5x? 4-3: 
3. y = —5x? + 4x. 


6. In Fig. 11-6, Ring is the internal a 

resistance of a voltage source whose 

EME is £ volts. R, is a load resistor. re R y 
Find the relationship between R, and . : 
Rin that will provide the maximum 

power transfer from the generator to 

the load. Use the calculus and any or FIGURE 11-6. 

all of the following equations: 


See Is) 
V, = E — [Rint, LON Ta Ra 


P,=I1V,;, where P; is the power dissipated in R;, 


= ==\0 at the maximum-load power point. 


8. Differentials 


The reader may wonder why the relatively cumbersome symbol dy/dx is used 
to represent the derivative of y with respect to x. The use of this symbol is 
based upon its significance as a fraction when dy and dx are treated separately. 
Here, dy and dx are called differentials of y and x, respectively. If 
avidn== 74x), then dy = f (x) dx. 

Because it opens the door to the algebraic manipulation of calculus 
expressions, the concept of dy/dx as a fraction is extremely important. It 
provides us with a means of solving some practical problems that are based 
upon the use of the calculus. Further, it provides us with a relatively quick 
and simple means of finding the approximate change in the dependent 
variable when the independent variable experiences a small change. 

The solution of differential equations will be discussed later. Here, let us 
explore the use of differentials in determining the relative change of one 
variable with respect to another. 

Combining differential notation with incremental notation, we can assume 
that dx = Ax, and dy is approximately equal to Ay if Ax is small. In the 
following examples, we will first use the method discussed in Section 2 to 
find the change in y resulting from a change in x. Secondly, we will approach 
the same problem using differentials, and then compare the two methods. 


EXAMPLE 1. If y = x? + 3x + 1, and x changes from 3 to 3.1, what is the 
corresponding change in y? 
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Solution. 
(a) Ay=f@-+Ax)—f/@)=B.P £36.1) + 1) Bese 
= 19.91 —19=0.91. 


(6) Using dy = f’(x) dx, where x = 3, and dx = Ax = 0.1, we have: 
dy = (2x + 3)0.1 = 0.90. 


Comparing the two answers, we see that the second is a reasonably close 
approximation of the first. Had Ax been smaller than 0.1, the two answers 
would have compared even more favorably. 


EXAMPLE 2. If y = 5x* — 3x? + x, and x changes from 4 to 4.01, what 
is the corresponding change in y? 
Solution. 
(a) Ay = f(x + Ax) — f(x) = [5(4 + 0.01)* — 3(4 + 0.01)? 
+ 4+400)] — 54" 2G) 
= (322.4 — 48.24 + 4.01) — (320 — 48 + 4) 
= 278.17 — 216 ie 


(b) dy = f'(x) dx = (15x? — 6x + 1)(0.01) 
= [15(4)? — 6(4) + 130.01 = 2.17. 


In this case, Ax is small enough to make Ay = dy—considering the number 
of significant figures involved. 


EXAMPLE 3. A 50-mH coil is connected in a circuit that is being driven by 
a 10-kHz source. If the frequency drifts +-10 Hz, what will be the change in 
the inductive reactance of the coil? 


Solution. 
(a) X,=2afL, and AX, =2n(f+A/S/)L — 2zfL, 


where: 


f=10 x 10* Hz, 
Af = 10 Hz, 
L=50 x 107° H. 


AX, = 27(10,010)50 x 10-* — 27 x 10 x 103 x 50 x 10-3 
= 2x X 10.01 x 50 — 2x x 500 = 27(500.5 — 500) 
= 27(0.5) =7Q. 
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(De tL sO) ON, = 2a ld, where df = 10 Hz; 
CX 7 ECOL SO == x05 x0. 


The answer, using either approach, tells us that the inductive reactance of 
the coil goes from 3141.59 © to 3145.14 O when the frequency drifts from 
10,000 Hz to 10,010 Hz. Both answers are the same because Af is small 
enough to make AX, = dX,,. 


To summarize the results obtained in the foregoing examples, differentials 
can be used to find the approximate amount of change of a variable when 
a related variable is changed a known amount (provided, of course, that the 
applicable function can be differentiated). The smaller the change in the 
independent variable, the better the approximation provided by the differ- 
ential process. The main advantage offered by the differential process is its 
relative simplicity. 


Exercises 11-8 


For each of the following functions, use differentials to find the approximate change 
in y when ‘x changes from 2 to 2.02. 


ly=3x74+x+4+1. 4. y = 6x? + 5x? = 2x + 3. 
Dyes 10x? — 3x75 7. 5. y = x* — 2x3 + 3x? — 5x + 16. 
Sy 9X Ix? 2X 4-6. 


6. Write the equation for the solution for Question 5, using Ay = f(x + Ax) —f(x). 
Do not work through to the answer. Compare the two methods from the standpoint 
of relative simplicity. 


9. Integration 


Generally speaking, integration is the inverse of differentiation in the same 
sense that division is the inverse of multiplication. We can find an expression 
for the original function, if we know its derivative, by means of integration. 

This “working backwards” is an important aspect of the integration pro- 
cess, but it has another interesting feature. In its own right, integration pro- 
vides an almost unbelievable means of finding areas. 

In our discussion, we will first explore the “antiderivative” aspect of inte- 
gration, the indefinite integral, then proceed to the finding of areas by means 
of definite integrals. 

The notation used to indicate the “indefinite” integration process is: 
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[AG) dx =f@) + €. 


This is read “the integral with respect to x of f, of x is equal to f, of x plus 
an arbitrary constant.” 

The arbitrary constant enters the picture because the original function, 
f(x), may have included a constant that disappeared when the derivative 
was taken. For example, if y = 3x? + 5, then dy/dx = 6x (the 5 has been 
lost). It looks as though the integral, with respect to x, of 6x is 


| OX Oke ke 


But this does not, by itself, bring us back to the original function. So unless 
we have some way of knowing the value of the constant, if any, in the original 
function, we must include the +C in evaluating an indefinite integral. This 
is what makes the integral indefinite. 

Notice that differential notation forms a part of the process in that dx 
appears in the expression for the integral. To justify the existence of dx, 
we combine the ideas of integration and differentials in the following 
sequence: 

If y = f,(x), then we can say that 


Flo) =fi(x) or d[fjx)] = fi) dx. 
Integrating both sides: 


| aA.) = JAG) ax. 


But because integration accommodates differentials as well as derivatives, 
the integral of the differential of f,(x) must be f,(x) + C. So f(x) + C 
= | f(x) dx, which is the equation we used to define the indefinite integral 
in the first place. 

Pursuing the point, it follows that: 


Ja=y+e, [a=x+e, far=r+o, Che: 


Also, the differential tells us which variable is involved in the integral. If 
we were asked to integrate 5, and wrote { 5 = ?, we would have a meaning- 
less expression, because 5 can only be integrated if we know the variable to 
which it is related. On the other hand, f 5 dx is perfectly valid. It can be 
written 5 { dx, with the result 


5 | dx =35(x+C)=5x+C (because C is arbitrary). 
¥ 
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There follows a list of formulas for integrating the more common types 
of functions. A more complete list is included in the appendices. 


[do =v+ C (11-19) 


[ @ + dv — dw) = { au + { a — i dw (The integral 
of the sum is equal to the sum of the integrals.) (11-20) 


i Gav aa | dv (where a is a constant) (11-21) 


(where n is a constant and n 4 —1) (11-22) 


[@=mv+ce | (11-23) 
| a av. i +C (where a is a constant) (11-24) 
fe du=e+C (11-25) 
J sin v dv = —cosv+C (11-26) 
{ cos v dv =sinv+C (11-27) 


Some examples of the use of these equations follow. 


EXAMPLE 1. 
| -7 4x = 1 { dx = MiG ieee key 
EXAMPLE 2. 


Oe Ci EG UN(bS Be R(1122 
(ee a ae rapEReu (by Eq. (11-22)). 


Here, we simply add 1 to the exponent of the variable, divide by the new 
exponent, and add C. 


EXAMPLE 3. 


[ Gxt + Ix8 — 3x? + x + 2) dx = [ 3xt de + | Tx dx 


2 { 3x? dx + [xax+ | 2dx (by Eq. (11-20)) 
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=3[xtdx+7 [x dx—3[xtdx + [xdx 42 dx 

(by Eq. (11-21)) 
SR eM (by Ee eee 
ees 4 3 2. j 


= Bx? + ixt — x8 + bx? + 2x4 C. 


Notice that only one C is needed because it is an arbitrary constant. As an 
exercise, differentiate the result just obtained to show that it produces the 
original function. 


EXAMPLE 4. 
| 2x(x? — 3)* dx. 


First, we attempt to get the function into one of the standard forms. To do 
this, let v = x? — 3; then dv = 2x dx. By substitution, we can now write the’ 
function in a form suitable for integration by means of Eq. (11-22): 


if pecryien {do— | Gt —3)0x ae Oe 
_—_—___"”"-_— 


yn dv 


EXAMPLE 5. 
i —5x(3x2 + 2)'/2 dx. 


Solution. Let v = 3x? + 2, then dv = 6x dx. To permit the use of Eq 
(11-22), we need 6x dx, and what we have is —5x dx. But constants can 
be moved from one side of the integral sign to the other (Eq. (11-21)); 
SO we remove the —5 by placing it outside the integral symbol. We can insert 
6 to the right of the integral, provided we also divide by 6 outside. The integra- 
tion can then be performed according to Eq. (11-22) as follows: 


| —5x(3x? -+ 2)? dx = => | (3x? + 2)? 6x dx 
Sos ae tO 
De )) 


2 1/2+1 
= -2|S5>) | + C= —$3x* + 29446. 


As an exercise, use differentiation to check this result. 
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EXAMPLE 6. 


RAK 
x*-+8 


Solution. Let v = x? + 8; then dv = 2x dx. The function is of the type 
that can be integrated by means of Eq. (11-23): 


Gum eX OX - 
{e= easy = ME ee. 
EXAMPLE 7. 


| a= cos 1% dx. 


Solution. Let v = sin x; then dv = cos x dx. Using Eq. (11-24), we have: 


sin x 


[ a= cos x dx = § + C, 
Ina 
EXAMPLE 8. 
xe dx. 


Solution. Let v = x?; then dv = 2x dx. Using Eq. (11-25), we have: 
Pa en OX. — tena, 

EXAMPLE 9. 
i sin 2nft dt, 


Solution. Let v = 2xft; then dv = 2xf dt. Using Eq. (11-26), we have: 


i wer! ‘ . = en 
| sin 27 ft dt = Inf | sin 2x ft +22 f dt = se cos 27 ft + C. 
EXAMPLE 10. 
| cos 26 dé. 


Solution. Let v = 20; then dv = 2 dd. Using Eq. (11-27), we have: 


{ cos 26 do = 4 | cos 29-2 do = 4sin 20 + C. 
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Exercises 11-9 


Integrate each of the following. 


1. {22 dx. 9. | 10% dt. 

Ze ee (ie 10. {ers ax: 

3. { 1-2 dt, 11. i 3c dO. 

4, | W@ ao. 12. { 8e-vee dt (Rand Care constants). 
5, { ae 13. f sin 26 dd. 

6: ey 14, { cos 2nft dt. 


(<7 + 1) at 


ell 
Nea sseyqiesers 15. {sin 3 ao. 


8. { a4 sin 6 dO. 


The reader’s attention is now directed to the table of integrals in the appendices. 
The integration formulas presented are self-explanatory and should be used whenever 
the need arises. 


10. The Definite Integral 


Apart from the “antiderivative” aspect of integration, we can integrate a 
function of x over an arbitrary range of x to produce the area bounded by 
the function’s curve, the x axis, and the vertical lines representing the upper 
and lower limits of the chosen range. In general, this is accomplished by: 


(a) Integrating the function. 


(5) Substituting, in the integral, the upper limit of the independent 
variable, thus obtaining a numerical result. 


(c) Substituting, in the integral, the lower limit of the independent 
variable, obtaining a second numerical result. 


(d) Substracting the result obtained in (c) from the result obtained 
in (5). 
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Because we subtract the latter result from the former, the arbitrary constant 
of integration disappears, and the net result is definite. 

As an example of the significance of the definite integral, let it be required 
to find the area of the field shown in Fig. 11-7(a). In Fig. 11-7(b) we have 
constructed a coordinate system to conform to the layout of the field. The 
top boundary, being a straight line, can be represented by the equation 
y = 1x + 4 (slope = 4, y-axis intercept = 4). 


y=f(x)=$x+4 


4 miles Smiles 


3 miles O 3 
(a) (b) 


FIGURE 11-7. 


The area of the field is the definite integral of y = +x + 4 over the range 
x = 0 to x = 3. The usual definite integral notation shows the lower limit 
(x = 0 miles) at the bottom of the integral sign, and the upper limit (x = 3 
miles) at the top of the integral sign. The function resulting from the integra- 
tion is usually enclosed in square brackets to facilitate the writing of the 
limits at the right-hand side. The area of the field, then, can be expressed as: 


[Gade [+o] 


To find the actual area, we first evaluate the expression with the upper 
limit substituted for x, then subtract the value obtained when the lower 
limit is substituted for x as follows: 


& a 4(3)| a E a 4(0)| =2412=135 mi. 


The reader will no doubt see a far simpler means of finding the area of 
the field just described. But what if the top boundary of the field was not 
a straight line? Suppose its shape is as shown in Fig. 11-8(a), possibly because 
of a river along its top boundary. 

Recognizing that the top boundary conforms reasonably well to the 
equation y = x? + 4 in the coordinate system of Fig. 11-8(b), the area of 
the field is: 
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Sia 
y= x°4+4 
13 miles 
4 
4 miles : 
xX miles 
3 miles 
(a) (b) 
FIGURE 11-8. 


[ @? +4) de = [px + 4xf = 27 4 12) — (0) = 21 mi? 


If it happens that a part of the curve of a function of x—over the range 
in question—lies below the x axis and part lies above, then the definite 
integral will produce the algebraic sum of the areas. It will treat the area 
below the x axis as negative. For example, y = x — 1 has a negative area 
from x = 0 to x= 1 (Fig. 11-9), so the definite integral over the range 
x = 0 to x = 2 should produce a cancellation of equal areas resulting in 
an answer of 0. 


[,@— Da =(S5 0) FC _ am) 


yi pre ay 


FIGURE 11-9. 
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Exercises 11-10 


Find the areas indicated by the following definite integrals. 


1. iF Ox: af, a sin? 6 dé. 
0 
2 a 
Zs ([: (7x + 3) dx. 8. lk cos?@d6 (use the table of integrals 
hi in the appendices). 
3. i 32? dt. 
2 


27 
9. | ~ 2ncfe sin 6x ft d2n ft 


4. i E(x 2)? dx. a 
: 10. | Qn ft cos 8x ft d2x ft. 


5 in cos 6 dé. : 
0 11. Find the area between the curves 
ca = +x and y = 5x, 

6: i, sin 6 dé. Wee 

11. Average Values 


To find the average value of a function of x over some specified range, say 
from x =a to x = b, we need only divide the applicable area {°, f(x) dx 
by the length of the baseline b — a. To demonstrate the general idea, let 
it be required to find the average value of y between x = 2 and x = 3, if y 
= x? + 4 (see Fig. 11-8(b)). Dividing the area by the length of the baseline: 


i 3 x3 ® : 
35] (x? + 4) dx = E = 4x = 10§ units. 
— 9 2 


We can use this method to evaluate 
the average value of any alternating 
current or transient waveform for 
which the equation is known. For 
example, let it be required to find the 
average value of the current at the 
output of a half-wave rectifier when 
the input is sinusoidal. The output of 
such a rectifier may be as shown in FIGURE 11-10. 
Fig. 11-10. 

Over the range 0 < a < 72, the equation for the function is i = J, sin a; 
so the area between the curve and the @ axis is: 
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ik I, sin a da = I,,[—cos a]f = [,,[(—cos 2) — (—cos 0)] 
= In{(1) — (—1)] = 2n- 


The average value of the output current is, therefore, 2/,, divided by 27, 
which is the baseline over one complete cycle of operation. 


[oe 051816 
2n 


For a full-wave rectifier with a sinusoidal input, we need only double the 
applicable area, producing: 


Ty = 0.6361. 


As another demonstration of the usefulness of this approach, let it be 
required to find the average current in the RC circuit of Fig. 11-11(a) from 
the time the switch is closed (at t = 0s) to the time when the current is 
practically zero (at t = 5RCs). The exponential decay of current is shown 
in Fig. 11-11(b). 


Im 


t(secs) 


FIGuRE |1-11. 


The area under the curve is: 


5RC SRO 
an e VEC d¢ — R ewwne(_) dat = —CElen##eas 
0 
1 


= —CE[(e-*F6/R) — (e/R°)] = —CcE(S = 1) 
= —CE(0.0067 — 1) = 0.9933CE. 


The average value of i, then, is: 


0.9933CE _ 0.2E. 


SRC R 
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To determine the power rating required for the resistor, we need only 
square the expression for the average current and multiply by R: 


E 


2 2 
Power Rating for the Resistor ~ (0.25) R= 0.046" 


R 


Exercises 11-11 


1. If y = 3x? + 2, find the average value of y: 

(a) over the rangeO <x <1; 

(b) over the range 0 = x S 2; 

(c) over the range 1 = x S3. 

2. If y = e~*, find the average value of y over the range 0 = x S3. 

3. In the circuit of Fig. 11-11(a), what is the average current during the period from 
the time the switch is closed until: 


(a) 1 time constant has elapsed ? (c) 3 time constants have elapsed ? 
(b) 2 time constants have elapsed ? (d) 4 time constants have elapsed? 


12. Simpler Differential Equations 


An equation that contains derivatives or differentials is known as a differ- 
ential equation. Depending upon the type of equation, the method used for 
solving a differential equation can be relatively simple or relatively compli- 
cated. To remain within the scope of this book, only the simpler differential 
equations will be discussed (i.e., those in which the variables can be separated). 
Basic methods for the solution of these equations are shown in the following 
examples. 


EXAMPLE 1. Solve the differential equation: 


Solution. First, we isolate dy/dx on the left-hand side: 


dy _ 
Wes 


Then, treating dy and dx separately, we have 
dy = 4x dx. 


Integrating both sides, 
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i dy = i 4x dx, 
from which 
ase encteas 44x?) + C= 2x%7+ C. 


So y = 2x? + Cisa solution of the differential equation: 


EXAMPLE 2. Solve the differential equation: 
d — y)xdy+ (1+ x)y dx = 0. 


Solution. Transposing the first term, then dividing both sides by xy, we 
obtain: 


(+x)ydx _(y—1)xdy 
xy xy 


from which we get 


I es (ote 
(£+1)&=(1 5) e 
Integrating both sides yields: 
1 oe Perel 
[det [ax = [ay >. 
from which we get: 


Inx+x=y—Iny4+C, 

Inxy+x—y=C. 
EXAMPLE 3. Derive the equation X, = 27/fL using the differential equation 
Oey 90, ee, where Una iS the instantaneous voltage induced across an 


inductance of L henries and di/dt is the instantaneous rate of change of 
current, through the inductor, with respect to time. 


Solution. Ving = L a also, Vina = Vinax Sin @t, Where Vn, is the peak value 


of the voltage induced, and a is the electrical angular velocity (o = 2zf). So, 
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ii a Me Mteit Por dr en of de. 


and 


? V, . 
a == sin of di. 
je @ 


Integrating both sides, we obtain: 


{a= 226 Ugh ot dt = en @t+a-dt, 


Vin ax 
ol 


i= — 


cos at + C. 


(The C may be dropped because it is representative of a transient condition. 
We will restrict ourselves to the steady-state circumstances.) 
Because —cos 6 = sin (9 — 90°), we can write: 


tae es 1 es fe} 
t= sy (sin ot — 90°). 


@ 
Remembering that i lags ving by 90°, we can write 
i = Inox Sin (ot — 90°), 


and 


Vina 4 oa One 1 —_ ° 
Ti sin (@t — 90°) = Inax Sin (@t — 90°). 


Dividing both sides by sin (ot — 90°) produces: 


V, V, 
maxX dats and aL — max , 


@ max 


The unit associated with mL is ohms, provided is expressed in radians 
per second, and L is expressed in henries. Assigning the symbol X;, to aL 
and calling it inductive reactance, we have: 


X;, — @l= Vda ah bop 


Exercises 11-12 


1. Solve the differential equation dy/dx — 3x? = 0. 
2. Solve the differential equation y dx + x dy = 0. 


3. What is the significance of the —90° in the expressions (@t — 90°) in Example 3? 
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4. Derive the equation for the capacitive reactance of an ideal capacitor when a 
sinusoidal voltage is applied. Use any or all of the following formulas: 


q = Cv, where gq is expressed in coulombs, 
C is expressed in farads, and 
v is the applicable instantaneous voltage. 


» = Vmax Sin of, age rye Leer) 
cos 6 = sin (@ + 90°). 


5. Derive a formula for the instantaneous voltage, v, in terms of R, L, and C, 
applied to the circuit of Fig. 11-12. Given: v = vg + vz + v¢, and v is sinusoidal. 


FIGURE 11-12. 


13. Differentiating and Integrating Circuits 


Circuits that will differentiate and integrate find wide application in electronics 
because they provide a straightforward means of changing waveshapes from 
one form to another. A simple RC differentiating circuit is shown in Fig. 
11-13. 


FIGURE 11-13. The RC differentiating circuit. 


The voltage across the capacitor is 


_ [iat 


Vo = Titec a Ein cae es 


age 
G 
and the voltage across the resistor is Vz = Eu, = IR. 


| Lat = CUE — Bowe) 
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Differentiating both sides with respect to time, we obtain: 


= c[ {En = Fon), 


Multiplying both sides by R (because E,,, = IR), we obtain: 
= d(E;, hes Fo) | 3 
Eyu = RC| En Few) 


If E,u, is very small compared to E,,, then we can say with reasonable ac- 
curacy that: 


— dE‘, 
Baws ed RC “ad 


and the output voltage is proportional to the time derivative of the input voltage. 

To make E,u;< Ein, R must be small compared to the reactance of C at 
the highest frequency that the circuit is to accommodate. If a nonsinusoidal 
waveform is applied to the circuit, then the reactance of C must be computed 
using the frequency of the highest-order harmonic of any significance 
contained in the waveform. Further, the time constant RC must be small 
compared to the period of the highest significant frequency in £;,. An RC 
differentiation circuit, then, is a high-pass filter configuration with a short 
time constant. Its output should be a function of the rate of change of the 
input, and vot a function of the magnitude of the input. 

Suppose that a series of rectangular positive pulses is applied to the 
differentiating circuit as E,,. Because of the short time constant, C will charge 
quickly from 0 volts to the peak value of the input voltage. But, because the 
sum of the voltage drops in the circuit must always equal the applied voltage, 
and because it will take some time for C to charge, then the voltage across 
the resistor (and hence the output voltage) will instantly equal the peak value 
of the applied voltage, decaying toward zero as the capacitor charges. The 
effect is shown in Fig. 11-14. 


| 
iad i (a (18'S 
O | 


FiGuRE 11-14. 
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In the ideal case, there will be an output only when the input is changing. 
The steeper the leading edge of the input, and the shorter the time constant 
of the circuit, the narrower the output spike will be. When the input is con- 
stant, there will be no output, which is consistent with the basic idea of the 
derivative discussed earlier. Notice, too, that the output is negative when 
the input is decreasing. Again, this is consistent with the rule that a decreasing 
function will have a negative slope. 

Figure 11-15 is an oscillogram showing the actual response of a differentiat- 
ing circuit to a square-wave input. This oscillogram was obtained by photo- 
graphing the traces produced by a dual-beam oscilloscope. Here, and in 
subsequent oscillograms, the top trace is the input, and the bottom trace is 
the simultaneous output. 


FIGURE 11-15. The effect of differentiat- FIGURE 11-16. The effect of differentiat- 
ing a square wave. ing a sawtooth wave. 


Now let us examine the output that will result from the application of a 
sawtooth wave to the differentiating circuit. The effect is shown in the oscil- 
logram in Fig. 11-16. 

The upper trace shows the sawtooth input waveform. Notice that there 
is a short interval between the end of one sawtooth wave and the beginning 
of the next. The lower (output) trace shows: 


(a) Zero volts out during the zero-volts-in condition. 


(b) A small positive d-c output as the input wave increases linearly from 
zero volts to its maximum value. Because the ramp is linear, it has a constant 
rate of change—so the differentiator produces a constant d-c output. In 
general, the steeper the ramp, the larger the value of the d-c output. If the 
ramp were negative going, the d-c output would be negative. 


(c) A relatively large negative spike generated by the negatively sloped 
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trailing edge of the sawtooth. The steeper the trailing edge, the greater the 
magnitude of the spike. 


To emphasize the idea that the output of a differentiating circuit is a 
constant voltage if the rate of change of the input is constant, consider Fig. 
11-17. Here, the input is a triangular waveform with linear leading and 
trailing edges. Because the edges are linear, the differentiator produces a 
positive d-c output for the leading edge, and a negative d-c output for the 
trailing edge. The result of differentiating a triangular waveform, then, is a 


square wave. 


FIGuRE 11-17. The effect of differentiat- FIGURE 11-18. The effect of differentiat- 
ing a triangular wave. ing a sinusoid. 


In Section 6 we used a graphical treatment to show the significance of 
differentiating a sinusoid (see Fig. 11-4). Remembering that sinusoidal 
waveforms are immune to frequency selectivity, and that the differentiator 
is effectively a high-pass filter, we can expect a sinusoidal output if the 
input is sinusoidal. The differentiating circuit should, therefore, produce a 
90° phase shift in a sinusoidal input, without changing the shape of the input. 
The effect can be seen in the oscillogram in Fig. 11-18. 

Now let us evaluate the simple RC integrating circuit shown in Fig. 11-19. 
The sum-of-the-voltages equation for this circuit is: 


FIGURE 11-19. The RC integrating circuit. 
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Ep = IR + Vo; 


but 


I dt 
Vo= alt cae alae 


Solving for J, we obtain: 


[ dt =CE.., and eSreees. 


Referring back to the equation for E,,, we have 


aes QE oat 
lia ad RC” ae Peaks 


from which 


= GE ct x 
Ein — Eo, = RC 


Solving this differential equation yields: 


Ev nae Font ar GE out 
RE Prd: 


1 
GE oat =a RC En = oat) dt. 
Integrating both sides with respect to time, we obtain: 
any] 
f eer 7a RC i Weis = Lent) dt. 


When Eu: < E,,, we can say with reasonable accuracy that: 


1 


out — RC 


| Ein de, 


and the output is proportional to the time integral of the input. 

Because the output is taken across the capacitor, to make Ea one 
R must be large compared to X, at the /owest frequency of any significance 
contained in the input waveform. The integrating circuit is, therefore, a low- 
pass filter with a long time constant compared to the period of the lowest 
frequency to be accommodated. Ideally, this circuit should produce an output 
that is representative of the accumulation of the area under the input wave- 
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form. To evaluate the performance of such a circuit, assume that a square 
wave is applied to the input terminals. Because the time constant of the circuit 
is large compared to the period of 
the fundamental frequency of the remy nop ivan ma LY Ee ese 
square wave, C will not be able to ae 
charge and discharge very far during 
input halfwave periods. Also, because 
only a small portion of the charging 
curve is involved, the charging and 
discharging of the capacitor will be 
practically linear. The input and 
output waveforms, under these cir- 
cumstances, are compared in the 
oscillogram in Fig. 11-20. In this 
presentation, the lower (output) trace FIGURE 11-20. The effect of integrating 
has been expanded vertically to better 4 Square wave. 

show the effect. 

Notice that while the input is accumulating positive area, the output is 
increasing linearly to a maximum value. Then, as negative area is being 
accumulated, the output falls linearly through zero (where the accumulated 
negative area cancels the accumulated positive area) to the point where the 
maximum negative area has been accumulated. One may wonder why the 
area cancellation points occur midway in the positive and negative half- 
cycles rather than at the end of each half-cycle. This is because we are 
considering the steady-state output of the integrator and must take into 
account the cycles that have gone before. In the overall picture, the input 
voltage and the output voltage must vary about the same average value, 
in this case, zero volts. If the area cancellations occurred at the end of each 
half-cycle, the triangular waveform would be all above the zero reference 
line, producing an output that would have some positive average value. 
This would suggest that the input waveform has a positive d-c component 
—which is not true for a square 
wave that is symmetrical about the 
Zero axis. 

If the input to the integrating circuit 
is a series of alternate positive and 
negative rectangular pulses of the type 
shown as &,, in Fig. 11-21, then Eou 
will be as shown under steady-state 


conditions. So ZN RE ee 
Notice that the accumulation of O~y 3 . ial 


positive area is indicated in the out- FIGURE 11-21. The effect of integrating 


put until it 1s cancelled by the accu- atternate positive and negative pulses (Eout 
mulation of negative area. not to scale of Ein). 
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Another interesting consideration of integration is that it increases the 
power of the independent variable by 1. An ideal square wave alternates 
between ++a volts and —a volts, where a is a constant. Integrating this 
function with respect to time produces -+-at + C,, which is of the type 
y = mx + b. In this new function, the power of the variable ¢ has increased 
by a factor of | (from f° to t'), --a has become the slope of the line (positive 
during the positive half-cycles of the input and negative during the negative 
half-cycles), and C, is the voltage-axis intercept. If we integrate this new 
function with respect to time, we get: 


tf(at+Cjd=t8 + O14. 


This is a parabolic function of the type y = ax? + bx +c. 

We have seen that integrating a square wave produces a triangular wave 
(Fig. 11-20)—ideally, with a slope equal to the peak value of the input 
square wave. To be consistent with the foregoing discussion, the integration 
of a triangular wave should produce a parabolic wave. This is precisely what 
happens, as can be seen in the oscillogram of Fig. 11-22 (the lower trace is 
expanded vertically to better show the effect). 


oc ages 
VANE NAN 
LNA NZL 
ee, 


vee oes 


DEER AY 


FIGURE 11-22. The effect of integrating FIGURE 11-23. The effect of integrating 
a triangular wave. a sawtooth wave. 


Notice that when a is positive, we have an upward opening parabola, and 
when a is negative, the parabola opens downward. Although the output may 
appear to be sinusoidal, we can appreciate that it isn’t when we remember 
that a sinusoid is immune to frequency selectivity. Because differentiation 
and integration are inverse processes, differentiating a parabolic wave will 
result in a triangular wave, while differentiating a sinusoid will result in 
another sinusoid. 

If the triangular wave is a sawtooth with a relatively steep trailing edge, 
the downward opening parabola will be correspondingly narrow after .the 
integration process. The oscillogram in Fig. 11-23 shows the effect—again 
with an expanded vertical scale. 
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In the figure, the trailing edge is so steep that the downward opening 
parabola approaches a “spike.” This waveform is important in color television 
receivers, where it is used to correct the convergence point of the electron 
beams as they sweep over the screen. 

If a triangular wave has a d-c component, the parabolic wave resulting 
from integration will have the same d-c component under steady-state condi- 
tions. 

To summarize, differentiating and integrating circuits perform in accord- 
ance with the corresponding calculus operations. They are widely used to 
create positive and/or negative spikes, and to change waveforms from one 
shape to another. 


Exercises 11-13 


Complete the following chart using light pencil lines to show the consequences of 
differentiating and integrating the given waveshapes. Assume that the steady-state 
condition exists in each case (i.e., a large number of waves or pulses precede those 
in the sketch). 


Given 


2. Integrated O ++ 1+ _+—__- 


FIGURE 11-24. 


14. Mechanical Integrating Instruments 


Any instrument that produces a reading proportional to the area under 
a curve can be called an integrating instrument. The odometer in an auto- 
mobile is an integrator because it provides an indication of the accumulation 
of the area under the miles-per-hour ys. time curve. If one were to drive 
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50 mph for 1 hr, then the applicable area is 50 mi/hr x 1 hr = 50 mi—and 
this number appears as an increase in the odometer reading. 

Another common integrating instrument is the domestic watt-hour meter 
installed in most homes by a power company. An ordinary wattmeter would 
indicate the amount of power being consumed at any instant, which is of 
no use to the power company in arriving at the quantity of electrical energy 
consumed by the customer over a specified period of time. On the other hand, 
a watt-hour meter provides an indication of the area under the watts-con- 
sumed vs time curve. It accomplishes this through the use of a disc which 
rotates at a speed proportional to the amount of power being consumed at 
the moment. Coupled to the disc is a series of dials which indicate the accu- 
mulation of power consumed as time passes. 

Of more interest to the electronics technologist is the type of integrating 
instrument he is liable to encounter in his work. Sooner or later, most tech- 
nologists are exposed to a strip chart recorder of one type or another. This 
device produces a visual indication (an analog) of the variation of some 
measured quantity over a period of time. There are two basic types of strip 
chart recorders; the galvanometric type and the potentiometric type. The 
latter, because of the servomotor that it uses, has sufficient torque to accom- 
modate a ball-and-disc integrator, which automatically provides an indi- 
cation of the area under the curve being traced by the recorder. For example, 
if the strip chart recorder is connected to the output of a flowmeter, then its 
pen will trace, say, gallons per minute vs time. The ball-and-disc integrator 
connected to the recorder will automatically provide an indication of the 
number of gallons passing the flowmeter over some specified time interval. 

The ball-and-disc integrator, then, will provide the time integral of any 
variable that can be accommodated by a potentiometric recorder. The sketch 
in Fig. 11-25, and the subsequent description of the operation of the ball- 
and-disc integrator, was provided by DISC INSTRUMENTS INC., 2701 
South Halladay St., Santa Ana, California. 


Optional Pulser attachment 


6595656 


Input linkage 


FIGURE 11-25. The ball and disc integrator. 
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Principle of Operation: The DISC integrator operates on the principle 
that a ball, positioned on a rotating flat disc, spins at a speed proportional 
to its distance from the center of the disc. The operation of the integrator 
and its relationship to the recorder is schematically shown in Fig. 11-25. 
The ball is positioned on the disc at a distance from the center in the same 
relationship as the position of the recorder pen from the zero line. The timing 
motor rotates the disc at a constant speed, and the resultant ball speed is 
directly proportional to the position of the recorder pen. This speed is then 
transmitted through a second ball to the roller which, by means of a spiral- 
in/spiral-out cam, drives the integrator pen at a speed proportional to the 
recorder pen position. In this manner, the distance travelled by the integrator 
pen is equivalent to the area under the recorder curve. The roller speed can 
also be transmitted to a rotary pulser and the output pulses used to drive 
electronic and electromechanical counters and printers. The full and partial 
spaces crossed by the integrator trace are counted to provide the applicable 
area. 


Other methods are used, with varying degrees of success, to find areas 
under curves. One method is to count the squares printed on the chart 
paper—but it is difficult to resolve the partial squares resulting from a 
continuously varying magnitude. Another method involves the weighing 
of the paper on a set of delicate scales—the portion of the paper bounded 
by the curve is then cut out, and the paper is weighed again. Because the area 
of the whole sheet is known, the area under the curve can be computed from 
the scale readings. Yet another method involves the use of a “planimeter.” 
This is a manually operated instrument that provides an indication of area 
when its stylus is moved around the applicable perimeter. 


15. Historical Note 


In bringing our discussion of the calculus to an end, it may be of interest 
to the reader to consider some of the more important aspects of the history 
of this method of analysis. 

The ancient Greeks developed a certain line of thought which dealt with 
the mathematical treatment of varying quantities. But they did not, sup- 
posedly, see any valid reason for pursuing the subject to any great depth. 

The real progress towards the invention of the calculus began with a 
work by Kepler in 1609. Subsequently, Cavalieri, Fermat, and Barrow made 
contributions of some importance. But the responsibility for the birth of 
the practical calculus belongs to Newton and Leibnitz. These two giants 
of 17th century mathematics and science, quite separately and almost 
simultaneously, developed the methods which have since been referred to 
as one of the chief conquests of the human mind. A storm of controversy 
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raged at the time over which of the two deserved the credit, but it is generally 
conceded that Newton invented the calculus because he needed it in his 
pursuit of scientific knowledge. 

For the electronics-oriented reader who is prepared to delve deeper into the 
calculus, the authors suggest that he pursue the more advanced differential 
equations, the Laplace transform, and partial derivatives, for these are areas 
that are particularly applicable to the electronics field. 


Review Exercises 


1. A resistor, known to have a value of 1050 0, draws 235 mA when connected in 
a particular circuit. Due to an increase in voltage, the current increases to 250 mA. 
Use differentials to find the approximate change in the power consumed by the 
resistor. 


2. Use differentials to find the approximate change in the inductive reactance of 
a 170-mH coil if the applicable frequency increases 20 kHz from 1 MHz. 


3. Use differentials to find the approximate change in the capacitive reactance 
of a 0.5-F capacitor if the applicable frequency decreases 1 kHz from 100 kHz. 


4. (a) In Question 2, do we need to know the frequency from which the change 
took place? Why ? 

(5) In Question 3, do we need to know the frequency from which the decrease 
took place? Why ? 


5. Use the calculus to find the rms value of a sinusoidal current. Given: 


1 1 


2 
1 fae =x | ae dt, and sin?x ao Mee. 


6. The circuit in Fig. 11-26 is energized when switch S is closed at time t = 0. Find 
a general expression for the current 7, given L a + Ri = E. (Hint: eliminate the 
constant of integration by letting t = 0.) 


FIGURE 11-26. 


7. Find an expression for the amount of energy (in joules) received by a capacitor 
during the first quarter-cycle of a sinusoidal voltage. Given: W = { p dt, where W 
is the energy stored in joules, p is the instantaneous power in watts; v = Vinax Sin of; 
i = Imax Sin (@t + 90°). 
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There are two general types of electronic 
computers that are in common use these 


days. They are: 


(a) the analog computer, which performs 
calculations by simulating the magnitudes 
of the variables by means of voltages (i.e., 
we can add $22.50 + $2.50 by means of 
an analog computer by inserting 2.50 V 
in series with 22.50 V and reading the 
total as 25.00 V—voltage analogs are used 


to perform the calculations); 


(b) the digital computer, which performs 
calculations by means of discrete digits, 
using various numbering systems and codes 
that are generally referred to as machine 
languages. 


DIGITAL 
MACHINE LANGUAGES 12 


Introduction 


In this chapter we will discuss the mathematical languages and arithmetic 
methods that are more or less common in the world of digital computers. 
Some of the languages and digital techniques that we will cover are also used 
in such devices as digital voltmeters (DVM’s), digital ohmmeters (DOM’s), 
frequency and event counters, telemetering equipment, etc. 

Although it is sometimes hard to believe, the digital computer has no basic 
intelligence whereby it can systematically decide upon a course of action as 
it proceeds, step by step, through a problem. It must be told precisely what to 
do and how to do it by means of a human devised “program.” If the program- 
mer overlooks some detail because of his own familiarity with the problem 
at hand, the machine is quite capable of generating completely ridiculous 
results. The problem of carrying out this communication with a computer 
is amplified because the programmer speaks one language, and the computer, 
for reasons of economy and circuit simplicity, “speaks” another. Of great 
assistance to the programmer, intermediate languages have been developed 
(such as FORTRAN and COBOL) which effectively act as interpreters 
between man and machine. 

Digital computer programmers, then, must learn the intermediate lan- 
guages—and electronics technologists, whose business is circuitry, must learn 
the actual machine languages if they are to design, calibrate, and maintain 
these modern electronic machines. 

To begin our discussion, it is necessary to explain why the familiar decimal 
system of numbers is very rarely used in the internal workings of a digital com- 
puter. The decimal system is based upon the use of the ten Arabic numerals 
0, 1, 2, 3, 4, 5, 6, 7, 8, 9—any one of which is called a digit. This system 
probably had its origin in its relationship to the number of fingers possessed 
by the average human. If we perform a multiplication using longhand, we use 
the decimal language because we intuitively recognize the digits, and we are 
familiar with the procedure to be followed. 

But if a machine were designed to multiply using the decimal system, each 
digit would have to be recognized internally by means of “ten-position” me- 
chanical switches, or some type of electronics circuitry having ten distinct states. 
Otherwise, it would have no means of responding to a multiply program. 

The success of the digital computer lies in its ability to perform calcula- 
tions at fantastic speeds. It can perform thousands of multiplications in the 
space of a second. This could not be done if the machine had to wait for 
mechanical switches to rotate to the proper places so that the required 
numbers could be identified. Ten-state electronic circuits could provide the 
necessary speed of operation, but this would be a costly and complicated 
approach to the problem. 

Fortunately, the machine is not encumbered with intuition. It does not 
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need a language using ten digits because it does not have the requisite number 
of fingers. If we wanted to, we could build a computer which used a number- 
ing system consisting of, say, the twelve symbols +, $, %, &,(,), *, +, 
=, +, ?, /. Or we could use the full range of decimal digits plus the two 
symbols, $ and ?. Counting in this twelve-symbol system would be confusing 
to us because 13 cows in a field would be counted as 10. But the computer 
wouldn’t be confused because it would have no “familiar” system to unlearn. 
Because this is the case, we are at liberty to choose a numbering system that 
will simplify the computer’s circuitry, even though the lesser problem of com- 
munications is created in the process. 

The simplest possible numbering system —the one that is generally used as 
the basis for digital computer operation—is the binary system in which only 
two symbols are employed. Although the choice of symbols is completely arbi- 
trary, we use the first two digits (0 and 1) to retain at least some measure of 
human intuition in our dealings with these machines. The word bit has been 
coined to describe a binary digit. 

When only two bits need be recognized by the computer, it means that a 
large number of fast, relatively inexpensive devices can be used in its construc- 
tion. A switch can be on or off; a transistor can be conducting or not conduct- 
ing; a ferrite core can be magnetized clockwise or counterclockwise; a voltage 
can be at one level or another; a spot on a magnetic tape can be magnetized 
or not magnetized; a paper tape can have a hole in it or no hole; a light beam 
can strike a voltaic cell or not strike it; and so on. The condition of all such 
two-state (or bistable) devices can be identified with the binary bits 0 and 1. 

While the binary system forms the basis for computer operations, other 
numbering systems and codes are often used to achieve specific ends. For 
example, a 33-bit number would be extremely cumbersome to manipulate— 
so the octal system (using the first eight digits, 0 through 7) is often brought 
into the scheme of things because the octal equivalent of 33 bits is only 11 
digits—and the conversion from binary to octal is remarkably simple. 

To properly introduce the reader to these and other machine languages, 
we must begin with the basis of numbering systems in general, and then nar- 
row our view to those that are in more-or-less general computer use. 


ae Radix 


The radix of a numbering system is simply the number of symbols or digits 
that the system uses. The decimal system has a radix of ten, the binary system 
has a radix of two, and so on. Where it is necessary to avoid confusion, we 
will use a subscript to denote the radix of a number as follows: 7982,, for 
decimal; 1011011, for binary; 3546, for octal; 102, for trinary; 4213.02; 
for quinary; etc. Table 12-1 shows the sequential order of counting in five 
different numbering systems. 
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Table 12-1 
DIGITAL COUNTING USING VARIOUS RADICES 


Decimal Radix 2 Radix 3 Radix 5 Radix 8 
(Binary) (Trinary) (Quinary) (Octal) 
0 0 0 0 0 
1 1 1 1 1 
2 10 2 2 2 
3 11 10 3 3 
4 100 1 4 4 
5 101 12 10 5 
6 110 20 11 6 
7 111 21 12 7 
8 1000 22 13 10 
9 1001 100 14 11 
10 1010 101 20 12 
11 1011 102 21 13 
i 1100 110 22, 14 
13 1101 Wiki) 23 15 
14 1110 112 24 16 
is 1111 120 30 17 
16 10000 121 31 20 
i 10001 122 32 21 
18 10010 200 33 DD 
19 10011 201 34 23 
20 10100 202 40 24 


Notice that the familiar “dozen” would be represented by 1100.,, 110,, 
22,, and 14s. 


Exercises 12-1 


1. What is the radix-4 counting sequence that is equivalent to 0 to 20 in decimal? 
2. What is the radix-6 counting sequence that is equivalent to 0 to 20 in decimal ? 
3. Is there anything wrong with each of the following digital numbers? 


(a) 1379, . (6) 210,. (c) 3821,. 


2. Positional Values 


A position in a number is the location of a digit with respect to other digits 
forming the complete number. There is associated with each position a partic- 
ular power of the radix of the system in use. For example, the decimal number 
348.26 is actually shorthand for: 

(3 x 10?) + 4 x 10') + (8 x 10°) + (2 x 10-1) + (6 x 1072) 


or 
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B00. 40 ae Bab ze 8 


Powers of ten are used because the radix of the decimal system is ten. Notice 
that the power of the radix starts at zero, immediately to the left of the decimal 
point, and increases by a factor of one for each subsequent position to the left. 
To the right of the decimal point, the power of the radix becomes more nega- 
tive by a factor of one for each successive position to the right. 

Using positional values to evaluate a number having a radix other than ten 
generates two possible lines of thought. We can conform to the arithmetic 
that pertains to the radix in question and, as a result, reproduce the number in 
its longhand form, or we can use decimal arithmetic and actually convert the 
number to its decimal equivalent. For example, consider the number 361.4. 
In line with the foregoing notation, this number must be shorthand for 


(3x 8)4+(6 x8) +(x 8) +(4 x 8-). 


If we use octal arithmetic to evaluate this, we must recognize that the digit 
8 does not exist. But we can say that the required digit is the one that follows 
73, namely, 10s. The longhand, then, will yield the same number as the short- 
hand version as follows: 


(3 x 103) + (6 x 103) + (1 x 108) + (4 x 105°) 


or 


300, + 60. + 1; + (45)s —— 361.4.. 


If we use decimal arithmetic to evaluate this number, we have: 


(3 x 87) + (© x 8')+(1 x 8°) + 4 x 8°") 
or 


192 + 48 => 1 + 4 = 241.54. 


This tells us that 361.4, is equivalent to 241.5,, (or 361.4, = 241.5,,). We 
have, in fact, performed an octal-to-decimal conversion. We'll call it the 
product and sum method of conversion. 

Using the same reasoning, we can convert a binary number, say 1101.11, 
to its decimal equivalent simply by using decimal arithmetic in the longhand 
form of the number: 


1101511, == lex 23) 3-1 827) (0x 25) 4 (2?) = 1 a2?) 
+(1 x2%)=(8+4+0+4+1-4 0.5 + 0.25)19 = 13.7510. 
Positional values, then, are the keys to the evaluation of a number having 


a different radix in terms of our familiar decimal system. Certain shorthand 
methods of conversion are discussed in the next section. 
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Exercises 12-2 


Use the product-and-sum method to convert each of the following numbers to its 
decimal equivalent. 


(h, AO ae Ait 03" 
2. 1011.01,. 57S Os 
3. 203;. 6. 266.245. 


7. Can we call the “point” in 2, 4, 5, and 6 a “decimal” point? 


3. Conversion Methods 


(3.1) Decimal-to-Binary Conversion 


In converting a whole decimal number to its binary equivalent, we often use 
a quotient-and-difference method which is colloquially known as dibble dabble. 

Here, we successively divide the decimal number by 2, noting the remain- 
ders—which must be either 0 or 1. When these remainders are written with the 
proper regard for which is the most significant, they become the bits of the 
required binary equivalent. 


EXAMPLE |: Convert 17,) to its binary equivalent. 


Solution. We write 17 such that there is sufficient space above to carry out 
the successive division process. We divide by 2, obtaining a quotient of 8 
and a remainder of 1. We note this remainder, then divide the 8 by 2, noting 
a QO remainder. The process continues to the natural end as follows (Read 
down remainder column to find binary equivalent 10001): 


0 and 1 remainder 
Dike 0 
2yD 0 

0 
l 


24 
28 
217 


Therefore, 17,, = 10001.,. 
We can use the product-and-sum method to check the answer as follows: 


10001, =(1 x29 +(0 x2) +0 x2)40x2+0 x 2% 


EXAMPLE 2. Convert 151,, to its binary equivalent. 
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Solution 


and remainder 


0 
a 
aye 
2)4 
2)9 
2)18 
2937 
2)75 
2)151 


Sool LOOLOLII:: 
Check. 


10010111, = x 2) +d x 24V4+-d x 27) 4+ dx 2!4)+- (1 X 22) 
Using the table of 27 in the appendices, we have: 
= 1284+ 164+44+2+4+1 151. 


ee eS Or OOF 


Another approach to dibble dabble can be taken. We can write the decimal 
number off to the right, then perform successive divisions by 2, writing each 
quotient to the left of the one before. Any fractions that develop during the 
dividing process are simply dropped. Eventually, the successive divisions will 
produce a 1, and this is the natural end of the process. We then write a 1 
beneath each odd quotient, and a 0 beneath each even quotient. These 1’s 
and/or 0’s form the required binary equivalent. 


EXAMPLE 3. Use the method described in the preceding paragraph to convert 
17, to its binary equivalent. 


Solution. 
Start 
1<2+<4- 8< 17,, 


l O> 0" 20 1 
So 17,) = 10001,. 


EXAMPLE “4. Convert 37,, to its binary equivalent. 
Solution. 
1<—2—4+<+—9~< 18 — 37,, 
Le O et Oton elt 220 | 
So 37, = 100101,. 
Chege. (les 2°) a <2?) =e (128) ee 92 aie Te 37 y 0: 


EXAMPLE 5. Convert 591,, to its binary equivalent. 
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Solution. 


1 —2<—4<—9 — 18 — 36 <— 73 <— 147 < 295 <— 5905 
1 Oma0 1 0 0 1 1 l 1 


So 591,, = 1001001111,.. 


Check. Note that the power of 2 represented by the most significant bit is 
one less than the total number of bits in the binary number. Using the table 
of 27, we have: 


1001001111,,. = 512 + 64-+- 8 + 4-2 + 1 =591;. 


To convert fractional decimal numbers (e.g., 0.516) to binary, we cannot 
use dibble dabble as such. Instead, we successively multiply the fraction by 2, 
noting the 1’s that are carried over the decimal point position. If no “1” 
carry is produced, we note a 0. Carried 1’s are not included in successive 
multiplications. Again, the resulting 1’s and 0’s form the equivalent binary 
fraction. 


EXAMPLE 6. Convert 0.75,, to its binary equivalent. 


Solution. 


Read Down (0.75 


sD 
i) ae 
os 
tao 
(In both products, a 1 is carried over the decimal point position.) So 
Oxon 0: 
Check. 


0.11,=0 x2")+0 x24) =}$4+4=0.50+ 0.25 =07s5 


EXAMPLE 7. Convert 0.38,, to its binary equivalent. 


Solution. 


0.38 
x2 
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If we stop here, the conversion yields 0.011,, which is equivalent to 0.375, . 
This is correct considering the number of significant figures in our original 
fraction. If more bits are required, we simply continue the process: 


04 
<2 
0 .08 
ee. 
0 .16 and soon. 


This demonstrates that any number of bits can be quickly determined. In 
practice, conversion should be carried only far enough to be consistent with 
the number of significant figures in the decimal number being converted. 

To convert a mixed whole and fractional decimal number (e.g., 41.66), 
we use dibble dabble on the “whole” portion of the number, and the product- 
and-carry method described before on the fractional portion. 


EXAMPLE 8. Convert 41.66,, to its binary equivalent. 


Solution. Using dibble dabble on the whole number 41,,, we obtain: 


1<—2<—5<— 10— 20+ 41 
Lee Oke od 0 0 1 


So 4lio = 101001,. 
Using product-and-carry on the fraction 0.66,,, we obtain: 


0.66 
x2 
[32 
x2 
0 .64 
x2 
ii ae 
x2 
0 .56 
x2 
i kay: 


and 0.66, = 0.10101,. Finally, 41.66,, = 101001.10101,. 


Exercises 12-3.1 


Use any method that you choose to convert the following decimal numbers to their 
binary equivalents. 
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1. 8 6. 221 11. 0.23 16. 44.37 


2. 11 7. 409 12. 0.875 17. 51.026 
SE BY: 8. 527 13. 0.0625 18. 93.555 
4. 47 9. 606 14. 0.0317 19. 108.606 
5. 107 10. 685 15. 0.00718 20. 165.916 


(3.2) Binary-to-Decimal Conversion - 


We have seen that a binary number can be converted to decimal by means of 
a product-and-sum method. There is another method, colloquially known 
as double dabble, which is considerably faster when the binary number is large 
enough so that the answer cannot be obtained by simple visual inspection. 
However, the process is restricted to the conversion of “whole” binary 
numbers. 

To use double dabble, we proceed from the most significant bit to the least 
significant bit, doubling and adding as we go. Adding the least significant bit 
ends the conversion—no further doubling is needed. 

To demonstrate the use of double dabble, let us convert 101101, to its 
decimal equivalent. 


Add — 2 5 1] 22 45 Answer 
I oa ih era i} ve i) ne 
Double — 2 4 10 22 44 
(a) Start with the most significant bit—double it, producing 2. 
(b) Add the next bit (0), and the total, 2, remains. 
(c) Double, producing 4. 
(d) Add the next bit (1) for a total of 5. 
(e) Double, producing 10. 
(f) Add the next bit (1) for a total of 11. 
(g) Double, producing 22. 
(h) Add the next bit (0); the total is still 22. 
(7) Double, producing 44. 


(j) Add the last bit (1)—ending the process with the decimal number 
45, which is the required equivalent. 


Exercises 12-3.2 


Use double dabble to convert each of the following binary numbers to its decimal 
equivalent, Check each answer using dibble dabble. 
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1. 101 3. 1011 5. 1111011 
2. 1000 4. 110101 6. 1010110101 


(3.3) Decimal-to-Octal Conversion 


To convert a whole decimal number to its octal equivalent, we can use the 
dibble dabble idea—only here we successively divide the decimal number by 8, 
noting the remainders. For example, let it be required to convert 921,, to 
its octal equivalent. 


and remainder 


0 
8) 1 
8)14 
8)115 
Start 8)921 


1 
6 
3 
1 


(Octal equivalent is 1631.) 


So 921,15 = 1631s. 
Check. 
1631, =(1 x 8) + (6 x 8’) + (3 x 81) + (1 x 8°) 
= 512 + 3844 24+ 1 = 921,. 


To convert a fractional decimal number to its octal equivalent, we follow 
the same procedure that we used in Section 3.1, except that we successively 
multiply the decimal fraction by 8, noting the digits that are carried over the 
decimal point position. Again, the carried digits are ignored in subsequent 
multiplications. For example, let it be required to convert 0.573,, to its octal 
equivalent. 


0.573 
peated 
4 584 
x 8 
4 672 
x 8 
5 376 
ets) 
3.008 


And 0.573,) = 0.4453s. 

We can, of course, continue the process until any desired degree of accuracy 
is obtained. Checking the answer via the sum of the applicable powers of 8 
multiplied by the numbers in the corresponding positions, we obtain: 
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0.4453, = (4 x 84 (4 x 8%) + (5 x 8-9) +B x 8-4) 
= 057200 


which is correct to two significant figures. 


Exercises 12-3.3 


Convert each of the following decimal numbers to its octal equivalent. 


Ns. Si 6. 0.66 
7 SP) 70-348 
32 159 8. 0.279 
4. 1006 950-51 
5 L589 10. 227.386 


(3.4) Binary-to-Octal Conversion 


To convert a binary number to its octal equivalent, we simply divide the bina- 
ry number into groups of three bits each, proceeding both ways from the 
binary point. Considering each group of three bits to be an independent 
binary number, we mentally determine the decimal digit represented by each 
group. Strangely enough, the number we obtain is the octal equivalent of 
the original binary number. The octal point is coincident with the binary 
point. In the event that the number of bits is not a multiple of three in either 
or both directions from the binary point, we add zeros as needed to make 
up three-bit groups. 


EXAMPLE 1. Convert 110101.101, to its octal equivalent. 


Solution. 


KC AONE os RO 


— 


6 eh Sg eE 
So 110101.101, = 65.5.3. 
To check, convert both to decimal: 
65.53 = (6 X 8') + (G x 8°) + (5 x 871) = 48 + 54 8 = 53.625;5, 
110101.101, = 53.625,,, and the conversion is valid. 


EXAMPLE 2. Convert 10111011.11001, to its octal equivalent. 
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Solution. Adding a zero to the left of the most significant bit and another to 
the right of the least significant bit will not change the value of the binary 
number, but it produces a number of bits that is divisible by 3: 


OLOMI ti eOrr 1107 O10 


—— ——— 


me er a 5G On 1 2 


So 10111011.11001, = 273.62<. 


Exercises 12-3.4 


Convert each of the following binary numbers to its octal equivalent. Check your 
answers. 


Py i10014 4. 11110101.11101 
2. 10101.101111 5. 101111001.01011 
3. 1101011.01 6. 1011010111011.10111 


(3.5) Octal-to-Binary Conversion 


To convert from octal to binary, we write the binary equivalent of each digit 
in the octal number, making sure that we use all three binary places. Running 
the resulting bits together produces the binary equivalent of the octal number. 


EXAMPLE |. Convert 23.14; to its binary equivalent. 


Solution. 


eer 
010 O11 . O01 100 

Dropping the insignificant zeros at both ends, we have: 
23.14, = 10011.0011,. 

In checking this, we find that both numbers are equivalent to 19.1875,o. 


EXAMPLE 2. Convert 73560.124, to its binary equivalent. 


Solution. 


aS SS FG Oh tn Se aD he 4 


me sO 


Meme T 101110000 =e O00 e Ol01n 100° 


So 73560.124, = 111011101110000.0010101,. 
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Exercises 12-3.5 


Convert each of the following octal numbers to its binary equivalent. Check your 


answers. 
1. 144 
205.2 
3. 5136.44 


4. Binary Arithmetic 


4. 22007.06 


5. 354011.016 
6. 6167437.522 


(4.1) Addition of Binary Numbers 


To add binary numbers, we start at the least significant bit position and 


observe the following rules: 


0+0=0 
1+0=1 
O+F1=1 
lL =10 


(Record the zero, and carry the 1 to the next more 


significant column or position.) 


Depending upon the arrangement of bits to be added, it may be necessary 
to carry one or more 1’s to the next column. For convenience, we may draw 
two parallel lines under the columns, separated by sufficient space to write 
the carried 1’s. These are then added to the next column. 

In the examples that follow, proofs are provided by means of bracketed 


decimal equivalents. 


EXAMPLES. 


(@—) 00) 6) 00) 
+0 (0) +1(1) 
0(0) 1 (1) 


(C) Sesh lsC) eee t vas 11) 


se EUS) +1 €1) 
111 aL) 
qt (1) 
1010 (10) 11 
1 
100 (4) 
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(C) Ch) 
+10) 
tas 

10 (2) 


(g) 110 (6) 
tee lie C3) 
+1010 (10) 
+1110 (14) 


i 
Pith 


100001 (33) 


(d) = 10;@) 
pla) 
Die 
~ 101 (5) 

(_h) 101.11 (5.75) 
+1000.1 (8.5) 
+ 10.01 (2.25) 
+ \jeRes 
“rae 

11 
10010.00 (18.00) 


We can develop a shorthand way to add binary numbers if we recognize 
that: 


(1) An even number of 1’s in a column will produce a column 
sum of 0. 


(2) An odd number of 1’s in a column will produce a column sum 
Olnle 


(3) Dividing the total number of 1’s in a column by 2, ignoring the 
remainder if any, tells us how many 1’s must be carried into the next 
column. 


For each of these three steps, we must include the carried 1’s from the 
preceding column. Try the method on the above examples. 


Exercises 12-4.1 


Add the following binary numbers as indicated. Prove your answers. 


171004201: 4. 1101.1 + 10.101. 
2. 1001+ 111. 5. 11100.01 + 1101.01 + 100.1. 
3. 1101 + 1011. 6. 100011.11 + 11100.001 + 1101.1 + 11.01. 


(4.2) Subtraction of Binary Numbers 


To subtract one binary number from another, we start at the least signifi- 
cant bit position and observe the following rules: 


0—0=0, 
1—1=0, 
1—0=1, 
0—1=1 (with 1 borrowed from the next more significant 


minuend bit). 


When borrowing in the minuend to accommodate the 0 — | case, it is 
convenient to lightly cross out the bit to be borrowed from, lightly writing 
the other binary digit directly above. If the bit to be borrowed from is a 1, 
cross it out and write a O above. If the bit to be borrowed from is a 0, 
cross it out and write a 1 above; then, before doing anything else, proceed 
to the left of the stroked-out 0 until you come to a | in the minuend, 
changing all 0’s to 1’s as you go. When you come to a | in the minuend, 
change it to a 0; then proceed with the subtraction using the newly entered 
bits. 
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EXAMPLES. 


0 010 

Minuend 1(1) 11 (3) 10 (2) 10.10 (2.5) 
Subtrahend —9 (0) — 1d) —1(d0) —1.11 (1.75) 
Difference BCL) 10 (2) 1(1) 0.11 (0.75) 

OsO TT ae0 
Minuend 1010001.10 (81.5) 
Subtrahend — 101110.01 (46.25) 
Difference 100011.01 (35.25) 


Exercises 12-4.2 


Perform the indicated binary subtractions. Prove your answers. 


1. 110 —10: 4. 110101.11 — 111.01. 
Ze LOL) 111: 5. 110101101.1 — 10110. 
SlLOLIGe L101; 6. 10100001.01 — 100.1. 


(4.3) Subtraction by Means of Complement Addition 


So that the same circuits can be used for both addition and subtraction, 
some computers are designed to treat a subtraction as a problem in addition. 
Generally, this can be done if we use a complement-and-add approach. 

The complement of a number may be defined as the value that must be 
added to the number to yield a certain reference number. For example, in 
decimal notation, the nines complement of 5 is 4—because 4 must be added 
to 5 to obtain 9. In binary notation, the ones complement of a number is simply 
the number we get if we change all the 1’s to 0’s and all the 0’s to 1’s (e.g., 
the ones complement of 1101 is 0010). 

To develop the idea of subtraction by means of complement addition, let 
us first examine the procedure using the decimal system and the nines comple- 
ment. If we wish to subtract 2 from 7, we add the nines complement of 2 
(which is 7) to 7, giving 14. If we now add the 1 to the 4, we have the correct 
answer to our subtraction problem. Because the carried digit (the 1) is added 
back, we call the method end-around-carry. A few more examples should 
clarify the method. 


EXAMPLES. 
5 5 
—]|  —WNines complement of subtrahend is 8— +8 
4 Ts 
Adding back the 1— +1 
4 


432 / DIGITAL MACHINE LANGUAGES 


26 26 
—13  —Nines complement of 13 is 86— +86 
13. (We treat each digit separately.) Le 
Adding back the 1— + 1 


10) 

524 hi! 
—380 -—Nines complement of 380 is 619— +619 
147 1146 
Adding back the 1— + 1 

147 


If the subtrahend has fewer digits than the minuend, we add 0’s to the left 
of the subtrahend until it has the same number of digits as the minuend. 
Then we proceed as usual. 


2306 2306 
—0059 —Nines complement of 0059 is 9940— +9940 
2247 12246 
Adding back the 1— + 1 

2247 


This may seem like an unnecessarily complicated method of performing 
a subtraction; but remember that a computer carries out arithmetic opera- 
tions using the binary system, and the complement of a binary number is 
easy to generate electrically. This is because the bistable devices that repre- 
sent the number need only be changed to their “other” state to generate the 
ones complement of the number. The net effect is to reduce the overall 
complexity of the machine to the point where it performs a// arithmetic 
operations by means of addition. We will see that a multiplication problem 
can be reduced to a series of additions, and a division problem becomes 
a series of subtractions or complement additions. 

Let us now apply the complement addition method to subtraction in binary 
notation. We'll use the ones complement of the subtrahend and end-around- 
carry in precisely the same way that we used the nines complement for 
decimal notation. 


111010 (58) 111010 
—100101 (37) —Ones complement of 100101 is011010— -+011010 
10101 (21) 1010100 
Add back the I— + 1 

10101 


If the binary number contains a fraction, it will make no difference to the 
complement addition process. In the next example, notice that a 0 is added 
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to the left of the subtrahend so that it has the same number of bits as the 


minuend. 
1011.10 (11.50) 1011.10 
—0101.01 (5.25) | —Ones complement is 1010.10— -+1010.10 
110.01 (6.25) 10110.00 
Add back the 1— + 1 
110.01 


Because computers often operate upon data which they generate them- 
selves, flexibility is needed in the subtraction process to accommodate cases 
where the subtrahend is larger than the minuend (i.e., a negative remainder is 
generated). In all cases where the subtrahend is larger than the minuend, 
the end-around-carry bit will be a 0 rather than a 1. Machine circuitry can 
be designed to detect this 0 and initiate a procedure whereby the sum is 
recomplemented and prefixed with a negative sign. To see how this works, 
let us subtract 22 from 17 in decimal notation. 


iy i 
—22 -—Nines complement is77— +77 
3 994 


The 0 is detected in the end-around-carry step and is used as an instruction to 
recomplement the 94 and prefix a negative sign. The nines complement of 
94 is 05. When the minus sign is prefixed, it produces the same answer that 
we obtained by conventional means. 

Now let us subtract 22 from 13 using binary notation: 


1101 — 10110 = —1001. 


1101 (13) 01101 
—10110 (22) —Ones complement of 10110 is01001— -+01001 
— 1001 (9) 010110 

To arrive at this answer, Recomplement sum 
we must follow the usual and prefix a minus 
rules: find the absolute sign; —01001, which 
difference and prefix a checks with the 
minus sign. answer obtained by 


conventional means. 


Exercises 12-4.3 


Carry out the following subtractions by means of the complement-addition process. 
(Numbers in Questions I to 10 are decimal, while those in I1 to 20 are binary.) 
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iste 0; 1110 A101? 

Pad ehhh 12. 100101 — 100010. 

S04 ole 13. 1110110 — 10111. 

4. 149 — 68. 14. 10111010 — 101. 

See 0 ie 92: ASLO esl 10: 

6. 652.8 — 307.4. 16. 10111.01 — 110.1. 

#.73006,7 7. — 2112.35; 17. 110110101.111 — 1000101.11. 
Se 0r 815 18. 11101 — 101111. 

9. 2487 — 5290. 19. 1011.1 — 11001.01. 
10. 406.6 — 511.75. 20. 11101101.101 — 110010111.01. 


(4.4) Binary Multiplication 


The rules for binary multiplication are precisely what you would expect, 
in that: 


ia Or 0. Oral 0), 
Ora Or 0. Le<aiaaaalt 


This makes binary multiplication relatively simple; it needs no explanation 
other than an example. 


EXAMPLE. Multiply 101101, by 101]y. 


Solution. 
Multiplicand: 101101 (45) 
Multiplier: < 1011 (11) 
101101 

; 101101 

Partial products 000000 
101101 

Carried 1’s: ene 
Product: 111101111 (495) 


Here we see that each partial product is either 0, or the multiplicand is 
repeated, depending upon whether the corresponding multiplier bit is a 0 
or a 1. Because we are using binary notation, multiplication becomes a 
relatively simple problem of “shifting and adding.” 

Another approach would be to add the multiplicand to itself a number of 
times corresponding to the value of the multiplier—decrementing the multi- 
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plier by 1 each time. When the multiplier reaches one, the sum is in fact the 
product. 

Still another approach which is often used is to read the decimal multipli- 
cation tables into the computer’s memory, so that the machine responds 
with 63 when it sees 9 x 7 in the program. 


Exercises 12-4.4 


Multiply the following binary numbers as indicated. Check your answers by means 
of decimal equivalents. 


L110 te 4. 1101.11 x 110.01. 
DelOLiOP ae tole Se LLOLO.10 Sali 
3. 110111 x 1000. 6. 11101011.11 x 10101.01. 


(4.5) Binary Division 
Division in the binary system follows the same rules as division in the decimal 
system: 
0—1=0, 1—-1= 1. 
Division by 0 is prohibited. 
Remembering that the terminology for division is: 


Quotient 
Divisor)Dividend’ 


we determine each digit in the quotient (which must be either 0 or 1) by in- 
spection of the applicable dividend and divisor values. Here, it is useful to 
think of quotient 1’s as “yes,” and quotient 0’s as “no.” If, by inspection, 
the divisor will “go into” the dividend or partial dividend, we record a | in 
the quotient. If not, we record a 0 in the quotient. 


EXAMPLES. 
10 
(a) 10)100 (4 = 2 = 2). 
10 
00 
11 49 
(b) 11)1011 (11 = 3 = 32). 
11 


101 
ll 


10 
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10.1111101 


(c) 1101)100110.1100000 (38.75 = 13 = 2.98). 
1101 


1100 1 
1101 


110 01 
11 01 


11 000 
e101 


10110 
1101 


10010 
1101 


10100 


Exercises 12-4.5 


Divide the following binary numbers as indicated. Prove your answers by converting 
each divisor, dividend, and quotient to its decimal equivalent. 


1. 1000 = 10. 

2m Oto 101: 
SOO — 1101; 

4s LO0LT Eb —— 11101. 
5. L01, 11 = 1100.1. 
Ge OLO Oi 111.11. 


(4.6) Division by Successive Subtractions 


In finding a quotient by means of long division, we used mental tactics that 
would be extremely difficult to duplicate by electrical means. Therefore, the 
usual approach to division by digital computing machines is via the successive 
subtraction route. What the method loses with respect to human intuition, 
it more than compensates for with respect to circuit simplicity. 

If we examine the basic idea of division, we find that the value of the quo- 
tient is actually the number of times that the divisor can be subtracted from 
the dividend. To pursue this idea, let us divide 36 by 9 by means of successive 
subtractions, obtaining a quotient that is the number of times we must sub- 
tract before reaching a zero remainder. 
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We subtracted 4 times, so the quotient is 4. 

But suppose that the divisor and dividend are such that the quotient is not 
an integer. Here, a mechanical successive subtraction device, in its simplest 
form, would not know when to stop. It would pass zero—generating a 
negative remainder—and when the next subtraction took place, an even more 
negative remainder would result. For example, let us divide 39 by 10 by means 
of successive subtractions. 


Theoretically, this process could continue forever, producing no worthwhile 
result. 

Now consider the same problem in the light of subtraction by means of 
complement addition. In Section 4.3, we found that if the subtrahend was 
larger than the minuend we produced an end-around-carry of 0. This told 
us that the remainder was negative. Here, then, is the key to division by 
successive subtractions, because we have a way of knowing when we pass 
zero. 

If we look again at the end-around-carry method, we see that we are con- 
tinually adding a | to the difference digits if this difference is positive. Suppose 
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we add a | to the complement of the subtrahend before carrying out the sub- 
traction, thus avoiding the end-around carry. There would be no change in the 
answer as long as the difference is positive. It stands to reason that, if we add 
a 1 to, say, the nines complement of a number, the result is the tens comple- 
ment of the number. For example, the nines complement of 3824 is 6175; 
so the tens complement is 6176. This tens complement has a built-in end- 
around carry of | for use in the complement addition process. 

By the same reasoning, the twos complement of a binary number is simply 
the ones complement plus | (e.g., the ones complement of 100101 is 011010, 
and the twos complement is 011011). In digital machines, the complement 
addition of binary numbers is used to perform division; but the twos comple- 
ment is used rather than the ones complement. This may seem to generate 
an umnecessary complication, but, in fact, it simplifies the operation 
considerably. 

To compare ones-complement operation with twos-complement operation, 
first consider a theoretical machine which divides by means of successive 
additions of the ones complement of the divisor. In this machine, the carried 
l’s are fed into a quotient counter until a 0 carry is detected. This tells the 
machine that the last remainder is negative. It must then restore the correct 
remainder by adding the wncomplemented version of the divisor to the recom- 
plemented remainder, and then prefix a negative sign. After all this, it has 
indeed restored the correct remainder, but the answer must be read out as, 
for example, 344 rather than 3.50. 

Rather than pursue this point, let us switch our attention to another theore- 
tical machine which divides by means of twos-complement addition. Here, the 
l’s that are generated in the next more-significant bit position are not end- 
around carried and added back. Rather, they are fed to a quotient counter 
to produce the integer part of the answer. When a 0 is detected in this posi- 
tion, it is used to: . 


(a) close the door to the integer quotient counter so that no more 1’s may be 
added; 


(b) instruct the machine to add the divisor in its uncomplemented form, 
restoring the correct remainder; 


(c) shift this restored remainder one position left; 

(d) add the twos complement of the divisor, such that whichever bit (a 0 
or a 1) that is carried into the next more-significant bit position is recorded 
as the first bit to the right of the binary point in the quotient; 

(e) again shift the remainder one position to the left, add the twos comple- 


ment of the divisor, and record the carried bit as the second bit to the right 
of the binary point in the quotient; 
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(f) continue this shift-and-add routine until either a zero remainder results, 
ending the process, or enough bits have been entered to the right of the binary 
point to satisfy the required accuracy of the problem. 


In the event that a zero remainder results from Step (c), it means that the 
quotient is an integer. There are no bits to be entered to the right of the binary 
point. 

Let us now examine the method by means of two examples, one having 
a quotient that is an integer, and another having a quotient containing 
a fraction. 


EXAMPLE 1. Use the addition of twos complements to divide 111000, by 
1000,. 

Solution. First, we add 0’s to the left of the divisor so that it will have the same 
number of bits as the dividend. 


The divisor is then: 001000 
The ones complement of the divisor is: 110111 
Add 1: + 1 
To produce the twos complement: 111000 


Now we begin the successive additions, feeding the carried 1’s to a quotient 
counter: 


QUOTIENT COUNTER 111000 During the operation, 

a re RNG eG eek en ee +111000 seven 1’s are fed to the 

| MLS ARTES quotient counter. This 

1) 110000 will produce a binary 

+111000 count of 111. 

1) 101000 
+111000 
1) 100000 
+111000 
1) 011000 
+111000 
1) 010000 
+111000 
1) 001000 
+111000 
1) 000000 


Zero remainder, 
stop, quotient is 
an integer. 


Checking the answer by means of decimal equivalents, we have: 


440 / DIGITAL MACHINE LANGUAGES 


111000, — 1000, = 111, 
5640 a 810 aa 710 


EXAMPLE 2. Use the addition of twos complements to divide 1101.11, by 
101,. 


Solution. The twos complement of the divisor is 1011 (remember that the 
divisor must have the same number of bits as the dividend). 


QUOTIENT COUNTER 1101.11 
[ +1011.00 
1) 1000.11 
+1011.00 
1) 0011.11 
+1011.00 
0) 1110.11 
Close quotient counter. <— +0101.00 
Add divisor to restore remainder. 10011.11 Restored remainder 


Shift remainder one position 
left, retaining only 4 bit positions 


to the left of the binary point — O111.1 
Add twos complement of divisor — -+1011.0 
1) 0010.1 


Enter the carried 1 as the first frac- 
tional bit in the quotient. 


Shift left 0101.0 
Add +1011.0 
1) 0000.0 


Enter the carried | as the second 
fractional bit in the quotient. 
Remainder is zero, stop. 


For the solution, the quotient counter reads 1 + 1 = 10, which is the 
integer part of the quotient. After the zero carry, two 1’s were generated to 
occupy the Ist and 2nd positions to the right of the binary point. The answer, 
then, is 10.11. Checking this using decimal equivalents, we have 


1101.11, 101, = 10.11, 
Rey aS Sip = Pt bore 
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The methods used for mechanical binary division may vary from machine 
to machine, but the reader should have little or no trouble understanding 
them if he has an adequate grasp of the twos complement method described 
above. 


Exercises 4-6 


Use the successive addition of twos complements to carry out the following binary 
number divisions. Check your answers by means of decimal equivalents. 


1. 1001 ~ 11. 3. 1011.1 = 101. 
2. 110000 ~ 1100. 4. 1110.111 ~ 111. 
5: Fixed-Point and Floating-Point Arithmetic 


Generally speaking, digital computers are designed to perform arithmetic 
operations in one or both of two ways with respect to the radix points of the 
numbers being operated upon. The two methods of operation are referred 
to as fixed point and floating point. 

A fixed-point machine can be designed so that the radix point will always 
be located in some specific place within the arithmetic register. It is usual, 
however, to have the radix point at either the most significant end or the 
least significant end, with the former being the most common. If the radix 
point is fixed at the most significant end of the register, it means that all 
numbers to be operated upon must be presented to the machine as a frac- 
tional number together with the power of the radix that must be used to 
identify the actual value of the number. For example, the decimal number 
+327.55 would be presented as +.32755 x 10°. Here, .32755 is called the 
mantissa, and the power of the radix (3) is called the scale factor. 

If two numbers are to be added (or subtracted), it is essential that the radix 
points be properly aligned before the operation is carried out. This can be 
done by means of the proper scaling of the numbers such that the scale factor 
is the same for each number and for the sum (or difference). The following 
are examples of fixed-point machine operations. 


(a) 751.33 —scaled for fixed-point operation— .751330 x 10° 


+13.066 +.013066 x 108 
764.396 764396 x 108 
(b) 751.33 075133 x 10! 
+612.4 061240 x 10! 
1363.73 136373 x 10# 
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(ce), 751.33 75133 x 108 
—612.4 61240 x 103 


138.93 AL 38930561103 


Remembering that the radix point is at the extreme left end of the register, 
a scale factor of 3 in Example (6) would have produced an incorrect answer 
(i.e., the 1 would have been lost). 

Depending upon the type of work being done, scaling can be extremely 
tedious and inviting of error. When the numbers to be operated upon are being 
generated by the machine itself, the scaling problem becomes more significant. 

For addition and subtraction, then, the scale factors must be equalized 
before the machine can properly perform the operations. Multiplying by 
means of fixed-point arithmetic dictates that the programmer must take into 
account the sum of the scale factors when he evaluates the product given by 
the machine. In dividing, the difference between the scale factors must be 
considered. 

On the other hand, the scaling function can be built into the machine. 
This will, of course, increase its complexity and cost, but the savings in 
program manipulation can be tremendous, particularly when the machine 
is used for scientific calculations. A machine so equipped is capable of the 
direct implementation of floating-point arithmetic procedures. With this 
facility, the machine will automatically equalize powers of the radix so that 
the proper relationship between the numbers will exist before addition or 
subtraction takes place. It will also keep track of the powers of the radix 
during the multiply and divide processes. 

It should be noted here that there is often a floating-point subroutine 
available for fixed-point computers. Here, floating-point arithmetic proce- 
dures can be indirectly implemented, usually at the expense of internal storage 
space. Also, machines having the direct floating-point capability can also 
be used for fixed-point operations. 

Whether the machine is operating in fixed point or floating point, it is 
common practice to refer the power of the radix to some reasonably large 
constant value, so that the scale factor is always positive. One popular refer- 
ence number is 50. This means that a positive power of 3 would be represented 
as 53, while a negative power of 3 would be represented as 47. We simply 
add the power of the radix to 50 with due regard for sign. The following are 
examples of numbers with referenced scale values: 


In a machine register that will accommodate twelve decimal digits plus 
sign, 

+1734.51 would be entered as + .173451000054, 

+0.00383 would be entered as + .383000000048, and 

—0.639 would be entered as — .639000000050. 
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Exercises 12-5 


Write the following decimal numbers as they would be presented for machine arithmetic 
operations. Assume that the arithmetic registers have twelve positions, plus sign, 
plus the decimal point position, and that the powers of the radix are referred to the 
constant 50. 


+ 0.00071 

Sh MPR 

+ 412.00717 

— 0.63608 

+ 137724.073718 


OU ee 


6. Numerical Codes 


The degree of success that we achieve in our dealings with computers will 
depend largely upon how well we master the art of communicating with 
them. We must also recognize their capabilities and limitations if we are to 
place our trust in the results they produce. Because the computer is a machine, 
it is subject to mechanical failures. Transistors have been known to become 
inoperative for one reason or another—and some computers have many 
thousands of these components. Voltage transients can be looked upon by 
the machine as data to be operated upon, or, conversely, they can destroy 
useful data. Also, a component failure could cause a complete lack of signal, 
which may be interpreted elsewhere in the machine as the useful binary 0. 

To improve communications and to minimize the possibility of erroneous 
results due to mechanical failures, several numerical machine codes have been 
developed for use in computer technology. The construction and application 
of a number of these codes is explained in the following paragraphs. 


(6.1) Binary Coded Decimal (BCD) Notation 
and the 8-4-2-1 Code 


If we were to change the decimal number 1639 into its pure binary equiva- 
lent for the purpose of machine processing, we would produce the binary 
number 11001100111. This number could be read into a hypothetical machine 
by means of either serial or parallel entry. In serial entry, one bit at a time 
would be fed to the machine, possibly by means of a single track on a mag- 
netic tape where the 1’s are magnetized spots and the 0’s are magnetically 


444 / DIGITAL MACHINE LANGUAGES 


“blank.” Parallel entry would present all the bits of the number to the machine 
at the same time, possibly by means of an eleven-track tape. (In horse racing, 
the horses parade to the starting gate in series—one after the other in a 
long line. They break from the starting gate in parallel—all at the same 
time.) 

Serial entry of this number could be slow and wasteful of magnetic tape. 
Parallel entry would be fast but expensive in terms of magnetic “read” heads 
(eleven would be required) and associated circuitry at the input to the 
machine. 

BCD notation provides us with a balance between speed and economy, 
in that each digit of the decimal number is treated independently, without 
regard for its positional value. In BCD, the decimal number 1637 could take 
the form of four individual blocks of four bits each as follows: 


1 6: 3 2) 
0001 0110 OO11 1001 


Here, we have used the natural binary confiugration 2’, 2?, 2'!, and 2° or, 
in decimal notation 8, 4, 2, and 1. Notice that we must use four bits to accom- 
modate all ten decimal digits. This may seem somewhat wasteful because 
four bits will have a representation capability of 16, and only 10 are used here. 
Nevertheless, the 8-4-2-1 code configuration is extremely popular. 

Using this notation, we can enter the number on a Dit-parallel, digit-serial 
basis. This means that a four-track tape could be used as shown in Fig. 
12-1. 


Direction of 
tape travel 
——<$£.  —@{\_____—_ 
Four Oe 
magnetic cai Magnetized 
‘Read’ } 2 spots 


heads | 2°S-— ee 
i > Se 8) 
FIGURE 12-1. Bit parallel, digit serial entry in 8-4-2-1 BCD code. 


Because the magnetized spots representing the bits of a particular digit 
reach the four read heads simultaneously, the bits are being entered in parallel. 
As the tape progresses, each set of bits is read in turn. Note that the actual 
digits (1, 6, 3, and 9) are being entered one at a time, or serially. 

We have ignored the positional values of the digits; therefore, we must 
present the machine with some means of identifying the beginning and end of 
each number so that sequential numbers will not be run together, and so that 
the proper positional values can be assigned within the machine. A space 
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could be left between the numbers, but it may be confused with a group of 
0’s in the middle of a number. A better approach would be to record, between 
numbers, one of the otherwise unused combinations of 0’s and 1’s in the 8-4- 
2-1 code. The computer could be made to recognize this special group of bits, 
thereby separating the digits into their proper numbers. Another possibility 
is to use extra tracks on the tape for control information of this type. 

Magnetic tape is but one media used for conveying BCD data into 
machines. Other read-in devices such as punched paper tape and punched 
cards find wide and efficient application. 

It is important to note here that “BCD notation” is an all embracing 
term for the representation of decimal numbers in any binary coding format. 
There are virtually millions of BCD code configurations that could be used. 
The few that are in more or less common use, besides the 8-4-2-1, are dis- 
cussed in the following paragraphs. 


Exercise 12-6.1 


Sketch a four-track magnetic tape on which the decimal number 936472 is recorded 
in 8-4—2-I code. 


(6.2) The 7-4-2-1 Code 


Comparing binary and decimal numbers over the range offered by four bits 
(see Table 12-1), we see that certain of the binary numbers contain more than 
two l’s. The first such number is 7,,, and the next is 11,,. If we exclude, in 
our BCD representation, binary numbers having more than two 1’s, we gain 
a certain electrical advantage in that the overall number of 1 bits that must 
be transmitted to, from, and within the machine is reduced. We can do this 
by removing 0111 (7) from the binary counting sequence, and moving up the 
binary equivalents for 8, 9, and 10 one position each. The binary equivalents 
for 0 to 6 inclusive remain the same, but 7 becomes 1000,, 8 becomes 1001,, 
and 9 becomes 1010,. Using this idea in a BCD representation results in 
the 7-4-2-1 code. As an example of its use, the decimal number 19387 would 
be represented as: 


9 3 8 7 
0001 1010 OO11 1001 1000. 


Exercise 12-6.2 


Sketch a section of paper tape on which is recorded the decimal number 728394 in 
7—4-2-I code. Show the I bits as holes in the paper tape in four levels. 
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(6.3) The Excess-Three Code 


If we add 3, (0011,) to each pure binary number in a four-bit BCD repre- 
sentation, the resulting configuration is the extremely useful excess-three 
code. The addition of 0011, has the effect of moving the BCD equivalents up 
three positions in the counting scale as follows: 


Decimal Excess-Three 


0011 
0100 
0101 
0110 
0111 
1000 
1001 
1010 
1011 
1100 


OMANI AADAMNHRWNFK OC 


There are several advantages to be gained from the use of this code: 


(a) The representation for decimal zero has two 1-bits. This means that a 
loss of signal cannot be interpreted by the machine as useful information. 
In other words, the loss of signal through circuit failure would generate a 
0000 condition in the machine—but if excess-three code is used, the machine 
recognizes that there is no such number as 0000, and it is rejected. 


(b) Excess-three is a self-complementing code. It provides a situation where 
the nines complement of a decimal number is the ones complement of the 
coded binary equivalent. Looking at the BCD representation of the code, 
we see that the ones complement of the code for 0,5 is the code for 9,, (the 
ones complement of 0011 is 1100). Also, the binary representation for 1 
(0100) becomes the representation for 8,, when ones complemented (1011). 
The same holds true for the nines complement pairs 2 and 7, 3 and 6, 4 and 
5. Therefore, to take the nines complement of a subtrahend for machine 
subtraction (which also accommodates division), we need only reverse the bits 
of the BCD representation in excess-three code. 


(c) The excess-three code for each decimal number from 5 to 9 inclusive, 
begins with a | bit. Therefore, if the machine is to round off a number, it can 
increment by | if it sees a | bit in the left-hand position of the coded repre- 
sentation for the next lower number. For example, assume that the decimal 
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number 9837 is to be rounded off to three significant figures. The BCD 
representation for this number in excess-three code is: 


9 8 3 7 
1100,a1011 ) 0110 . 1010. 


To perform the required round-off, the machine need only check the 
left-hand bit of the representation for 7. It is a 1, so the machine adds 
1,) to the decimal number in three significant figures to produce 9840. Had 
the original number been 9833, the machine would have rounded it off to 
9830 in three significant figures because of the zero on the left-hand side of 
the representation for decimal 3. 

Because of these advantages, the excess-three code is very often used in 
computer technology. 


Exercise 12-6.3 


Sketch a piece of magnetic tape having the decimal number 948571 recorded in excess- 
three code. 


(6.4) The Biquinary Code 


The biquinary code provides BCD representation having exactly two 1-bits 
for each of the ten decimal digits. To do this, the code employs seven bit posi- 
tions rather than the four used in each of the previously discussed codes. 
These seven positions are arranged in two-position and five-position groups, 
such that the two-position group affords the opportunity to represent either 
a 0 or a 5, while the five-position group accommodates 0, 1, 2, 3, and 4. 
Because the code is binary in nature, the presence or absence of these quanti- 
ties in a given number is indicated by a 1 or a 0, respectively. 
Decimal digits are represented in biquinary code as follows: 


Decimal BCD representation in biquinary code 


Nn 
oS 
BSS 
Ww 
N 
— 
jo) 


mPrPrPrRROOCOCOO 
RPocooorcocoo 
oOroooorcaco 
ocorooooraco 
COOFCCOOHS 
coooroCcCOoH 


OmAAIADUNABRWNF OS 
cooodo COR RR Re 
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Because the code employs seven bits to represent a decimal digit, it is a 
relatively expensive approach to BCD representation. The code is popular, 
however, because of the presence of exactly two 1’s in each representation. 
This makes it reasonably simple to check for errors during the transfer of 
data—the machine can accept or reject a number on the strength of the 
number of 1 bits that it contains. 


Exercise 12-6.4 


Sketch a seven-level punched tape on which there is recorded the decimal number 
807352 in biquinary code. 


(6.5) The Gray or Reflected Binary Code 


In acquiring data for subsequent computer processing, there is a popular 
technique that produces a binary number to indicate the angular position 
of a shaft. The shaft may be one in a potentiometric strip chart recorder, 
whose pen is moving in accordance with a varying voltage from, say, a temper- 
ature transducer. Because the voltage is an analog of the temperature, and the 
shaft position encoder produces a digital output, the device is known as an 
analog-to-digital converter. 

In one type of shaft position encoder, a disc is mechanically connected to 
the shaft whose position is to be indicated. As the shaft rotates, the disc 
turns under a set of electrical brushes which are in contact with its surface. 
Conducting and nonconducting segments on the surface of the disc are “read” 
as l’s and 0’s by the brushes, resulting in a binary representation of the 
angular position of the disc. The number of brushes used will dictate the 
number of bits in the binary number. 

Practically any BCD code can be used in conjunction with a shaft position 
encoder, but a problem of ambiguity arises if we use any code in which more 
than one bit changes in moving from one number to the next. This is because, 
for adequate resolution, the brushes would have to be aligned with an almost 
incredible degree of accuracy; otherwise they could produce a seriously 
misleading reading. 

Dr. Frank Gray, of the Bell Telephone Laboratories, developed an anti- 
ambiguity code that changes in only one bit as it progresses from number 
to number through the counting scale. This Gray code is different from 
most other BCD codes in that there is no significance whatever to the 
positional value of each bit. In other words, the decimal equivalent 
cannot be computed on the strength of particular values assigned to each 
bit location. The format of the Gray code, for four-bit binary notation, is 
as follows: 
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Decimal Gray Code 


0 0000 
1 0001 
Z 0011 
3 0010 
- 0110 
5 0111 
6 0101 
7 0100 
8 1100 
9 1101 
10 1111 
itil 1110 
12 1010 
13 1011 
14 1001 
15 1000 


If we compare the Gray code with, say, the 8-4-2-1 code, we see that the 
main difference is in the number of bits that change from one number to 
the next. For example, in 8-4-2-1 code, three bits change in going from 3 to 
4 (from 0011 to 0100). But in Gray code, only one bit changes (from 0010 
to 0110). 

The code is sometimes referred to as reflected binary or cyclic because of 
the numerical reflections present in the two right-hand columns. If we 
isolate these two columns, then draw a line between the representations for 
3 and 4, we see that 0 to 3 is a mirror reflection of 4 to 7. If we draw a line 
between 7 and 8, we find that 8 to 15 is a mirror reflection of 0 to 7. 

Even though there seems to be no rhyme or reason to the arrangement of 
bits, conversion to the Gray code from pure binary is a very simple process. 
First, we write the most significant bit of the pure binary number as the most 
significant bit of the Gray code equivalent. We then add the next bit to the 
right (in the binary number), noting the sum as the next bit of the Gray code 
equivalent, and ignoring the carry if any. We continue this process, moving 
to the right, until we reach the end of the pure binary number. For example, 
let it be required to change 1101, to Gray code. To more clearly show the 
adding sequence, we'll write the numbers vertically. 


1 Gray code equivalent 


Si + ]1=0 (lgnore the carry) 


Pure binary number 1 


m 
0 1 eel 
ae 


1101, = 101 larey code: 
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Checking this by means of decimal equivalents, we obtain: 


1101, = 13,, 
and 
101 leray code == 1340. 

To convert Gray code to pure binary, we again enter the most significant 
digit of the coded number as the most significant digit of the pure binary 
equivalent. We then add this pure binary digit to the next digit of the coded 
number, ignoring the carry if any. The result is entered as the next bit of the 
pure binary equivalent. This procedure is followed until the end of the coded 


number is reached. For example, to change O01 leray coae to its pure binary 
equivalent: 


Gray code number Q———————>0_ Pure binary number 
4 
joe 
Oa 0 
Ed Nie aa | 
ye ie 
1-0 (Ignore the carry) 
O01 Io est = 00105: 


Checking this by means of decimal equivalents, we obtain 


001 leray code = 210 
and 
0010, = 21. 


Exercises 12-6.5 


Convert the following pure binary numbers to their Gray code equivalents. 


io O1t 4. 1001101 
2. 10000 5. 1110101101 
3. 100101 


Convert the following Gray code numbers to their pure binary equivalents. 


6. 1100 9. 1010101 
iW eOl 10. 101110101 
8. 11000 
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(6.6) Conversion by Means of Diode Matrices 


If we wanted to mechanize the conversion of, say, 963,) to its pure binary 
equivalent, we would be faced with a relatively complicated problem. For 
a solution, we may decide to place 963,, in a register that is decremented by 
1 every time a pulse is fed into a binary counter. When 963,, has been decre- 
mented to zero, the reading in the binary counter would be the required 
binary equivalent. 

On the other hand, if we wanted to convert 963,, to its 8-4-2-1 BCD equiva- 
lent for bit-parallel, digit-serial entry into a machine, we would need nothing 
more than a matrix of properly interconnected switches, some resistors, and 
an adequate power supply. In this section we will deal with matrix conver- 
sion circuits, in which solid state diodes are used as the switching elements. 

To begin, let us examine the circuit 
of Fig. 12-2. Here, the open-circuit 
voltage at the output terminals is E 
volts as long as the switch S remains 
open. If we close switch S, the output 
voltage is limited to the amount of 
voltage drop across diode D. This 
represents the basic idea of the opera- 
tion of a diode matrix. We simply 

FIGURE 12-2. suppress the voltages across certain 
output terminals by means of con- 
tact closures which complete electrical circuits through diodes. 

To construct a diode conversion matrix, we need a set of input terminals 
to accommodate the “from” digits, and a set of output terminals for the “to” 
digits (e. g., “from” decimal “to” 8-4-2-1 BCD). The circuitry must be such 


Common 


eee ele ee os 
tt ee z! 
el Ae a 2 
Cate pee i) 
Peeur enor ay 
PER eae ee t 
ail 51 Teal oat a 


FIGURE 12-3. Diode matrix for decimal to 8-4-2-1 BCD conversion. 
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that a contact closure at a “from” digit terminal will suppress the voltages 
at all the “to” digit terminals, except those representing the correct 
conversion. 

The diode matrix in Fig. 12-3 will provide decimal to 8-4-2-1 BCD conver- 
sion by means of relatively high voltages on the required output terminals, 
when a decimal number is entered by closing an input switch. Notice that this 
matrix will give a definite indication of both the 1’s and the 0’s in the con- 
verted number. 

As an example of the operation of this circuit, notice that closing the input 
switch for decimal number 6 will result in relatively high voltages appearing 
Ongsibewyoutput terminals representing '0, 2°51. 27.1 « 2', and 0 x 2°. 
The reader should check this circuit to verify that the proper conversion will 
result from closing each of the input switches. 

Another example of a diode conversion matrix is shown in Fig. 12-4. This 
matrix is designed to convert decimal digits to excess-three BCD, with a 
definite output to indicate both the 1’s and the 0’s in each conversion. 

The reader should trace through each circuit that results from an input 
contact closure in Fig. 12-4, and prepare a table showing which output termi- 
nals will have relatively high voltages. He should then compare his table with 
the excess-three counting sequence shown in Section 6.3. 


Common 


00 
Most Significant bit 


FIGURE 12-4. Diode matrix for decimal to excess-three BCD conversion. 


It is interesting to note that diode matrices can be used for purposes other 
than code conversion. They also find application in such devices as signal 
multiplexers (where a number of input signals are fed, one at a time, to a 
single pair of output terminals), and signal distributors (where one signal is 
fed sequentially to a number of output terminals). 
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Review Exercises 


1. Show the counting sequence that is equivalent to 0 to 20 in decimal, for a system 
whose symbols (in ascending sequence) are #, $, %, &, *, ?, +. 


2. What is the radix of the numbering system in Question 1? 


3. How would you describe the location of the decimal point in the number 
pie pea Me ai 


4. Considering the general methods described in Sections 3.1 and 3.3, how can 
a whole decimal number be converted to a number having any other radix? 


5. How can a decimal number which lies between 0 and 1 be converted to a number 
having any other radix? 


6. In a certain digital computer, the arithmetic is performed by referring the power 
of the radix to 30. How would each of the following decimal numbers be entered 
if the machine registers can accommodate ten decimal digits ? 

(a) 371.6 (c) 0.0015 

(b) 2.337 (d) 0.5787 


7. What is the maximum number of bits needed to represent a whole decimal 
number containing 7 digits? 


8. Of all the radix conversions that were discussed, which two are the easiest to 
perform? 


9. Sketch the diode matrices which will perform the following conversions: 


(a) Binary to octal. (d) Decimal to 7-4-2-1. 
(b) Octal to binary. (e) Gray code to decimal. 
(c) Decimal to biquinary. 
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Logic: The science that deals with the 
canons and criteria of validity in 
thought and demonstration; the 
science of the formal principles 


of reasoning. 


Symbol: A visible sign of something invis- 
ible, such as an idea. 
(Webster) 


SYMBOLIC LOGIC 
AND BOOLEAN ALGEBRA 13 


Introduction 


The word “algebra” calls to mind the manipulation of numbers and symbols, 
which represent physical quantities, using arithmetic operations such as 
addition, subtraction, multiplication, and division. But if we broaden our 
view of algebra in general, we may be able to see the possibilities of the 
application of arithmetic rules to the manipulation of ideas as well as physical 
quantities. 

The question may arise: “Can we reach logical conclusions about such 
things as the weather—or who is liable to pass an exam—by the manipulation 
of appropriate symbols in accordance with arithmetic operators?” Up to 
the middle of the nineteenth century, the question of “logical algebra” teased 
the imaginations of a number of mathematicians. The great Leibnitz tried 
to invent such an algebra, but he was only moderately successful—possibly 
because the discipline of his higher education restricted his view to the more 
formal approaches. It would be difficult for a man like Leibnitz to envision a 
situation where 1 + 1 = 1. 

Among the researchers, there was an Englishman by the name of George 
Boole. Boole never received a “higher” education because he couldn’t afford 
it. But he was the kind of man who could distinguish himself in the difficult 
field of mathematics to the point where he held the Deanship of Science and 
the mathematics chair at Queen’s College in the Irish city of Cork. Boole 
published a great many papers dealing with linear transformations, differ- 
ential equations, the calculus of finite differences, discontinuous functions 
and the laws of thought. The latter area is the one of immediate interest 
to us. “An Investigation into the Laws of Thought” was published in 1854, 
and although it was treated as no more than an interesting toy for over 50 
years, it formed the basis for the design of modern digital computers and 
other complex switching systems. 

Unfortunately, Boole contracted pneumonia while walking in the rain 
one day in 1864. He died December 8th of the same year and was buried in 
Cork. 

Although a number of researchers have contributed refinements to Boole’s 
work since his death, we use his name as an adjective, and call his method 
of analysis “Boolean algebra.” 


Mg Logic 


If one were to correctly analyze logic in general, he would conclude that 
there are two basic forms: 
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(a) Logic that depends upon true premises and correct reasoning for true 
conclusions. If we say “The book is written in French,” and “John does not 
read French,” the implied conclusion is “John cannot read the book.” 
If a conclusion is implied in the statement, we call the logic deductive. 


(b) Logic which is based upon partial evidence. Conclusions, if any, will 
be in the realm of probability. If we say “Thirty percent of the men in this 
country are over six feet tall,” and “Good basketball players are over six 
feet tall,” we cannot truthfully conclude that “Thirty percent of the men in 
this country are good basketball players.” The conclusion may represent 
a possibility—or even a probability—but it cannot be taken as true because 
all the evidence wasn’t considered. How many tall men must be excluded 
because they are physically handicapped or because they lack sufficient 
coordination to become good basketball players? If a conclusion is inferred 
in the statement, we call the logic inductive. 


Basically, Boolean algebra is a tool for the manipulation of deductive 
logic. It recognizes only two possibilities in a statement. Either it is true or 
it is false—it is either yes or no (not maybe)—something exists or it does not 
exist. 


2. Logic Variables 


If we are to algebraically manipulate logic, we must first assign suitable 
symbols to the statements or things that are to be treated, and then use 
appropriate operators to reach valid conclusions. Deductive logic recognizes 
that a statement can be either true or false. This variation among statements 
permits us to think in terms of logic variables. True, a logic variable can have 
only one of two values at any one time; but, because there are two possible 
values, we can justify the use of the word “variable.” 

The symbols we use to denote logic variables can have any shape. For 
convenience, we will use upper-case letters of the alphabet. 


3. Sets and Complements 


A good deal of the study of logic revolves around the concept of groups or 
sets of things or people. For example, if we are talking about all the students 
in the school, this group (or set) becomes the universe of discourse for the 
discussion at hand. We can assign the symbol SS to this set. The electronics 
students in the school (we’ll call them £) are a set within the set S; so E is 
a subset of S. We can also say that, within S, there is another set of students 
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studying something other than electronics. For convenience, we can call this 
set E (read “not E”)—meaning those students in the school that are not 
in electronics. A student in the school 
must be either in the set E or in the 
set E, but he can’t be in both sets 
simultaneously. E, therefore, is a 
variable which can have either one 
of two values as far as the student 
body is concerned. We can use a set 
diagram to show the relationship 

Ficure 13-1. between S, E, and E as in Fig. 

13-1. 

The perimeter of the diagram can be thought of as the boundary of the 
universe of discourse that defines the subject of the discussion. If a person 
is a student in the school, he must be somewhere within the perimeter en- 
closing S. Having established this, we see that he must belong to either the 
set of electronics students, E, or the set of not electronics students, E. 

If we wish, we can further subdivide E so that we can identify sets of 
electronics students according to the year of the course that they are studying. 
Letting A, B, and C represent first, second, and third year students, respec- 
tively, we have: 


FIGURE 13-2. 


But maybe a few second year students are carrying first year subjects. 
If so, it would seem that these students should be included in both the sets 
A and B. To show this in a set diagram, we need an overlapping of the appli- 
cable areas as in Fig. 13-3. The area labelled “A AND B” represents the set of 
students who are in both first year 
and second year. An overlapped area 
of this type is referred to as the 
intersection of the sets in question. 
Notice the relationship between inter- 
secting sets and the word AND. 

Now suppose that an executive for 
the electronics club is to be chosen, 
FIGURE 13-3. and the rules restrict the choice of 
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executives to second or third year 
students. The set of those eligible can 


be represented by the shaded area in oo 
Fig. 13-4. 

A student eligible for the executive YY GY 
position can be anywhere in B or C. Li 
When sets are combined in this way, FIGURE 13-4. 


we refer to the resulting set as the 
union of the original sets. Notice the relationship between the union of sets 
and the word or. 

The idea of not E (E) is a very important one in symbolic logic and Boolean 
algebra. We have established that a logic variable must be in one or the other 
of two distinct states. This gives us a facility for manipulating logic that is 
denied us in the algebra of physical quantities. If the universe of discourse 
is “all human beings,” then we need only one variable to distinguish the set 
of males from the set of females. If we call all males M, all females can be 
specified by M (not M), because a human being that is not a male must be a 
female. M and M are complementary sets, so M is called the complement 
of M. We can look at the situation from a slightly different viewpoint and say 
that the people who are not females must be males. This is akin to the double 
negative in grammar. If the set of females is defined as “not males,” then 
males can be defined as “not females’; so 


females = M = not males 


and 


males = M = M = not females. 


The double negative, or complement of a complement, is often used in the 
applications of Boolean algebra and will be explored later in some detail. 


4. Logic Operators 


Having developed the use of symbols to denote sets and subsets, Boole began 
to explore the various means whereby symbolic logic could be manipulated 
to valid conclusions using procedures akin to ordinary arithmetic. One 
result of his research was the conclusion that the connectives AND and oR 
can be used, singly or in combination, to accommodate a very large portion 
of the field of logic. Further research led to his assigning the algebraic 
“multiply” to AND and the algebraic “add” to or, such that “both A AND 
B” is written A x Bor A - Bor AB, and “either A or B or both” is written 
A + B. In logical algebra there are no operators related to subtract and divide. 
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Boole also found a way to manipulate logic in accordance with the binary 
numbering system, in which “1” is construed to mean “everything,” or 
“truth,” or “existence”; and “0” means “nothing,” or “falsity,” or “non- 
existence.” On the horizon we can see certain electrical switching implications 
if we think of an open switch as 0 and a closed switch as 1. 


5. Boolean Algebra Notation 


Boole’s interpretation of the OR operator was such that A + B meant “either 
A or else B.” W.S. Jevons later suggested that a more effective interpretation, 
for most purposes, would be “either 4 or B or both.” Jevons’ interpretation 
is the one that we will use. To reduce the wordage in our discussion, we will 
sometimes omit the “either” and “or both.” The reader should recognize 
that, although the formal meaning of A + B is “either A or B or both,” 
we will occasionally just say “A or B.” For the AND operator, the notation 
is such that AB = C means “both A AND B equals C.” 

The reader should now develop a feeling for Boolean notation by carefully 
considering the following combinations of variables and operators. 


(a) A+ BC= D. (A, or both B AND C, equals D. This should not 
be read “A, plus B times C, equals D.”) 
(b) AC+ B=D. (Both A anv C, or not B, equals D.) 


(c) AB+ AC = D. Because A appears in both terms on the left, 
it can be factored out to produce A(B + C) = D. Both A AND (Bor C) 
equals D. As in ordinary algebra, the bracketed expression is self- 
contained. 


(d) ABC + ABC = D. (Not A AND B AND C, or A AND not B 
AND not C, equals D.) 


(e) ABC = D. (AAND BAND C, all not, equals D.) 
(f) A+ B+C=D. (Aor Bor C,all not, equals D.) 


(g) AB+C=D. (Both not.A AND B, or C, all not, equals D.) 


Exercises 13-5 


Write the logic interpretation of each of the following logic functions: 
1. AD(B+C)=L. 4. AB(C + BD) =N. 
2. (4 + BC + D) = K. 5. A(B + CD)\(B + D) =P. 


3. C(AB + D) = M. 
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6. Diagrammatic Representations 


Because Boolean algebra is an algebra of sets, it lends itself to diagrammatic 
descriptions of the various operations. Several types of representations have 
been suggested, including one by C.L. Dodgson which we will use, because 
it suits our particular purpose very well. 

Dodgson’s approach involves an enclosed area (that represents the universe 
of discourse, or 1, in the sense that “1” means “everything”), having a number 
of internal areas representing logic variables assigned to the discussion at 
hand. Any assignment of areas can be made as long as they overlap to accom- 
modate the intersection of sets. For example, if up to four variables (A, B, 
C, and D) appear in a logic argument, the basis for the Dodgson diagram is 
as shown in Fig. 13-5. 


ed ee) ces (ey be 


FIGURE 13-5. 


To describe the expression A + B diagrammatically, we recognize that an 
element of the set A + Bcan be in the A area, or in the B area, or in both 
the A and B areas, as shown in Fig. 13-6(a). 


FIGURE 13-6. 


In Fig. 13-6(b) we see that an element of the set AB is restricted to the area 
common to both the A AND B areas. Other examples are shown in Fig. 13-7. 


(b) A+BC (c) AB+D 


FIGURE 13-7. 
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It is interesting to note that the complement of each expression is repre- 
sented by the unshaded area in the diagram. For example, the unshaded area 


in Fig. 13-7(a) is AB + C. 


Exercises 13-6 


Sketch the Dodgson diagram for each of the following: 


1.A+ A. 10. A(A + B). 
DADRA. 11. A + AB. 

3. AA. 24 

4. DC. 13. AB. 

5. BD. 14.448 

6. ABC. 15. A+B. 
TABCD! 16. AB. 

8. ABCD. 17.14 A. 

9. CC. 18. AB + AB + AB. 


19. What conclusions can be drawn from the comparison of sketches 13 and 14? 
Of 15 and 16? Of 16 and 18? 


20. What is the representation for zero? 


as Boolean Algebra Postulates and Theorems 


A postulate is a self-evident truth—it is something that is taken for granted, 
and it can be used to provide a basis for further investigation. A theorem 
can be thought of as a rule or a law that can be expressed by means of an 
equation. 

There follows list of the principal Boolean algebra postulates and theorems, 
together with a few useful identities. Notice that some of them are identical 
to rules of ordinary algebra, while others are exclusively Boolean. 


A+A=A (13-1) 
yy ey (13-2) 
AX1=A (13-3) 
A+0=A (13-4) 
A+1=1 (13-5) 
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M0 = 0 (13-6) 
A=A (13-7) 
Lees (13-8) 
AA=0 (13-9) 
NLT (13-10) 
AB = BA (13-11) 
a (Bi C) = (AB) © (13-12) 
ABee Cy 2A AC (13-13) 
(EOL B) eed (13-14) 
AVG. (13-15) 
AB =(A-+B) (De Morgan’s theorem) (13-16) 
AB =(A-+ B) (De Morgan’s theorem) (13-17) 
(4 AB) = (A +.B) (13-18) 
A(A + B) = AB (13-19) 
(4B + AC)=(A+ BY(A+4+ C) (13-20) 


The postulates and theorems are more useful than is immediately apparent. 
The variables used are representative of sets, so any set can be used in place 
of the actual variables in the list. For example, because A + 1 = 1, then 
BC+1=1, CD + 1 = 1, and so on. Sometimes it is convenient to assign 
different symbols to sets containing more than one variable, then operate on 
the expression using the new symbols. This approach will be demonstrated 
in some of the examples that follow. 


EXAMPLE |. Use postulates and theorems to simplify: 
A(A + B) + B(B + C). 
Solution. Multiplying as indicated: 


AA + AB+ BB+ BC. 


By Eq. (13-2) AA = A, and by Eq. (13-9) BB = 0; therefore 
A AB + BC. 
Factor A out of the first two terms: 


AQ B) BC. 
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By Eq. (13-5), 1 + B = 1, leaving: 
Ap BG: 
which is the required simplification. 


EXAMPLE 2. Simplify AB + A + B. 


Solution. Using Eq. (13-16) on the first term, we get 4+ B+4+B, 
which, according to Eq. (13-1), equals 


A+B. 
EXAMPLE 3. Simplify ABC + ABC + ABC. 
Solution. Factoring BC out of the first and third terms, we obtain: 
BC(A + A) + ABC = BC+ ABC [by Eq. (13-8)]. 
Factoring out C, then using Eq. (13-18), we obtain 
C(B + BA) = C(B + A), 
so the required simplification is: 
C(B + A). 
EXAMPLE 4. Simplify ABC + A+ B+ C. 
Solution. Applying Eq. (13-16) to the second, third, and fourth terms: 
ABC + ABC. 


But according to Eq. (13-1), any set OR the same set equals the set itself. So 
the required simplification is: 


ABC. 


EXAMPLE 5. Simplify ABC + A+ B+ C. 
Solution. Applying Eq. (13-17) to A + B+ C produces ABC, and the ex- 


pression becomes ABC + ABC. Factoring out AC, we get AC(B + B). Ac- 
cording to Eq. (13-8), (B + B) = 1; so the required simplification is 


AG 
EXAMPLE 6. Simplify (A + B)(A + B). 
Solution. Multiplying through produces: 
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AA+ AB+ AB+ BB=A-+ AB+ AB [using Eqs. (13-2) 
and (13-9)]. 


Factoring A out of the first two terms, we get: 
A(l + B)+ AB=A 4 AB. 


Factoring the A again, we get A(1 + B), from which A is the required simpli- 
fication. 


EXAMPLE 7. Simplify (A + B)(A + B). 


Solution. Let A + B = X, and let A + B= Y. The expression becomes YY. 
This is X + Y according to Eq. (13-17). By substitution, Y + Y=A+B 
+ A+ B, and this reduces to 1 + B [by Eqs. (13-1) and (13-8)]. Because 
1 + B=1, the expression becomes I. But I = 0 in the binary system; so 
the required simplification is (A + B) x (A + B) =0. This tells us that 
there is no element in both (A + B) AND (A + B). A Dodgson diagram will 
confirm that there is no intersection of these two sets. 


EXAMPLE 8. Simplify ABC -++ ABC. 
SolmonaleuAbC.— Xx, and JjeteABC —-.¥, Then, by: Eq. (13-17),.% 2.1% 


= XY, By substitution, YY = (ABC)(ABC). Now, using Eq. (13-16) on 
each term, we have 


(ABC)(ABC) = (4 + B+ C(A+ B46) 
(Ac BC) Ae ane CO). 

Multiplying, we get 

AA + AB+ AC + AB+ BB+ CB+ AC+ BC+ CC. 
Recognizing that BB = B, AA = 0, and CC = 0, we have 

B+ AB+ AB+ BC+ BC+ AC+ AC. 
Factoring B from the first five terms produces 

BIE A+ A= CLC) AC BAC, 
from which we get the required simplification: 


BAA GEEAG. 
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Exercises 13-7 


Use the postulates and theorems to simplify each of the following. 


{ACA B) SB Be Cj: 7. (AB + AB)(AB + AB). 

2. AB + AB + AB + AB. 8. AB + AB + AB. 

3. ABAB. 9. AC + BC + ABCD. 

4.°AC + ABC = AC. 10. (ABC)(ABC). 

5, ABC+A+B+C. 11. (XY + ABC\XY +4 Bey 
6. (A + BA + B). 12. AB -++ AC 4+ BC. 


[Hint: Use Eq. (13-18.)] 


8. The Significance of 1 and O in Boolean Expressions 


Boole recognized that the evaluation of logic expressions would depend 
upon the possibility of assigning numerical values to variables to indicate 
their condition relative to the discussion at hand. In ordinary algebra, we 
can say y = u + v, but we can’t determine a value for y unless we know the 
applicable values of wu and v. Since a deductive logic variable is restricted 
to only two possible values (true or false), only two numbers are needed to 
cover its complete permissible range. Boole therefore implemented the binary 
numbering system as the basis for evaluating the truth or falsity of a logic 
statement. He assigned 1 to a variable to indicate truth, and 0 to indicate 
falsity. 

Consider the following simple example: “If the buses are available, AND 
if it doesn’t rain, the picnic will be held.” Symbolically : 


B = The buses are available. 

B = The buses are not available. 
R = It is raining. 

R = It is not raining. 

P = The pincic will be held. 

P = The picnic will not be held. 


Because of the AND in the statement, we can write: 


BR=P. 
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All true statements are assigned the value 1. Complementary statements 
automatically equal 0. If “The buses are available” is a true statement, then 
B = 1, and B = 0 (“The buses are not available” is a false statement). On the 
other hand, if it is true that “The buses are not available,” then B = 1 and 
B=; 

As previously mentioned, the AND in the statement calls for the algebraic 
“multiply.” The rules for multiplying the values of logic variables are the 
same as those used in ordinary algebra in that: 


ee | O Seba) 
fe 0): = 0 Onx.0 = 0 


In the problem at hand, we determine the value of P by evaluating B x R 
when the correct binary values are assigned to these variables. If the buses 
are available and it is raining, then B = 1 and R = 0 (because R = 1), and 
P=BxR=1x0=0. So the picnic will not be held (“The picnic will 
be held” is a false statement). Of all the possible combinations, the only 
one that produces P = 1 is B= 1 and R= 1. 

Now consider the following simple example of logic evaluation using the 
OR operator: “Records will be played over the school PA system during the 
lunch hour if either Allan or Bill oR both will operate the equipment.” 
Symbolically: 


A = Allan will operate the equipment. 

A = Allan will not operate the equipment. 
B = Bill will operate the equipment. 

B = Bill will not operate the equipment. 
R= Records will be played. 


R = Records will not be played. 


Because of the OR in the statement, we write A + B = R; then we assign 
a 1 or a 0 to each of A and B, depending upon the truth or falsity of the 
applicable statements. 

The arithmetic we use to evaluate an OR expression is 


0+0=0 O+1=1 
tee O01 1+1=1. 
Notice that the last one is the only departure from ordinary arithmetic. 


In Boolean algebra the representation for truth is 1. There are no degrees 
of truthfulness because the logic we use is deductive. In ordinary binary 
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addition, 1 + 1 = 10; but, in the evaluation of logic statements, 10 would 
suggest an absurd conclusion because it would mean that the statement is 
both true and false at the same time. The largest number that can exist in 
Boolean algebra is 1; so it follows that not only does 1 + 1 = 1, but the sum 
of any number of l’sis 1 (i.e.,,1 +1+1+1-4.--- = 1). 

To determine whether or not records will be played over the school PA 
system, we need only assign the applicable values to the independent variables 
A and B. Here, the only time that R = 0 is when A = Oand B= 0. 


Exercises 13-8 


1. If A + BC = P, is the statement represented by P true or false when: 
(a)eAt Bie ley 
(b) Ag 0 2B 0.6 7 
(c)PApaail eB =O. Gie Ov 


2. If L = A(B + CD), is the statement represented by L true or false when: 
(@) Area Be 1 C0 D — 07 
(b)WAt=105 8B 0; Gi" 1 Di--wh? 
(e)rAl— 1 B05. C.— On D0. 


3. If BC(A + D) + AC(B + D) = F, is the statement represented by F true or 
false when: 


(a) A=1,B=1,C=0,D=0? 
(6) A=0,B=1,C=0, D=1? 
(c) A=0,B=0,C=1,D=1? 


9. Truth Tables 


It is often necessary to evaluate a Boolean expression under all possible 
circumstances of its independent variables. For example, one may wish to 
know the circumstances under which P is true when P = AB + C. To facili- 
tate this type of evaluation, we contsruct a truth table in which we systemati- 
cally assign 1’s and 0’s to the independent variables in every possible combina- 
tion. Because we are using the binary system, the number of combinations 
that exists is 2” where n is the number of independent variables in the 
logic expression to be evaluated. The truth table for P = AB-+ C follows. 
Notice that there are eight binary combinations of the three independent 
variables. 
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Coooo FR FF 


& 


coorr OOF Fe 


oe) 


oo oo =o = © = 


AB 
<a eal 
ieee oil 
1030 
1x0=0 
0ox1=0 
Ox b=0 
0x0=0 
0x0=0 


AB+C 


ae i 
1+0 
0+1 
0+0 
OF 
0+0 
0+1 
0+0 


y 


OorororFrF eS 


We see that P is true when A and B and C are all true, or when A and B 
are true and C is false, or when A and C are true and B is false, or when A is 
false and B and C are both true, or when A and B are both false and C is true. 

If the expression contains complemented variables, we simply add comple- 
ment columns as required. For example, let it be required to determine the 
circumstances under which L is true when L = A(B + C). Because there are 
only three independent variables, there will be eight combinations as shown 
below. Notice that the B and C columns are the complements of the B and 


C columns. 


nN 


COC ORRHREH 


by 


oorr OOF Fe 


‘o) 


Ol Oe OS 


So 


PROORrROCO 


Y 


FP Ore OoOordodro 


AUB G) 


1(0 + 0) 
10 + 1) 
1h 0) 
101 + 1) 
0(0 + 0) 
00 + 1) 
O(1 + 0) 
0d + 1) 


BS 


S22] 2 Sis © 


Again, the circumstances under which L is true can be found if we note 
the condition of each independent variable in the rows where L = 1. 
Let us now use a truth table to check the validity of the De Morgan theorem 


AB=A+B. 


Because, for every possible combination of A and B, the AB column 


A 


oor ke 


or CO = 


SS oi 


-_= —= = © 


ma 


el en > a a) 


oS 


ee Ne (=) 


A> 2B 
0+0=0 
0+1=1 
1+0=1 
1+1=1 


entry is identical to the A + B column entry, the theorem is valid. 
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Before proceeding with the exercises, notice the sequence of numbers in 
the independent variable columns. They follow a pattern which, when recog- 
nized, can save considerable time in the assigning of values. The pattern 
is shown in the following schedule: 


TWO VARIABLES FOUR VARIABLES 
(2? = 4 combinations) (24 = 16 combinations) 
A B A B C D 
1 1 1 1 1 1 
J 0 1 1 1 0 
; 1 1 0 1 
1 1 0 0 
1 0 1 1 
THREE VARIABLES 1 0 1 0 
(2? = 8 combinations) 1 0 0 1 
y 5 e 1 0 0 0 
0 1 1 1 
1 1 1 0 | 1 0 
1 1 0 0 1 0 1 
1 0 1 0 1 0 0 
t 0 0 0 0 1 1 
0 1 1 ‘ ; f 
0 1 0 | 
0 0 1 0 0 0 1 
0 0 0 0 0 0 0 
Exercises 13-9 
Check the validity of each of the following by means of truth tables: 
1.AB=A+B. 6. C(A + B) = C+ AB. 
2. A(A + B) =A. 7. AB + AG +.BC.=,BA AAG 
3. A+AB=A++B. 8. ABCD + AB = ABCD. 
4. AB + AC (A + BASE C). 9. ABD + BCD = AB. 
5. C(A' + B) = CA + CAB. 10. ABC + ABC = ABC. 


10. Function Maps and the Veitch Diagram 


The simplification of a Boolean expression can often be accomplished with 
less time and effort through the use of a function map. Basically, the function 
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map provides us with a visual means of: 


(a) eliminating unnecessary terms in a function, 
(>) determining whether or not a function can be simplified, 
(c) determining the simplified version of a function. 


The construction and interpretation of function maps was first suggested 
by E.W. Veitch. His method of analysis, involving the use of a Veitch 
diagram, is the one we will use in our discussion. 

A Veitch diagram can be constructed for a function having any number of 
variables. Two-variable functions (i.e., AB + AB-+ AB) can usually be 
simplified more quickly using the postulates and theorems, but functions in 
three or four variables can be more thoroughly and quickly evaluated 
through the use of Veitch diagrams. We will, therefore, restrict our discussion 
of function maps to functions in three or four variables. 

We have seen that for a function 
having n binary variables there are 2” 
ways of combining all n variables. A 
function map must contain sufficient 
cells to accommodate all possible 
combinations, and each cell must be 
identifiable with respect to the varia- 
bles. The Veitch construction is shown 
in Fig. 13-8. 

If a particular combination of 

variables exists in a given function, 
a | is placed in the corresponding cell A 
in the diagram. For a three-variable 
function in which each term contains 
all three variables, there is one (and 
only one) cell for each term. Ifa three- 
variable function contains a term in 
two variables (i.e., AB + ABC), then (b) n=4 
two cells are needed to describe the 
two-variable term (AB). If a term in 
one variable appears in a three- 
variable function (ie., A+ ABC), 
it will require four cells in the mapping process. In a four-variable map, a 
single-variable term requires eight cells, a two-variable term requires four 
cells, a three-variable term requires two cells, and a four-variable term 
requires one cell. 

In the following examples, terms and the cells are numbered to show 
which terms correspond to which cells. 


NIB 


Bi 


FIGURE 13-8. Theconstruc- 
tion of Veitch diagrams. 
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EXAMPLES. 


Function Veitch Diagram 
1, ABC + ABC B B 
mn ane —_—— — SS 
) @ 
Ali ail 1 
® @ 
A 
C C C 
2. ABC + ABC + ABC + ABC B B 
—— — —_— = ca0VWVm—erere—— = 
® @ ® ® 
A 1 
Sued Aes $s) see = al ® 
Auli 1 1 
® ® 
C C G 
3:24 B-FA BG -EBG B B 
——S —_—— —S a 
® ) ® 
Art 1 1 
® es 
A 1 1 
® ® 
a G C 
4. A -- ABC 4 AB B B 
@ ® rom 
ANY 1 1 
@ 6) ® 


ATI 1 1 1 
OMRON) 
G G C 


Now let us examine Example 3 in detail. The term AB requires two cells— 
but the same two cells could have been used to map ABC + ABC. It follows 
that 4B = ABC + ABC. We can check this by factoring AB out of both 
right-hand terms: 


AB(C + C) = AB(1) = AB. 


Here, then, is the key to the simplification of a Boolean function by means 
of a map. In general, if the map contains 1’s in two adjacent cells, either 
horizontally or vertically, then the expression can be simplified. Further, 
we can bend the map to form a cylinder so that its edges are aligned (either 
side-to-side or top-to-bottom), and consider the adjacencies thus produced 
to be valid for purposes of simplification. We can extend this idea to include 
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simplification by means of blocks of four cells, blocks of eight cells, and so on. 
A few examples should clarify the method. In each of the following examples, 
it is required to simplify the given function if possible. 


EXAMPLES. 
Sea CeARC ABC. 


Solution. First, we map the function: 


OY 
Q 
Oo 


There is a pair of adjacent cells occupied, so the function can be simplified. 
The 1’s enclosed by the dotted line could have been placed there by mapping 
just AC; so ABC + ABC = AC. The other 1, representing ABC, has no 
adjacent cell occupied; so it cannot take part in any simplification process. 
The simplified function, then, is 

ABC + AC. 
We have replaced two three-variable terms with a single two-variable term. 
Checking this algebraically, we have: 

ABC + ABC + ABC = ABC + AC(B + B) = ABC + AC. 


6ABCe ABC --ABC ABC, 


Solution. 
B B 
ent {1 
a 
Cc C G 


Here, because it is perfectly legal to use an occupied cell more than once, we 
have two sets of adjacent occupied cells (as shown by the dotted lines). The 
horizontal set describes AC, and the vertical set describes BC. So the three 
3-variable terms that contributed these 1’s can be replaced by AC + BC. 
Notice that because we used an occupied cell more than once, it suggests 
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a factorable variable in the simplification. We can write C(A + B); we will 
see later that this factoring is worthwhile because less hardware is needed to 
mechanize the expression. 

The other 1 in the map has no occupied adjacent cell; so it cannot be in- 
cluded in a simplification. The simplified function, then, is ABC + AC + BC. 


Proof. 


ABC + ABC + ABC + ABC = ABC + BC(A + A) PARC 
— ABC + BC+ ABC=ABC+ C(B+ A) (using Eq. (13-18)). 


This checks with the answer obtained by means of the Veitch diagram. 
7. ABC + ABC + ABC + ABC. 


Solution. 


Because there are no mutually adjacent cells occupied, the function cannot 
be simplified. (Try it!) 


8 “ABC 2 ABC + ABC + ABC ABC ABC. 


Solution. 


The block of four occupied cells on the left would have resulted if we'd 
mapped only B; so 


ABC + ABC + ABC + ABC =B. 
If we bend the map into a vertical cylinder, we have the two occupied cells 


on the right adjacent to the two cells on the extreme left. These four cells 
represent C; so 
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ABC + ABC + ABC + ABC = C. 
The simplified version of the given function, then, is: 
B+C. 


The legality of our using occupied cells more than once will become clear if 
we remember that A + A = A. 


SABC ABC ABO ABC ABC ABC + ABC 4+ ABC. 


Solution. 


Here, because all the cells are occupied, the function is always true. As a 
result, we can say that the function = 1. 


10¢4ABCD “ABCD — ABCD + ABCD + ABCD'+ ABCD. 


Solution. 


D 
A 

D 
A e 

D 


The block of four cells marked + are combined to produce AC. The two ad- 
jacent 1’s within the dotted line are combined to produce ABD. The remaining 
occupied cell (ABCD) cannot be combined with any other term. The simpli- 
fied version of the given function, then, is: 


AG-- ABD + ABCD. 


Li ABCD “ABCD ABCD. & ABCD + ABCD. 
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Solution. 


D 
A 

D 
A a 

D 


The 1’s enclosed by the dotted line combine to produce BCD. Folding the 
diagram from top to bottom makes the cells marked 1 adjacent, producing 
CBD. The cells marked 2 are adjacent when the diagram is folded to form 


a vertical cylinder, and the resulting term is ACD. Therefore, the given 
function simplifies to: 


BCD=—CBDie_ACD: 


12. ABCD + ABCD + ABCD + ABCD + ABCD + ABCD + ABCD. 


Solution. 
B B 
D 
A 
D 
A s 
D 


C C € 


In a four-variable map, a block of four 1’s in a horizontal or a vertical row 
can be combined (i.e., they needn’t be in a square). The simplified version 
of the given function, then, is: 


AD “BC. 
13. B[(B + CD)(A + BCD)] + ABCD. 


Solution. First, we change the first term to a sum-of-products format. 
Because 
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CDC) ~ by (13-16), 

A+ BCD=A-BCD  by(i3-17), 

BCD=B+C+ DD * by (13-16), 
we have: 

BBC! DAB AC AD) ABCD. 
Multiplying inside the square bracket, we obtain: 
B[BAB + BAC + BAD + CAB + CAC + CAD + 
+ DAC + DAD] + ABCD. 
Multiplying by B and eliminating redundant terms yields: 

BAC + BAD + BCAD + ABCD. 


Mapping this function, we have: 


D 
A 

D 
A = 

D 


The block of 1’s describes the function AB, which is the required simpli- 
fication of the original function. 


Exercises 13-10 
Check the answers to Examples 8 through 13 using the postulates and theorems. 


Use Veitch diagrams to simplify any of the following functions that can be simplified. 
Use the postulates and theorems to check your answers. 


1. ABC + ABC + ABC. 
2. ABC + ABC + ABC + ABC. 
3. A(BC + BC) + ABC. 
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. ABC + ABC + ABC + ABC. 

. ABC + ABC + ABC + ABC. 

- ABCD + ABCD + ABCD + ABCD + ABCD. 

. ABCD + ABCD + ABCD + ABCD. 

- ABCD + BAC D) + C44 BSD) + ALB CS py 


. ABCD + ABCD + ABCD + ABCD + ABCD + ABCD. 


So eo Nt nH nm 


11. Boolean Algebra Applied to Switching Circuits 


The direct application of Boolean algebra to electrical and electronic switch- 
ing circuits was developed by Claude E. Shannon in 1939. 

In this application, we use the postulates and theorems, truth tables and 
function maps, to design and/or simplify switching circuits. Sets of switch 
and relay contacts are assigned upper-case letters to correspond to logic 
variables. When we apply the AND connective to contacts in series, and the 
OR connective to contacts in parallel, we can write a Boolean function that 
describes a switching network. This function is then treated in the same 
manner, for purposes of simplification, as the functions in the preceding 
sections. 


(11.1) The Transmission Function 


In our switching functions, we will use T as the dependent variable. T can be 
regarded as representing the statement: “There is a complete electrical path 
through the switching circuit.” If T= 1 for a particular combination of 
contacts, then the statement is true and continuity exists. If, in evaluating the 
function, 7 = 0, then the statement is false and no continuity exists. A func- 
tion of this type is called a transmission function. 

First, let us apply this idea to single-pole single-throw switches (abbreviated 
SPST). A number of these are shown in Fig. 13-9, together with the applicable 
transmission functions. 

The application of Boolean algebra to switching circuits is not restricted 
to the use of SPST switches. The binary nature of logic variables permits 
their application to all two-state devices. A single-pole double-throw switch 
(abbreviated SPDT) can be accommodated because, when one set of contacts 
is closed, the other set is open. The SPDT switch is shown schematically 
in Fig. 13-10(a). A double-pole single-throw switch (DPST) has two sets 
of contacts that close together. Because they do, both sets are assigned the 
same symbol (Fig. 13-10(b)). A double-pole double-throw switch (DPDT) 
is a two-state device having four sets of contacts; two sets are closed while 
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pA=" o4=0 


A=O A=\| 
(a) T = A. For the switch position shown, (b) pian leres—al because An—ale 
T = 0 because A = 0. There is continuity through the switch. 
oA=0 oB=0 woA=1 oB=0 
—_e—>-0—___@—0—___ OO — 
A=1 B=) A=0 B= 


(c)ii— AB = 1x 1— 1, Both» switch A (dd) =A 1B — OR 
AND switch B must be closed to provide 
continuity. 


I 
= 


(e—) T=A+ B=1+40 = 1. Switch A or (f) T= A(B+C)=0 because A = 0. 
switch B, or both, must be closed to make Here, continuity will exist when A = 1, 
taille AND either B or C or both = 1. 


FIGURE 13-9. Transmission functions for some SPST switch connections. 


the other two sets are open. Again, sets of contacts that automatically close 
or open at the same time are assigned the same symbol (Fig. 13-10(c)). 


(a) SPDT switch. (b) DPST switch. (c) DPDT switch. 


FIGURE 13-10. 


A relay may have any reasonable number of contacts that close when the ~ 
coil is energized—and another group that automatically opens at the same 
time. All the sets of contacts that close together, regardless of how many 
there are, are assigned the same logic variable symbol. The complement of 
this symbol applies to the sets of contacts that open when the others close. 
For example, consider a relay that has 100 sets of contacts. Fifty sets are 
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normally open (NO) and fifty sets are normally closed (NC). The symbol A 
can be used to represent all fifty sets of NO contacts, while A represents all 
fifty sets of NC contacts. When the relay coil is energized, A = 1 and A = 0; 
when de-energized, A = Oand A = 1. 

The logic symbol, then, can be thought of as pertaining to one or more 
sets of electrical (or electronic) contacts which, because of the action of some 
two-state device, are either open or closed. Whether the contacts are open 
or closed will dictate the value (1 or 0) of the applicable logic variable. 

To carry our discussion to a reasonable depth, we must provide for the 
possibility of a plurality of contact closures and/or openings when some 
switch or relay is actuated. To this end, we will adopt the contact closure 
notation shown in Fig. 13-11. Note carefully the transmission function that 
accompanies each switching circuit. 


A o———————_0 C 


(a) T= A(BC + AB + AC) 
A o———_——0 B 
re sea 
4 50s 
G 
Eeeway; 
(b) T= (AB + C)(AB + BC + A) 


cle Do——0 E o—_0 A 
ces Bo——ocC 


sg cine. asec -o——_ G8 


(c) (A + BC)D + CBD\(DEA + BC + EB) 


Dd 


FIGuRE 13-11. “Contact closure” switching circuits. 
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Exercises 13-11.1 


Write the transmission function for each of the following circuits. 


~ ites 
 enear a 
co} ae 


Sketch the contact closure switching circuit that corresponds to each of the following 
transmission functions. 


5. A+ BC+ AB. 

6. (ARC + ABD)(AD + BC). 

7. AB(CD + CD) + AC. 

8. (4+ B+ C)GEF(A + D) + BCF + DAB}. 


(11.2) Truth Functions 


When applied to a switching circuit, a truth function is an expression that 
represents all possible contact closure conditions for electrical continuity. 
To find a truth function for a particular switching circuit, we first construct 
a transmission function truth table which provides for every possible combina- 
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tion of the variables that represent contact closures. The truth function is 
then the sum-of-products expression that results when only the 1’s in the 
transmission function column are considered. For example, given the following 
switching circuit, let it be required to find its truth function. 


pana: 


First, we write the transmission function for the circuit: 


Q) 


T= BA+C\(A4 B4+ C). 


We then construct a truth table for the transmission function. 


A B © B(A+C\(A+B+C) = T 
1 1 1 114+00+041),-= 11 
1 1 0 11+10+0+0) = 0 
1 0 1 02 +00+1+1) = O 
1 0 0 01+10+1+0) = O 
0 1 1 10+00 +0+1) = O 
0 1 0 100 +10 +0 -- 0) ssa 
0 0 1 000 + 0)1 + 1+ 1) = 0 
0 0 0 00+ )0a4+1+0) = O 


Looking at the TJ column, we see that there are only two contact closure 
conditions that produce circuit continuity. We can say that T= 1 when 
A AND B AND C are all equal to 1, oR when A and C are both equal to zero 
and B= 1. But when A and C are both equal to zero, then A and C are 
both equal to 1. The truth function for the circuit, then, is ABC + ABC. 
Notice that the truth function is a sum-of-products expression in which 
each term contains all the variables, and all are equal to 1. 

For a second example of the determination of a truth function, consider 
the following circuit: 


A——8——C 
aieae 
mi 
Gi 


T = ABC + A(B + C). 


The transmission function truth table is: 
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A B C ABC + A(B + C) = T 
1 1 1 1005 011 Al). ==. 0 
1 1 0 Mae tee OL IO). ae, I 
1 0 1 1x0x0+00+1) = O 
1 0 0 1x0x1+00+0) = O 
0 i! 1 Oxalex O S14 1) =) al 
0 1 0 ORI Da 1G a 0) == 1 
0 0 1 0x0x0+10+1) = 1 
0 0 0 OX ORE 10-20) == 0 


And the applicable truth function is: 
ABC + ABC + ABC + ABC. 


Incidentally, if for some reason it is required to find the contact closure 
combinations that produce no continuity, we need only write the “falsity” 
function based upon the zeros in the T column. In the preceding example, 
the falsity function is 


ABC] ABCEL ABC 4- ABC: 


Exercises 13-11.2 


Write the truth function for each of the following transmission functions. 


1.AB+AB. 2. A(BC+ BC). 3.AC+B(A4+C). 4. A(B4t+ CB + A). 
S4B(C BD) += D(A + C). 


(11.3) Simplification of Switching Circuits 


A switching circuit that is known to have the required contact closure proper- 
ties can often be simplified by the techniques developed in the preceding 
sections. The usual approach is to write the transmission function for the 
existing circuit, then simplify it (if possible) using Boolean algebra or a 
function map, and finally, rearrange the circuit to conform to the new 
transmission function. A few examples should clarify the procedure. 


EXAMPLE |. Simplify, if possible, the following circuit. 


Ca ek 


Kw 
® 
m SG OI 
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Solution. By inspection, the transmission function is: 
T =(AB+ CDE\(AB+ C+ D+ E). 
Carrying out the indicated multiplication, we obtain: 


ABAB + ABC + ABD + ABE + CDEAB + CDEC + CDED 
+ CDEE. 


The first term becomes AB, and the last three terms disappear, leaving: 
AB + ABC + ABD + ABE + ABCDE. 

Factoring AB, we have: 
ABI +C+D+£E+ CDE). 

The bracketed expression disappears (being equal to 1), leaving: - 
AB 

The simplified version of the circuit, then, is 


A——B 


This means that contact closures C, D, and E are redundant and can be 
eliminated. 


EXAMPLE 2. Simplify, if possible, the following circuit. 


yt) ASE -] 
A 8—C 
Solution. By inspection, the transmission function is: 
(AB + A)(AC+ B+ BC). 
Multiplying through, we obtain: 
ABAC + ABB + ABBC + AAC+ AB+ ABC, 
from which we get: 


ABC -9AB-= ABE BC 
ABIL -- CGC) + ACB + BC) 
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AB+ A(B+ C) 
ABE AB AC 
BAA) EAC 
BeareAC. 


The simplified circuit is: 


ee 


EXAMPLE 3. Simplify, if possible, the following circuit. 


A 


A 
Bae Ont iN 
Solution. By inspection, the transmission function is: 
APB LC*. ADB EBC) = BCA AD), 
from which we get: 


A+B+C+AD(B+ C)+ BC(A + D) 
A+B+C+ADB+ ADC + ABC + BCD. 


But 4 + B+ C = ABC, and ABC + ABC = 1, which leaves: 
(=A DB ADC’ BCD: 


So there is always continuity, regardless of the switch settings. 


Exercises 13-11.3 


1. Use truth tables to check the answers obtained in the foregoing examples. (The 
original transmission function vs the simplified transmission function.) 


Simplify, if possible, the switching circuits represented by the following transmission 
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functions. Sketch the original circuit and the simplified circuit (if any) for each 
function. 


2. AB + AB. 

3. ABC + ABC. 

4. A(BC + BC) + A(BC + BC). 
5.B+C+A(B + BD) + B(C+ CA). 

6. AD(B + BC) + C(A + AD). 

7. ABCD + AC + BC+ CD. 

8. AB(CD + BC + BD). 

9. D[B(AC + AC) + BC + BC]. 

10. AB+C+D)4+(8+4A+0(44+D+0C)4+ ABA + D). 
11. AB(CD + CD) + BC(AD + AD) + ABCD. 


(11.4) Design of Switching Circuits 


Generally speaking, there are two approaches to the design of a switching 
circuit. We can use the trial-and-error approach—which may be extremely 
time-consuming and may result in the inefficient use of components—or we 
can use the systematic approach afforded by Boolean algebra. 

We shall see that the Boolean algebra solution to some switching problems 
is almost completely automatic, while other problems require a certain 
logical interpretation. In any event, the systematic nature of the Boolean 
algebra approach makes it extremely valuable. It is interesting to note that 
students have been asked to design switching circuits on the basis of trial 
and error, only to find the task virtually hopeless. Later, when armed with 
the tools of Boolean algebra, the same students found the same problems 
surprisingly simple. In our discussion, we will establish the ground rules for 
the construction of a contact closure diagram that will satisfy the requirement 
at hand, and then we will pursue the mechanical interpretation of the dia- 
gram from the standpoint of hardware. 

In design work, the problem to be solved is often stated in narrative form. 
The link between the narrative and the algebra is the transmission function 
truth table. If the problem is interpreted correctly, and the truth table is 
properly constructed, then the required switching circuit will evolve auto- 
matically. Along the way, the circuit is drawn from the simplified version of 
the truth function. The procedures are explained in the following examples. 


EXAMPLE 1. A stairway is to be illuminated by means of an overhead lamp 
fixture, such that a person can turn the lamp on or off from either the top or 
the bottom of the stairs. In other words, a person must be able to change the 
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state of the lamp by means of either switch, regardless of the existing state 
of the lamp. Use Boolean algebra to design the required switching circuit. 


Solution. The problem states that there must be two switches and one lamp. 
We'll call the switches A and B, and the lamp L. At this point we are not 
concerned with how many sets of contact closures are needed in the switches. 
We need only remember that a logic variable refers to a two-state switching 
device. 

First, we construct a truth table that shows the state of the lamp (1 for 
“on” and 0 for “off”) with respect to all possible combinations of the switch 
positions. The starting point is arbitrary; either switch may be in either 
position, and the lamp may be on or off. We’ll let the “up” switch positions 
be represented by 1, and the “down” switch positions will be represented 
by 0. Also, we'll assume that the lamp is on when both switches are up; the 
appropriate entries are shown in row | in the following truth table. 


A B L 
L, 1 1 1 
De 1 0 0 
oN 0 i! 0 
4. 0 0 1 


If we leave switch A alone and change B, the lamp must go out; this is 
shown in row 2. But we could have left B alone and changed A to make the 
lamp go out, as shown in row 3. Now, with the lamp off, throwing either 
switch must make the lamp go on. If we make any switch changes in rows 
2 or 3 (when the lamp is off), we must obtain either row | or row 4. This means 
that row 4 must represent a “lamp on” condition; so we enter a | in the L 
column. We see that all possible combinations of A and B have been accom- 
modated (2? = 4). The truth function for the lamp is now written in accord- 
ance with the 1 entries in the L column. 


L=AB+ AB 


A two-variable map shows that the truth function cannot be simplified. 


So the required contact closure diagram 1s: 
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By inspection, we determine that both switches should be SPDT, and the 
switching circuit must be in series with the lamp and the power supply. The 
completed design, then, is: 


As an exercise, mentally check each switch combination to verify that the 
requirement has been met. 


EXAMPLE 2. A certain radar installation includes a rotating antenna inside 
an inflated rubber radome. To preserve the air pressure in the radome, entry 
must be made through a small room having two airtight doors. If both doors 
are left open, the air will escape from the radome, causing it to collapse on 
the rotating antenna. Gate switches are to be mounted on the doors to provide 
an alarm system as follows: 


(a) If both doors open, a system of horns (located throughout the building) 
is to be energized. 


(b) If the outside door is open and the inside door is closed, a lamp in the 
radome (above the inside door) is to light. This warns a person leaving the 
radome that the far door is open. 


(c) If the inside door is open and the outside door is closed, a lamp above 
the outside door is to light to warn a person approaching the radome that he 
must not open the door. 


(d) If both doors are open, both lamps are to light to provide a visual alarm. 


Assume that the horns are connected in parallel, and that they require 
117 VAC. Also, the lamps are to be standard 117 V types. Design the required 
switching system. 


Solution. There are two doors, so there are two switches needed. Call them 
A and B. There are three elements to be controlled: the horns (4), the inside 
lamp (L,), and the outside lamp (L,). The truth table is constructed on the 
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assumption that 1 means an open door and 0 means a closed door. A is taken 
to be the inside door switch, and B, the outside door switch. 


A B HH Ly L, 
1 1 1 1 1 
1 0 0 0 1 
0 1 0 1 0 
0 0 0 0 0 


The truth functions for the controlled elements are: 


L, = AB+ AB= B(A+ A)=B 
L,= AB+ AB= A(B+ B)=A 
H = AB, 


from which the required contact closure diagram is: 


By inspection, we determine that both switches must be of the DPST type, 
and they must be mounted so that their contacts close when the doors are 
opened. The mechanical switching circuit is: 


EXAMPLE 3. In a certain industrial process, three pressure-actuated switches 
(A, B, and C) are to be used to control two pumps (No. | and No. 2) in ac- 
cordance with the following program: 
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(a) Both pumps to be on when A and B are actuated and C is not, or when 
A and C are actuated and B is not. 


(b) No. 2 pump to be on and No. | off when all three switches are actuated, 
or if just B and C are actuated, or if just C is actuated. 


(c) Neither pump is to be on if just A is actuated, or if no switches are 
actuated. 


(d) No. 1 pump is to be on and No. 2 off if just the B switch is actuated. 


Also, a switch is required to energize and de-energize the whole system. 
Assume an adequate power supply is available, and design the switching 
circuit. 


Solution. We construct the truth table assuming that 1 means actuated and 
0 means not actuated. P, and P, are used to represent the No. 1 pump and 
the No. 2 pump, respectively. 


A B G Py P» 
1 1 1 0 1 
1 1 0 1 1 
1 0 1 1 1 
1 0 0 0 0 
0 1 1 0 1 
0 1 0 1 0 
0 0 1 0 1 
0 0 0 0 0 


The truth functions are: 
P, = ABC + ABC + ABC = BC + ABC, 
»= ABC +- ABC + ABC + ABC + ABC = C245 


(Both were simplified by means of Veitch diagrams.) 
The contact closure circuit is: 
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To determine the physical requirement for each switch, we rearrange the 
contact closures (without disturbing the electrical characteristics) and 
redraw the resulting circuit in the mechanical sense. One workable arrange- 
ment is: 


From this, A is DPST, and both B and C are DPDT with one unused contact 
each. The requirement for a “system” switch is satisfied by means of switch 
1B: 


EXAMPLE 4. Moving belts are to be used in a plant to feed finished products 
to the shipping department. The main belt joins shop No. 1 with the shipping 
department directly, and on the way, it passes between shops No. 2 and 
No. 3. Feeder belts are to be installed to accommodate the production from 
shops 2 and 3, which must be fed to the shipping department by means of 
the main belt. The belts are flexible enough to permit the installation of 
spring-loaded pressure plates to which switches can be attached. The presence 
of a finished product on the belt can, therefore, actuate a switch. 

The main belt is to move under the manual control of the shipping 
department personnel, but the belts from shops 2 and 3 are to start and stop 
automatically. Design a switching system that will feed products from shops 
2 and 3 whenever a space on the main belt arrives. Shop No. 3 is larger than 
shop No. 2 and is to have priority when a space arrives. There are no fixed 
spaces between finished products because the belts are loaded manually in 
all three shops. The system should move products from shops 2 and 3 to the 
belt junction, ready to be loaded onto the main belt whenever a space arrives. 


Solution. We will need pressure-plate switches at the ends of the feeder 
belts and on the main belt at the point where the feeders join. The belts and 
switch locations are shown in Fig. 13-12. 

The three pressure-plate switches are assigned the symbols A, B, and C, 
to represent belt No. 1, main belt, and belt No. 2, respectively. The elements to 
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Shop @ 
Belt no. 1 


Main belt 
X 


Shipping department 
\ 


x : 
Pressure plate switches 


Shop *1 


Belt no.2 


Shop a3 


FIGURE 13-12. 


be controlled are the motors driving belts No. 1 and No. 2—we’ll call them 
M, and M,, respectively. 

We now construct a truth table to conform to the requirement. Here, we 
assume that an actuated switch (if a product is in the applicable belt location) 
is represented by 1, and an energized belt motor is represented by 1. 


CORR OCORH 
Orororor 
RRP Re OOO 
RRR ORRHO 


1° 1 
P4, 1 
35 1 
4. 1 
Ds 0 
6. 0 
Ths 0 
8. 0 


By referring to the row numbers, we justify the M, and M, column entries 
as follows: 


(1) Neither belt should move if there is a product in each of the three loca- 
tions. 


(2) Aithough there is no space on the main belt, belt No. 2 should move 
until a product from shop No. 3 is in position to be loaded. 


(3) There is a space on the main belt, and a product is ready to be loaded 


on both feeders. But shop No. 3 has priority, so belt No. 2 should be ener- 
gized. 
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(4) Both belts should move. Belt No. 1 loads the product from shop No. 2, 
and belt No. 2 brings a product from shop No. 3 into position. 


(5) There is no space on the main belt, but belt No. 1 should move until 
a product from shop No. 2 is in position. 


(6) Both belts should move to position products from both shops 2 and 3. 


(7) There is a space on the main belt, so the “ready” product from shop 
No. 3 should be loaded, and belt No. 1 should move to position a product 
from shop No. 2. 


(8) Both belts should move because all three locations are vacant. 
The truth functions for M, and M, are: 
M, = ABC + ABC + ABC + ABC + ABC, 
M, = ABC + ABC + ABC + ABC + ABC + ABC. 


Simplifying by means of Veitch diagrams: 


M,=A+8BC M,=B+C 


Because all the variables are complemented, we only need contact closures 
when the pressure plates are not actuated. The mechanical interpretation, 
then, is: 
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Switch A is SPST, and switches B and C are DPST. They must be mounted 
on the pressure plates so that their contacts close when there is no product 
on the applicable belt. Although not called for in the requirement, we would 
no doubt install switch D to deactivate the system as required. 


Review Exercises 


1. An automobile is to be fitted with an air conditioning unit and a heater. Because 
of the heavy electrical load imposed by these and other devices, the owner is con- 
cerned about the possibility of excessive battery drain. He describes his require- 
ment as follows: “I want a thermostat in the car to control the temperature—if 
it calls for heat, the heater comes on, and if it calls for cooling, the air conditioner 
comes on. I also want a voltmeter under the hood so that I can check the battery 
voltage whenever I wish. If the battery is below a level which I will set, neither 
the heater nor the air conditioner is to come on, regardless of the thermostat, 
unless I deliberately throw a switch on the dashboard. But if the battery level is OK, 
I want the heater or the air conditioner to respond to the thermostat regardless of 
the dashboard switch position. Naturally, I do not want any switch combination 
that will permit both the heater and the air conditioner to be on at the same time. 
Also, I do not want either unit on unless the ignition switch is on. I will leave the 
dashboard switch in the down position and will switch it up only if I want to over- 
ride the low-battery condition.” There is available a variable set-point voltmeter 
relay whose contacts are adequate to carry the load imposed by either the heater 
or the air conditioner. The thermostat is of the mercury switch SPDT type whose 
contacts will safely carry the load imposed by either unit. The dashboard switch 
is a toggle type SPST of adequate capacity. 

Calling the thermostat switch A, the voltmeter relay switch B, and the dashboard 
toggle switch C, design the switching circuit that will fulfill the requirement. 


2.: A room has three doorways and a single ceiling light fixture. Design a switching 
circuit that will permit a person to turn the lamp on when he enters the room, 
and off when he leaves, regardless of which doors he uses. Switches are to be 
mounted on the wall near each door. The mechanical switching circuit should be 
as simple as you can make it by inspection. 
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3. A certain industrial process is to be controlled by means of three bimetallic 
temperature-sensitive switches. Each switch is to be a snap-action type that changes 
state in accordance with preset temperature levels. Each switch will remain in 
one “normal” position until an adequate rise in temperature causes it to snap into 
the other position. When the temperature drops sufficiently, the switches snap back 
to their normal conditions. Any reasonable number of contacts can be mounted 
on the NO and NC sides of the switches. The controlled elements are: 


(a) a spring-loaded solenoid valve that shuts off the fuel supply while 
energized, and 


(6) an electrically driven pump. 
Call the switches A, B, and C; the control functions that they must accommodate are: 


If all three are actuated (by an adequate rise in temperature), the fuel 
shuts off and the pump goes on. 


If only A and C are actuated, fuel is supplied and the pump goes on. 
If only A and B are actuated, fuel shuts off and the pump shuts off. 
If only A is actuated, fuel is supplied and the pump, if on, shuts off. 


If both B and C are actuated and 4 is not, the result must be the same 
as if only A were actuated. 


If only C is actuated, fuel is to be supplied and the pump is to be on. 
If only B is actuated, both fuel supply and pump are to be off. 
If no switches are actuated, fuel is to be supplied and the pump is to be off. 


Design the required switching circuit. 


4. A theatre stage is to be illuminated by means of two floodlights. One light is 
mounted above the stage, and it produces white light. For theatrical effect, the 
other floodlight is mounted above and to one side of the stage, and it produces 
colored light. Either the white floodlight or the colored floodlight is to be on at 
all times during a performance, but they must not be on at the same time or the 
only available power supply will fail. There is only one stage technician, and his 
duties may require him to be in the wings on either side of the stage at any one time. 

Design a switching circuit that will allow the technician to change from one 
floodlight to the other from either side of the stage, regardless of which light is on 
at the time. Include a switch that will enable the lights to be extinguished at the end 
of a performance. 


5. Four relays are to be used to convert a four-level 8-4-2-1 code punched tape to 
a four-level Gray code punched tape. The circuit to each relay coil is to be com- 
pleted by means of sensing pins that make contact through the holes in the 8-4-2-1 
tape. The relay contacts are to be used to permit the energizing of the punching 
solenoids on the Gray code tape machine. Design the switching circuit assuming 
that any reasonable number of NO and/or NC contacts can be made available on 
the relays. For convenience, call the 8-4-2-1 relays A, B, C, and D, respectively. 
Call the Gray code punching solenoids E, F, G, and H, reading from left to right 
in the Gray code numbers. The movement of the tapes through the reader and the 
punch is automatic—a mechanical arrangement steps the tapes to the next posi- 
tion after each reading/punching event. 
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In Chapter 13 we applied symbolic logic 
and Boolean algebra to the design and 
simplification of switching circuits. We 
~ used mechanical switches because the 
emphasis was on power handling capa- 
bilities rather than speed of operation. 
When switching is to be accomplished at 
speeds beyond the capabilities of mechani- 
cal switches, we must base our designs on 
electronic devices such as vacuum tubes, 
solid state diodes, transistors, and inte- 


grated circuits. 


THE MECHANIZATION 


14 OF LOGIC 


Introduction 


In data processing equipment, logic is mechanized by means of relatively 
simple electronics circuits which are generally referred to as gates. Usually 
constructed of solid state components, these gates are designed to respond 
to electrical signals in accordance with the requirements of logic operators 
such as AND and or. 

Unfortunately, because of the large number of suppliers of this type of 
equipment, some confusion surrounds the symbology used to represent gate 
circuits in logic diagrams. A significant reduction in the confusion has resulted 
from the adoption of specific symbols by the U.S. military. There exists 
a “Military Standard” which specifies symbols to be used in describing 
equipment offered for sale to various government agencies. These military 
standard symbols will be used throughout our discussion. 

Further, some variation can be expected in the actual electronics circuits 
used by the various suppliers for constructing gates. We will restrict our 
discussions of electronics circuitry to solid state gates that are more or less 
typical in data processing equipment. 


1. Logic Levels 


Logic variables must signify either existence (1), or nonexistence (0), in any 
given argument. Voltage levels can be used to denote both of these conditions 
in a machine. In positive logic systems, 1 is represented by a voltage which is 
more positive than that used to represent 0. Both voltages can be either posi- 
tive or negative, as long as the 1 voltage is the more positive of the two. In 
negative logic systems, | is represented by a voltage which is more negative 
than that used for 0. Again, these voltages can be either positive or negative— 
it is the relative sense of the voltage that determines whether the variable 
signifies truth or falsity. 


rd. AND Gates 


The AND gate is an arrangement of components that has terminals for two or 
more input signals, but only one output terminal. An output is generated 
if and only if an adequate signal appears at each of the input terminals 
simultaneously. To show the general idea, three relays are arranged to form an 
AND gate in Fig. 14-1. 
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FiGure 14-1. A three-input relay AND gate. 


Here we see that there is continuity from the power supply to the output 
(x) while each relay is energized by means of adequate signals at A AND 
B AND C. The applicable Boolean expression is ABC = x. If any input does 
not exist (= 0), then x will not exist. This arrangement of relays may be used 
for an industrial application in which power is to be supplied to a device 
(such as a motor), if and only if the three electrical conditions represented 
by A, B, and C all exist at the same time. 

The relays of Fig. 14-1 are of the type that are normally open (NO). We 
could use normally closed (NC) relays, which open when energized, to 
produce ABC = x. Or we could use a mixture of NO and NC relays to pro- 
duce AND combinations such as ABC = x, ABC = x, etc. 

AND gates for systems which are to operate beyond the speed capabilities 
of relays can be constructed using vacuum tubes, or solid state diodes, or 
transistors, as the switching elements. Figure 14-2 shows solid state AND 
gates using (a) diodes, and (d) transistors. 

First, consider Fig. 14-2(a) in the absence of input signals at A, B, and 
C. Diodes D,, D;, and D, are conducting because of their forward bias. 
V,, Viz Ry, and R, are chosen so that point P is slightly negative with respect 
to ground. Because D,, the clamping diode, has its cathode connected to point 
P, it also conducts, taking current through D,, D;, and D,. The drop across 
D, is small while it is conducting, so the output at x is clamped at nearly 
zero volts. 

If positive voltages of sufficient magnitude are applied at A, B, and C 
simultaneously, D,, Dz, and Dz will be cut off because of reverse bias. This 
causes the current through R,, to stop (except for a very small leakage current). 
No current through R, means no voltage drop across this resistor, and point 
P rises to +V, volts. D, is reverse biased in the process, and it cuts off. 
The net result is a positive voltage at x that is very nearly the value of V,. 
If only one or two diodes are cut off by means of input signals, there is still 
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FIGURE 14-2. Solid-state AND gates. 


sufficient current through R, to keep D, conducting, so the output remains 
at zero volts. In short, D, must be reverse biased to create a significant voltage 
at x, and this happens only when all three input diodes are cut off 
simultaneously. 
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Now consider Fig. 14-2(b) in the absence of input signals at A, B, and C. 
The NPN transistors will be cut off due to the voltage —V, applied to their 
bases. Adequate positive signals at each input will make the corresponding 
transistor conductive. If all three transistors conduct simultaneously, there 
will be a current flow up from ground, through the emitter resistor Rz, 
through the three transistors in turn, to +V,. The output (x) will be at ground 
potential if any or all three transistors remain cut off, but it will approach 
V. if all three transistors conduct simultaneously. Hence the AND requirement 
is satisfied. 

Although the diode configuration may be less expensive to build, the 
transistorized circuit has the advantage of drawing current only during the 
time period of each AND function completion. Without adequate and simul- 
taneous input signals, the transistor circuit requires no significant amount 
of power. In Fig. 14-2(b), the transistors combine to form an emitter-follower 
amplifier, so that if R, is large enough, the voltage amplification approaches 
unity while the current gain can be significantly large. Depending upon the 
device or circuit being driven by the gate, one may egies: the transistor 
type best suited to the requirement. 

The symbol we will use to denote 

an AND gate, regardless of the compo- 

A nents from which it is constructed, is 

ge—| shown in Fig. 14-3. It should be 

C noted that an AND gate can be con- 

FIGURE 14-3. A three-input structed with any reasonable number 

AND gate. of inputs; here we have shown a 
three-input type. 

Some AND gate symbols of this type include the word AND, or the letter 
A, or the multiply sign, x, within the symbol to lessen the possibility of con- 
fusion with other gate symbols. 


3. or Gates 


The or gate is an arrangement of components that has terminals for two or 
more input signals, but only one output terminal. An output is generated if 
an adequate signal appears at any input terminal. In Fig. 14-4, three relays are 
arranged to form an or gate. 

Here, we see that if an adequate signal appears at A or B or C, continuity 
will be provided, and an output will appear at x. As in the case of the relay 
AND gate, we could have used a combination of NO and NC relays to ac- 
commodate such expressions aa A+ B+ C=xordA+B+C=x. 

Typical solid state oR gates are shown in Fig. 14-5. 

For the circuit in Fig. 14-5(a), positive signals at any input will forward 
bias the corresponding diode, causing a current to flow up through R,. The 
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que 


FIGURE 14-4. A relay or gate (x = A+ B+4+C). 


FIGURE 14-5. Typical solid-state or gates. 


output at x will, therefore, be a positive voltage if any or all diodes conduct. 
In the circuit of Fig. 14-5(b), the negative base voltages (— Vz) keeps the NPN 
transistors cut off in the absence of adequate positive input voltages. There 


will be no current through R, in this 
case, so the output at x is zero volts. 
When positive signals of sufficient 
magnitude are applied to any or all 
the input terminals, the correspond- 
ing transistors will conduct, causing 
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FIGURE 14-6. A three-input 
OR gate. 
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a current to flow up through R,. This results in a positive voltage at x, and 
the or function is fulfilled. 

The symbol we will use the denote a three-input OR gate is shown in Fig. 
14-6. As in the case of the AND gate, any reasonable number of inputs can be 
accommodated in the design of oR gates. 

In some logic diagrams, one may see the word or, or the letter O, or the plus 
sign, +, inside the symbol. 


4. Mechanizing the not Function 


In Chapter 13 we dealt with the important concept of complements of logic 
variables. In this section we will discuss circuits that can be used to mechanize 
the complement or NOT function. 

In the high-speed mechanization of logic, voltage levels are used to repre- 
sent the states of a variable. If +10 V is used to represent truth (or 1), and 0 V 


+ 
(+ 10 volts) 
Fy, 
A a A 
+10 v— = ans 
sora ae 
4h bh fs 


“g 


FIGURE 14-7. Transistor Not circuits. 
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is used to represent falsity (or 0), then it is quite correct to assign +10 V 
to A to signify that the variable A is in its NoT condition. 

If we have a situation requiring the generation of a signal when A and B 
and C are true simultaneously, we must use an AND gate arrangement that will 
produce a “true” output signal when +10 V is present on each of the A and 
C input terminals, and OV is present on the B terminals (if B = 0, then B = 1). 
To accomplish this, we must generate the complement of B between the input 
terminals and the gate terminals. Then, if B is in the 0 state, the gate will 
receive +10 V indicating that B exists. The gate is then capable of producing 
the required output signal. 

To generate the complement of a variable by electronic means, we need 
a circuit that will produce a “false” output whenever the input is “true,” 
and a “true” output whenever the input is “false.” We can do this by taking 
advantage of the phase shift, or inversion, introduced by an ordinary vacuum 
tube (common cathode) or transistor (common emitter) amplifier. Transistor 
NOT circuits for both positive and negative logic are shown in Fig. 14-7. 

In Fig. 14-7(a), an NPN transistor is used in a unity gain amplifying cir- 
cuit to generate the complement of A. Here, the transistor is held cut off by 
means of —V,, so that the output is +10 V when the input is 0 V (between 
t, and ¢t,). When A is true—represented by +10 V at the input (between 
t, and t;)—the base of the transistor is driven positive and it conducts. Because 
of the resulting voltage drop across R,, the output goes to about 0 V. In 
effect, a false input creates a true output and vice versa. 

In Fig. 14-7(b), a PNP transistor is used to generate the complement of 
A in a negative logic system. 

The symbol we will use to indicate 


an inverter (or NOT circuit) is shown ——}>—— 


in Fig. 14-8. Some inverter symbols 


employ a 1 rather than an / to indi- FIGURE 14-8. The sym- 
cate unity amplification. bol for an inverter. 
5. NAND Gates 


NAND is a contraction of NOT AND. A NAND gate provides a means of 
mechanizing both the AND function and the Nor function simultaneously. 
It is an inverting AND gate. 

If signals representing truth for three variables, A, B, and C, are used as 
inputs to a three-input NAND gate, the output represents the complemented 
AND expression ABC (A AND B AND C, all Not). The electrical significance 
of ABC compared to ABC can be seen in the switching circuits of Fig. 14-9. 

In Fig. 14-9(b), if ABC = 1 (if A AND B AND C are all Nom), then the lamp 
is energized. Also, if any of the three switches is open (e.g., A = 1), the lamp 
will receive current. This demonstrates the electrical significance of the De 
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A B é 
we 
A B G 
He 
(a) ABC =L (b) ABC =L 


A+B+C=L 


FIGURE 14-9. Comparing AND and NAND functions. 


Morgan theorem ABC = A + B+ C. Apparently, then, we can mechanize 
the operation of the lamp using either the AND or the NAND function. 

A typical positive logic NAND gate, using NPN transistors, is shown in 
Fig. 14-10. Here, all transistors are basically nonconductive because of the 


-Vp 4 


FIGURE 14-10. Positive logic NAND gate. 


negative base voltages. If the inputs A, B, and C are all zero volts, the output 
at x will be about the value of V,, signifying that x exists (= 1). But when all 
three inputs indicate the existence of A and B and C (from f, to f,), then all 
three transistors conduct, and x drops to about zero volts. So there is an 
output when A and B and C are all Not, and there is no output when the 
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three inputs are all true. Notice, too, that x will exist if any of the three 
inputs are NOT, because this means that there will be at least one open tran- 
sistor switch between ground and J.. 
This fulfills the requirement of the De 


Morgan theorem ABC = 4+ B+4+ C. s—| )jo—e AEC 
The symbol we will use to denote C Bees C 


a three-input NAND gate is shown in FiGurRE 14-11. The symbol for a 
Fig. 14-11. three-input NAND gate. 
6. nor Gates 


NOR is a contraction of NOT oR. A NoR gate is an inverting oR gate; it mech- 
nizes both the or function and the NoT function simultaneously. If signals 
representing truth for three variables, A, B, and C, are used as the inputs 
to a NOR gate, the output will represent the complemented oR expression 
A+ B+C. 

The electrical significance of A + B-+ C,in comparison with A + B+ C, 
can be seen in the switching circuits of Fig. 14-12. 


(a) At+B+C=L (b) A+B4+C=L 
A-B-C 


FIGURE 14-12. Comparing the or and Nor functions. 


In Fig. 14-12(b), we see that if all three switches are open, the lamp will 
be energized. This can be stated in two ways: 
(a) The lamp will be energized when the circuit A + B-+ C is Not. 
(b) The lamp will be energized if A is NOT, AND B is NOT, AND C 
is NOT. 
Thus, we have the electrical confirmation of the De Morgan theorem 
A+B+C= ABC. 
A typical positive logic NOR gate, using NPN transistors, is shown in Fig. 
14-13. Here, when the input voltages are zero, all transistors are nonconduc- 
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— Veg 


FIGURE 14-13. Positive logic Nor gate. 


tive due to the reverse biasing base voltages V,;, and the output is approxi- 
mately the value of V,. When any or all inputs exist (shown as positive signals 
from f, to f,), then current will flow up through R,, resulting in an almost 
zero voltage at the output. There will be no output if any input exists. Notice 
too that the applicable De Morgan 
theorem is fulfilled because there is 


A an output when A AND B AND C 
ariel ae(G : : 

s-——) do — Bec. CXist simultaneously. 

e The symbol we will use to denote 


FiGuRE 14-14. The symbol for a three- a three-input NOR gate is shown in 
input NOR gate. Fig. 14-14. 


BIB 


Tf Logic Flow Diagrams 


Having seen that gate circuits can provide us with a means of implementing 
logic operators, we can now turn our attention to the mechanization of logic 
functions. Using gate symbols to represent the operators, we can sketch 
logic flow diagrams for functions consisting of logic variables. The idea can 
best be presented by means of a number of examples. 


EXAMPLE |. Use gate symbols to sketch the logic flow diagram for the func- 
tion AB+ CD=x. 
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Solution. 


Oo Bb 


2) 


FIGURE 14-15. 


EXAMPLE 2. Sketch the logic flow diagram for A(B + C) = x. 


Solution. 


FIGURE 14-16. 


EXAMPLE 3. Sketch the logic flow diagram for AB(C + D) = x. 


Solution. 


Ss) Wy (eof TS 
x 


FIGURE 14-17. 


EXAMPLE 4. Sketch the logic flow diagram for A + BC = x. 


Solution. 


FIGURE 14-18. 


EXAMPLE 5. Sketch the logic flow diagram for A(B + D) + BC(A + D) =x. 
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Solution. 


FIGURE 14-19. 


EXAMPLE 6. Sketch the logic flow diagram for A[(BC + D) + C(B + D)] 
== 


Solution. 


FIGURE 14-20. 


EXAMPLE 7. Sketch the logic flow diagram for A + BCD = x. 


Solution. Using an OR gate, an AND gate, and an inverter: 
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SOQnm 


FIGURE 14-21. 


Using an OR gate and a NAND gate: 


SI@ @ es 


FIGURE 14-22. 


EXAMPLE 8. Sketch the logic flow diagram for ABC + DEF = x. 


Solution. 


OoLB 


AMS 


Dee 
FIGURE 14-23. 


EXAMPLE 9. Sketch the logic flow diagram for A(A + B+ C)+ DE=x. 


Solution. 


DE 
FIGURE 14-24. 


EXAMPLE 10. Sketch the logic flow diagram for A[B(C + D) + ABC] + 
DCAR Ben OC) =x: 
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Solution. 


A+B+C 
FIGURE 14-25. 


Exercises 14-7 


Sketch the logic flow diagram for each of the following functions. 
1. A(BC + D) = x. 

2.A4+ BC =x. 

3. A(B + CD) + A(B + CD). 

. ABIC(D + E) + D(B + A). 

. (ABC + DEF)(4 + BC+ D). 


an & 


Write the Boolean function that corresponds to each of the following flow diagrams. 
Use Boolean algebra and/or Veitch diagrams to determine if any of these circuits can 
be simplified. If so, redraw the flow diagram in its simplified form. 


6. A 
B 
6 


FIGURE 14-26. 
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SIS 


8. Adders 


FIGURE 14-27. 


FIGURE 14-28. 


In Chapter 12, we saw that all basic arithmetic can be accomplished by means 
of addition. To develop a circuit that will add binary numbers, we begin 
with a truth table having the required sum and carry functions for all combi- 
nations of 1’s and 0’s. We'll assume that two binary variables (A and B) are 


to be added together to produce a sum (S) and possibly a carry (C). 


A 


-_=_—- © © 
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B S(A + B) 
0 0 
1 1 
0 1 
1 0 


G 


= 2s) 
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The truth function for S is: 
S = AB+ AB, 
and the truth function for C is: 
GAB. 


Looking at the sum function, we see that S = 1 whenever A differs from B. 
In other words, S = 1 whenever A or else B is equal to 1. The expression 
AB + AB is generally referred to as the EXCLUSIVE OR function, and is of 
considerable importance in digital computer technology. A special symbol, 
®, is often used to shorten the EXCLUSIVE OR expression (i.e., AB + AB = 


A@® B). 
The direct approach to the mechanization of the EXCLUSIVE OR function 
would result in the configuration of gates shown in Fig. 14-29. The flow 


A 
S=A@B 


FIGURE 14-29. A logic flow diagram for the EXCLUSIVE oR function. 


diagram of Fig. 14-29 can be simplified if we manipulate the EXCLUSIVE 
or function as follows: 


(AddtesA=—Bb= (0-0): 
S=AA+ AB+ AB+ BB= A(A + B)+ BA +B) 
= AAB+ BAB (by De Morgan’s theorem) 
= AB(A-— B). 
The logic flow diagram for the simplified EXCLUSIVE OR function is shown 
in Fig. 14-30. Note, in Fig. 14-30, that the 4B term could have been accom- 
modated by means of a NAND gate rather than an AND-NOT combination. 


But the carry function must be included in the adder, and this can be taken 
from between the AB AND gate and the inverter. 


A 


FIGURE 14-30. Simplified ExcLUsIvE or diagram. 
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When the sum and carry functions are combined, we have a network 
known as a half adder, half because there is no provision for a carry-in bit 
that may arise from a lower-order addition. The half adder shown in Fig. 
14-31 will accommodate the addition of two single-bit binary numbers. 

In Fig. 14-31(b), the half adder symbol includes }/2, which suggests “half 
sum” because upper case sigma (&) is a standard symbol for “sum.” Another 
notation that is fairly common is HA (for Half Adder) inside the square. 


A 
B iS) 
Ao O 
ole 
Bo eZ OC 
(Cc 
(a) 


(b) 
FIGURE 14-31. The half-adder. 


When binary numbers having more than one bit are to be added, provision 
must be made in the adder for a carry-in as well as a carry-out. To mechanize 
this requirement, we recognize that the carry-in bit is just another binary 
variable at the input to the adder. We therefore construct a truth table for a 
three-variable input (A, B, C,,,), and a two-variable output (S, C,,,), as follows: 


A B Cin S Cout 
0 1 1 0 1 
0 1 0 1 0 
0 0 1 1 0 
0 0 0) 0 0 
1 1 1 1 1 
1 1 0 0 1 
1 0 1 0 1 
1 0 0 1 0 


The truth function for S is: 
S = ABC,, + ABC,, + ABC, + ABC, = AD BO Cy. 
The truth function for Coy: 18: 


Ce = ABCin <r ABC; zs ABC sr ABC, 


= AB+ BC, + AC,, (As an exercise, use a Veitch diagram 
to prove this.) 
= AB+ C,,(A + B). 
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Remembering that AB + AB = 1, we can write: 
Cour = [AB + Cin(A + B)\(AB + AB) = AB + C,,[AB(A + B)]. 
But AB(A + B) = A@ B, which is the sum function for the half adder; so 
Cou. = AB + C,,(A ® B). 


By combining this C,,, function with the sum function 4@® B@C,,, we 
obtain the full-adder diagram shown in Fig. 14-32. 


Cout 


(a) Logic flow diagram. 


Cour SS Cour S 


(b) Showing connection of (c) Block symbol. 
half adders and or gate. 


FIGURE 14-32. The full adder. 
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There are two ways the full adder can be used to add binary numbers 
having more than one bit each. One method, called serial addition, performs 
the addition relatively slowly—but with a considerable saving in circuitry, 
because only one full adder plus a 
delaying circuit are needed. The other 
method, parallel addition, is much 
faster but relatively expensive. The 
block diagram of a serial adder is 
shown in Fig. 14-33. 

To understand the operation of a 
serial binary adder, we must accept FIGURE 14-33. The serial adder. 
the fact that there are fixed time 
intervals between the bits of the numbers that are to be added, and the 
feedback circuit is capable of delaying the carried bit (if any) for one such 
time interval. Therefore, if a carry is developed in any order of addition, it 
is reinserted at the input, at the correct time, for inclusion as a factor in the 
next higher-order addition. To see how this works, assume that the binary 
numbers 101 and 111 are to be added in a serial adder. The spacing between 
bits is assumed to be 1 ms. 

In Fig. 14-34, the least significant 
bits (1 in both numbers) are applied to 
the adder at the same time. This 
produces a sum of O and acarry of 1. 
The carry is delayed 1 ms on its way 
back to the input, arriving at the same 
time that the second-order bits (A = 0, 
and B= 1) are applied to the adder. FiGuReE 14-34. Example of serial binary 
The carried 1 and the B line 1 are addition. 
added to produce a sum of 0 and a 
carry of 1. The carried 1 is applied to the C,, terminal at the same time as the 
third-order bits (both 1’s), producing a sum of | and another carry of 1. This 
last carried 1 arrives at the C,, terminal 1 ms later, producing a sum of 1 
because both the A and B lines see a zero in the fourth order. The complete 
sum, then, is 1100, with the bits spaced 1 ms apart in time. This arrangement 
will accommodate the addition of two binary numbers of any length. 

The faster parallel method requires a full adder for each order of addition 
to be performed, with the exception of the least significant bits, where a half 
adder will suffice. As can be seen in Fig. 14-35, the parallel adder calls for 
separate lines for each bit in each of the two numbers to be added. This 
allows the circuitry to operate on the two complete binary numbers simul- 
taneously, producing an almost instantaneous answer. In the example of 
Fig. 14-35, the least significant bits of each number (both 1’s) are applied to 
the half adder, producing a sum of 0 and a carry of 1. This carry is applied 
to the second-order full adder at the same time as the second-order bits of 
A and B (0 and 1, respectively), producing a sum of 0 and a carry of 1. Again 
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FIGURE 14-35. Example of parallel binary addition (101 + 111 = 1100). 


the carry is fed to the next higher-order full adder at the same time as the 
third-order bits of A and B (both 1’s). The third-order sum, then, is a 1, and 
there is a 1 carried to the fourth-order position of the complete sum. 

A parallel adder can be built to accommodate the addition of two binary 
numbers having any number of bits. For example, if ten-bit numbers are to 
be added, nine full adders and a half adder could be connected according 
to the pattern of Fig. 14-35. 

If more than two binary numbers are to be added with maximum speed, 
a number of parallel adders can be cascaded such that the complete set of 
numbers is added in pairs. For example, let us assume that 11011, 10010, 
and 10111 are to be added simultaneously. The first two numbers are added 
in a parallel adder (11011 as the A line inputs, and 10010 as the B line inputs). 
The output of this adder, 101110, and the third number 10111, become the 
A and B line inputs to a second parallel adder. The output of the second 
adder, 1000101, is the required sum. 


Exercises 14-8 


Solve the following problems in addition of binary numbers by means of block diagrams 
of parallel adders. Check your answers by means of conventional binary addition. 


1. 1101 + 1010. 4. 1001 + 1110 + 101. 
ZtAOR ea: 5. 10110 =- 100111 -F litt. 
3., LIOTOL =P T1001. 
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9. Universal Decision Functions 


In Chapter 13, and in Sections 5 and 6 of this chapter, we have had occasion 
to use the De Morgan theorems: 


ABC =A+B+C, 
A+B+C= ABC. 
Complementing both of these expressions, we obtain: 


ABC =A+B+C from which ABC=A+8B+4+C, 


A+ B+ C= ABC from which A+ B+ C= ABC. 


We see that the AND operation can be expressed in terms of oR and NOT 
operators, while the or operation can be expressed in terms of AND and NOT 
operators. This leads us to believe that either NAND gates or NOR gates may be 
able to accommodate all conceivable logic operations. The one problem 
seems to be the generation of single-variable complements (equivalent to the 
NOT function). But this is, in fact, no problem with either of these gates. If 
a multi-input NoR gate sees a single input, it simply acts as an inverter and 
generates the NoT function. If a multi-input NAND gate is arranged so that all 
its terminals are common to a single variable, then it generates the comple- 
ment of that variable. The reader should verify these statements by referring 
back to the circuit diagrams for NAND and NOR gates. 

Because NAND and/or NoR operators are capable of representing all logic 
operations, they are often referred to as universal decision functions. The 
exclusive use of either NAND or NOR gates in computing and automation equip- 
ment provides a considerable economic advantage in that only one gate 
circuit need be designed and mass-produced. This advantage usually out- 
weighs any disadvantage that may arise in the interpretation of logic flow 
diagrams employing only NAND or only Nor symbols. In the following 
sequence, we will establish the relationships between the conventional logic 
operators and the universal decision functions. 


(1) NoT to NOR: 


FIGURE 14-36. _ FIGURE 14-37. 
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(2) OR to NOR: 


=a) 53 * A+B+C 5 > 

B B x 

G (G -_——__________4 
X=A+t+Bt+C 


x =A+B+C =the 


pa 


FIGURE 14-38. FIGURE 14-39, 


(3) AND to NOR: 


x = ABC 
FIGURE 14-40 FIGURE 14-41. 


(4) NOT to NAND: 


| 
; 


FIGURE 14-42. FIGURE 14-43. 


(5) OR to NAND: 


Ao 
B x 
C 
x=A+B+C 
FIGURE 14-44. FIGURE 14-45. 


‘ 
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(6) AND to NAND: 


A oe, 
i B ABC x 
=e = 
G x=ABC 
x =ABC =ABC 
FIGURE 14-46. FIGURE 14-47. 


We are now in a position to completely mechanize any Boolean expression 
through the exclusive use of either NAND gates or NOR gates. In the following 
examples, conventional logic will be compared with NOR and NAND logic 
for particular Boolean expressions. 


EXAMPLE 1. Consider the sum-of-products expression: 
CD + ABC + ABD =x. 


This expression is mechanized by means of conventional logic, NAND logic, 
and NOR logic in Figs. 14-48, 14-49, and 14-50, respectively. In Fig. 14-48, 
each gate and inverter is numbered so that the equivalent NAND and NOR 
mechanizations can be more easily recognized. 


FIGURE 14-48. x = CD + ABC + ABD using conventional logic. 


FIGURE 14-49. x = CD + ABC + ABD using NAND logic. 
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In Fig. 14-49, NAND gate pairs (a)-(b), (c)-(d), and (e)-(f) are not needed 
because they produce double inversions. In other words, these gates are 
redundant. Omitting them, we see that six NAND gates are needed to mechanize 
the expression. 

In Fig. 14-50, Nor gate pairs 2-(a) and 4-(b) are redundant. Omitting these 
four, we find that a total of eleven Nor gates are needed to mechanize the 
expression. 


FIGURE 14-50. x = CD + ABC + ABD using nor logic. 


Comparing the three methods of mechanizing the function, it would appear 
that the NAND configuration is best. It uses the same number of circuit ele- 
ments as does the conventional logic arrangement, but it would more than 
likely have the economic advantage. 


EXAMPLE 2. Consider the product-of-sums expression: 
(A+ B+ D\(B+ C+ D)=x. 


This expression is mechanized by means of conventional logic, NoR logic, 
and NAND logic in Figs. 14-51, 14-52, and 14-53, respectively. 

In Fig. 14-52, we see that the Nor gate pairs (a)-(b) and (c)-(d) are redun- 
dant. Eliminating these four, we are left with seven Nor gates. 

In Fig. 14-53, the NAND gate pairs 2-(a), 3-(b), 4-(c), and 5-(d) are redun- 
dant. If these are removed, six NAND gates remain. 

Comparing Figs. 14-51, 14-52, and 14-53, we see that seven circuit elements 
are needed for mechanization in either conventional or Nor logic, while 
only six NAND gates are required. 
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logic. 


FIGURE 14-53. x = (4+ B+ D)B+ C + D) using NAND logic. 


It would appear from the foregoing examples that NAND logic is invariably 
the best approach to the mechanization of Boolean expressions. However, 
the simplest means of mechanizing a function will depend upon the function 
itself. Some commercial machines use only NAND logic while others use only 
NoR, because one or the other is better adapted to the particular job at hand. 

Looking back at Figs. 14-48 and 14-49 (with the redundant NAND gates 
removed from Fig. 14-49), we see that the conventional logic elements for 
a sum-of-products expression can be directly replaced by NAND gates. Also, 
comparing Figs. 14-51 and 14-52 (with the redundant gates removed from 
Fig. 14-52), we see that the conventional logic elements for a product-of-sums 
expression can be directly replaced by NoR gates. This provides us with an 
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extremely simple means of mechanizing the two basic forms of Boolean 
expressions with one or the other of the universal decision functions. For 
example, if we wish to NOR mechanize the expression (A + B)(C + D) = x, 
we need only sketch a conventional logic diagram, then replace each element 
with a NOR gate, as shown in Fig. 14-54. 


A 
B 
D x=(A4+8)+(C+D) 
=(A+B)(C+D) 
a) Conventional logic (b) NOR logic 


FIGURE 14-54. (4 + B\C + D). 


If, on the other hand, we wanted to NAND mechanize (A + B)(C + D), 
we would first change it to a sum-of-products format and then sketch the con- 


A 


ND 


(a) Conventional logic 


(b) NAND logic 


FIGURE 14-55. AC + BC + AD + BD. 
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ventional logic diagram (Fig. 14-55(a)). Replacing each element with a NAND 
gate (Fig. 14-55(b)) will produce the desired mechanization. 

If it is required to NAND or NOR mechanize an expression that is too com- 
plicated to reduce to a product-of-sums or a sum-of-products format, the best 
approach is to sketch the conventional logic flow diagram and then replace 
each individual element with its NOR or NAND equivalent. The required con- 
version will be complete when the redundant gates are eliminated. 


Review Exercises 
1. In a particular logic system, 1 is represented by +1 V, and 0 is represented by 
+10 V. Is this a positive logic system or a negative logic system? 


2. Sketch a transistor AND gate, similar to the one shown in Fig. 14-2(b), that will 
accommodate negative logic. 


3. Sketch a transistor or gate, similar to the one shown in Fig. 14-5(b), that will 
accommodate negative logic. 


4. Is it reasonable to assume that an emitter-follower amplifier can be used as 
a logic inverter in order to take advantage of the current gain that it offers? 


5. Design a negative logic NAND gate similar to the one shown in Fig. 14-10. 
6. Design a negative logic NOR gate similar to the one shown in Fig. 14-13. 


7. Mechanize the EXCLUSIVE OR function using: 


(a) only NAND gates. 
(6) only Nor gates. 


8. Mechanize the half adder using: 


(a) only NAND gates. 
(6) only Nor gates. 


9. Mechanize the full adder using: 


(a) only NAND gates. 
(b) only Nor gates. 


10. Refer to the last question in the review exercises for Chapter 13. State in one 
sentence the requirement for gates to mechanize the solution to the problem. 
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ANSWERS 

TO 
ODD-NUMBERED 
EXERCISES 


Chapter 1 


1-1.1 4. 1 ft. 3. 0.01 ft. 5. 0.1 V..7. 4, in. 
Pet 3304.5. 387 20 992. 115 624139.095 15,3: 
1-1.3 1. 56. 3. 7200. 5. 0.000008. 7. 38. 9. 257. 11. 1280. 13. 48.1. 15. 2700. 
17. 37.6. 19. 91.19. 

faze lemieOT3 <7 10'93.°3.385.< 107. 5. 5.43500 108.27. 01 05 x 1075.95, 3:3768 
perce tte 13" 2 100.1132 2.26756 107") 1543/38 x 10-72 17.6522, 10°. 

fete 0.5 1073.2. 280:81° x 108 S518 1 1075-7. 246°* 10° 9.5837. ~< 10-". 
pO 26 1057. 13, 12) 105 15271 10% 17. 256. 19,3.456 102, 

1-4 1. 1.7kV. 3. 56kQ. 5. 0.7 mV. 7. 3.44 MQ. 9. 19.535 GHz. 11. 0.135 A. 
13. 0.031 V. 15. 2,900,000,000 Hz. 17. 0.000000000038 F. 19. 0.000000085 F. 

fos, tet 2s 3..5212 5: 20,900. 7. 1,105,000,000,0005 9. 1215. 11.7 1251320.875. 
15. 24.1. 17. 6.57. 19. 0.647. 

Pee e es 3240. 5, 2 el O noon ells 9.032.) OG LOS ee S85. 
13. 11.6. 15. 14.4. 17. 38.8. 19. 194. 

Ie5238078.5, 35.) . 3.-13; 9.4.5. 47.3, 37-5. 7. 645, 540.9. 4700, 36.6-. 11, 2800, 
2800. 13. 500,000, 42.2°. 15. 0.501, 0.415. 17. 0.865, 38.5°. 

Review Exercises 1. 13.5. 3. 151. 5. 79.1. 7. 41,900. 9. 50,000. 11. 1.70. 13. 21.8 
milliunits. 15. 4.55 megaunits. 


Chapter 2 


2-3 1. (a) 3; (b) 5; (c) —1; (d) 11; (e) 2y + 3; (f) 2a + 2b + 3. 3. (a) 0; (6) 21; 
(c) 2a? — 4ab + 2b? — a + b; (da) 2x? + Tx + 6; (e) 2x* — x?; (f) 8x* — 8x34 x. 
5. (a) —0.5 A; (6) 0; (c) 0.5 A. 


Chapter 3 


3-4 1, y = 2x. 3. y = —2nx. 5. y = 5x — 4. 7. (@) i) = 46 — 17 ©) i) = —4t 
=f 2k 

Spl 3. = ES = 0:5: 

3-6 1. 42. 3. £4,/7/7. 5. 12.5 V, 25 V, 62.5 V. 7. 48 V across 0.1 wF capacitor; 
24 V across 0.2 wF capacitor; 16 V across 0.3 wF capacitor; and 12 V across 
0.4 wF capacitor. 

3-7 1. 0.94821. 3. 0.40390. 5. 0.0067 mW/m?. 

3-8 1.1, = —(V,/Rz) + Ey/ Rez. 3. (G)53 V, p-D; ©) 63'V, p-p; (€) 67.V, p-p. 

3-11 1. linear. 3.. quadratic. 5. quadratics 7. y =x? — 42 90 y=x? + 5x. 
11. y = —x? + 2x — 2. 

3-12 1. —2, —2. 3. 4, —1.5. 4, —4. 7. 2, —2. 

3-13 1. 2, —2. 3.0, —2.5. —,, —1.7. —4%, —%;. 9. 20, —10. 11.—0.5x, x. 


ANSWERS TO ODD-NUMBERED EXERCISES / 525 


3-14. 1./3, =1.3.. 22/2. 5/1/4071 ne 

3-15 3. 6.18, —16.18. 5. (3 +j./11)/2. 7. real and unequal. 9. imaginary. 11. 
imaginary. 13. real and equal. 15. real and unequal. 17. real and equal. 

3-16 1. 60/2 ft x 60/2 ft. 3. 30000 and 20000. 5. 6A and 4A. 

3-17 1. (—4, —3). 3. G, —11,%). 5. (4, 44). 7. (0.05, 497.5). 

3-19 1. (a) power; (5) time; (c) time; (d) impedance; (e) impedance; (f) current; 
(g) impedance; (A) admittance; (7) none; (/) none; (k) none; (/) charge; (m) power. 
3. capacitance. 

Review Exercises 1. y = 2x + 8. 3. y = —x +7. 5. 10.38 MA* 75 ieee, 
Ip, = 2A, Ip, = 0.5 A, Iz, = 0.2°A; 


/ 


Chapter 4 


421.x=2,%=3.3.X%=1y =2.5.4 =15, =5.1.x% = 1, (See 
OFT soa), de 2, Lo 

4-3 1. —10. 3. 16. 5. —0.0078. 

4-4 3. V, =0.5 V, Vz = —2.5 V. 5. C, = 0.1 uF, C, = 0.47 pF. 

4-5.3..%; = —1, X%2, = —2, x, =2..5..R; = 100 0. Rs = 41.0, Reo 


4-6 

1. (@) minor of a, = 7. (6) minor of a,, = 36. (c) minor of a,, = —300. 
minor of a,. = —10. minor of a,. = —22. minor of a,;, = —230. 
minor of a,, = —9. minor of a,, = —26. minor of a,, = —4. 
minor of a,, = 16. minor of a,, = —2. minor of a,, = 440. 
minor of aj. = 6. minor of aj, = 494. minor of a5. = —260. 
minor of a,, = —35. minor of a,; = 100. minor of a,, = —24. 
minor of a3, = 24. minor of a;, = —16. minor of a;, = 600. 
minor of a3. = 9. minor of a3, = 404. minor of a3, = —100. 
minor of a,, = —2. minor of a,,; = 800. minor of a;, = 8. 


3. 101. 5. 3548. 7. 2240. 9. 56. 

Aa] Aw = tix 4 y 

Review Exercises 1. w=4,x =5,y = 6. 3. w=2,x=4, 7 = 6.7 to. 
5. Use the following resistors: 50,5 Q, 10 O, and 30 Q. 


Chapter 5 


5-1 1. 167 Q. 3. 1000 O. 5. A generator with output —je,, in series with r,. 

5-2 1. 0.26 A. 3. With respect to Fig. 5-23: 2 A flowing towards the left, in the 
top branch; 23 A flowing towards the left, in the center branch; and 31 A flowing 
towards the right in the bottom branch. 5. 12.25 A. 7. 0.393 A, downwards. 

9. (hye Re Rint) L, — Rint — R3i,=E 
—RineLy + (Ra + Re + Rint) Le — Rel; = 0 
—Rel, + (Rs + Rg + Rt) — Rl, =0 
—R3f, — RrI, + (R, + R; + Rx) I, = 0. 

5-3 1. 1.82 V, 1.3 V. 3. 0.3 A in the left branch, 0.7 A in the center branch, 

and 0.4 A in the right branch. 5. 4 V. 7. 5 V. 


| 
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Review Exercises 
1.V,= ralead BOSS 
‘ (ra SEER GR te =Rg) — Ri 
3. 3.85 A down through £,; 3.46 A upwards through £,. 


Chapter 6 


6-2 1. 11.2 knots, 26.5° to the stream. 3. 5.6 lbs, 22° east of south. 5. F, = 
7.7 lbs, Fy = 6.4 Ibs. 

6-3 
1. sin tan cot cos sec csc 

(a) 0.07121 0.07139 14.008 0.99746 1.0025 14.044 

(6) 0.26780 0.27795 3.5978 0.96347 1.0379 3.7341 

(c) 0.48048 0.54786 1.8253 0.87701 1.1402 2.0813 


(d) 0.87250 1.7856 0.56003 0.48862 2.0466 1.1461 
(e) 0.95266 3.1334 0.31914 0.30403 3.2891 1.0497 
3: sin tan cos sin tan cos 


(a) .927 —.404 —.375 (f)  .766 1.19 .643 

(b) .423 —.466 —.906 (g) .643 —.839 —.766 

(c) —.574 .700 —.819 (h) —.087 —.088 .996 

(d) —.985 —5.67 .174 (i) —.342 364 —.940 

(e) —.643 —.839 -766 Ga <0 0 1 

6-5 1. (a) 100z rad/s; (b) 800z rad/s; (c) 3.66” x 10° rad/s; (d) 2.52% x 10° 
rad/s; (e) 4.217 x 10’ rad/s;(f) 1.105% x 108% rad/s; (g) 8% x 10° rad/s. 3. (a) 90°; 
(b) 288°; (c) 658°48’; (d) 453°36’; (e) 151°33/36”; (f) 39°46'48”; (g¢) 14°24’. 5. (a) 
80.9 V; (b) 0; (c) —100 V; (d) —30.9 V. 7. (a) 20 Hz; (b) 125 Hz; (c) 166.7 kHz; 
(d) 40 MHz. 9. i = —Imax Sin wt. 11. Should approximate a square wave. 13. Total 
current = 5.2 A, leads V by 61°. 

6-6 (All answers in degrees) 1. (a) 30, 150; (b) 45, 135; (c) 60, 120; (d) 30, 330; 
(e) 45, 315; (f) 60, 300; (g) 30, 210; (h) 45, 225; (i) 60, 240; (j) 210, 330; (kK) 225, 315; 
(1) 240, 300; (m) 150, 210; (n) 135, 225; (0) 120, 240; (p) 150, 330; (q) 135, 315; 
(r) 120, 330. 3. 5. 5. 46. 7. 35. 9. 68. 11. —33. 13. —9. 15. —50. 17. —72. 19. —71. 

6-7 1. (a) 171 O; (6) 470 QO, inductive. 3. (a) 112.0; (6) —48.2°. 5. R = 20.3 QO, 
C = 284 pF. 7. 70.7 O, —45°. 9. f = 1/2mr/ Ri RoC Cy. 

6-812 G@) ¢ = 5, B= 22.3°,C = 108°;) (b). b = 6.94, ¢'= 5.05, B = 106°; (c) 
a=42,¢=3,A =45.5°; (d) a=—4A42, A = 14.2°,C = 12.8°; (0) a= 4.48, 
p2.83, B= 26°. 3. 34.8.0933.3°. 5) 24 245 Oat 28.:7°. 

6-9 3. (a) cos? A; (b) sin? A; (c) tan B + cos B; (d) cot C + sin C. 7. (a) p = 
—VIsin 2ot; (c) 0. 9. (a) p = El(1 + cos 2f); (6) P = ET; (c) same. 

G=10.21.8902150° 210°, 330°.8327 120% 24022 5.).0°s 7. 1a) efit 11255; (b) fat 
=922,5°, pane = WI0OTEL, —Pinax = 0293 EL. 

Review Exercises 1. 5.64 lbs, 22.1° east of south. 3. F, = 7.66 lbs, F, = 6.43 
Ibs. 

5. (a) 3.93 A; (b) 22.5°; (c) 0.0556 mhos. 7. 2.4. 9. p = El(cos 6 + cos 2ot 
x cosé + sin2ofsin 6). 11. 0.12H. 13. (a) 1500 V; (6) 1000 V; (c) 500 V. 
15. 46,000 ©. 
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Chapter 7 


7-4 1. (a) 17.3 + j10; (6) 13 —j7.5; (c) 6.13 + 75.14; (d) 95.1 — j30.9; (e) —50; 
(f)j144; (g) 819 + j574; (h) 16.3 + 77.61; @) —4.37 —j11.3; (J) Zcos $ + jZsin d; 
(k) Ycos@?+jYsin 4; (J) 0.174V, + j0.985V,; (m) 0.8667 — j0.5/. 

7-5 1. (a) 539 +7363; (6) 245 + j65.8; (c) —608 + /868; (d) 41.7 — 16.9; 
(e) 0.0225 — j0.084; (f) —4.6 x 10° + 74.6 x 10°; (g) —412 — 201. 

7-6 1. 8.52 + j2.6. 3. 752. 5. 61.4 + /32.7. 7. 110 — 7408. 9. 60 + 733. 11. —132 
+ j147. 13. —68 + j4. 15. 1157 166°. 17. —0.375 — j1.625. 19. —3.99 + 70.36. 

7-7 1. 2247 63.5° QO. 3. R = 3540, Xe = 3540. 5. 25 — 7250, 35.47 —45° QO. 
7. 200 — 13.2 QO. 9. Z, = 2247 63.5°. 

7-8 1. 0.018/ 56.4° mhos. 3. G = 0.00383 mhos, By = 0.00322 mhos. 5. 0.1 
—j.0.06 mhos, 0.1162 —31° mhos. 7. A resistance of 683 ( in series with a 
capacitive reactance of 1880 (. 9. The equivalent circuit has a resistor of 73.5 0, 
connected in parallel with an inductor having a value of 17.9 mH. 

7-9 1. Ing = 6.35/ —18.4° A, Ipp = 10 A, Ing = 4.57 206.5° A. 55 Vo 
T.9£18.4° V, Vow = 32547 135°%V. 7.V, = 0.5457 42.8° V. 92), = some 

Review Exercises 1. V, = 0.2877 21° V. 3. The z-network has elements having 
reactances of j300 and —/150Q. 7. R, = (@?C7R,|R.R, 1 + oC7R) 
(R,R3C,)/(1 + CR). 


Chapter 8 


8-1 1. (a) 517; (6) 10'; (c) 41%; (d) 3-12; (e) 7-34. 3. (a) 10/3; (6) 21/6; 
(c) 3/2 3 (d) 2/7 — 8/10; (e) 26,/ 2. 

8-2 1.:3, —1, 0, 1, 2, —2. 3.3, 1, 0, 2,'—1, =2. 

8-3 1. 6. 3. 4. 

8-5 1. (a) 1.94714; (6) 3.00043; (c) 3.71883; (d) 2.27807; (e) 2.37267; (f) 1.29829; 
(g) 4.0000869 ; (h) 1.75574. 3. (a) 4.021; (b) 0.987; (c) 2.193; (d) 2.915; (e) 1.279; 
(f) 3.940; (g) 2.377; (h) 4.556. 

8-6 1. (a) 86.182; (5) 413,660; (c) 1.7391; (d) 493.97; (e) 4,553,100; (f) 0.18696. 
3. (a) 168,500; (6) 21,382,000; (c) 46.161; (d) 0.00037587; (e) 1.0253 x 101. 

S271 HS 43) BES a0 Gad oe 

8-9 1. 33 dB. 3. 37 dB. 5. (a) —6 dBm; (6) 27 dBm. 7.5 (.. 9. 9.62 dB. 

8-12 1.. 1.75786. 3. 2:41592. 5. 5.98261: 7. 13.53. 9. 0.3986. 110.07 808m is: 
0.007955. 

8-13 1. 44.335. 3. 1111.4. 5. 0.011952. 7. +j0.7834. 9. —3, 2. : 

8-14 1. », = El — e /*¥°), 5. vg = E(1 — e-®"*), 9. (a) 22.3 ms; (6) 51.1 ms; 
(c) 91.6 ms; (d) 161 ms. 

8-15 I. (a) 14.8e7*84; (6) 59e7%/88; (c) 122e-J*/: (d) 13820 
50 exp (j82/15); (6) 200 exp (j1.36z:); (c) 20,000 exp (—j/2.67); (d) 1560 exp (1.29). 
5. 150 exp (j0.558). 

Review Exercises 1. 46V. 17. i = 2,5e%* + 2.5e-3*", 19. p = EI[l — 1(e2 
+ e~ Pet), 
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Chapter 9 


9-3 
ia. 314 3, F-04098" 11 B35 ee Snes 
ee 8 ae [s 39 12) “0 0 ‘0 
50 81 —104 
Te o10, | 0s 31851... 9. 19 1045 hay ee leg 
2925 455 13 5| | 2 19 | | | 
L—1235 585 650 
erie 331 5501 
Gis 08 0 
1594" 86. 1220 


15. 
190 390 455 


117580970 55 
355 0e D4, 905 


9-4 
1.7 8 Bales 5. | 44 2 7. {40 10 9.7 4 
3]: E | ws At ig 3 3] 
60 
11. a, + 4b, + 8c, Ga Ab Ser 13. [—12 "0 6 
2a, + 5b, + 6c, 2a, + 5b, + 6c, |- | 19 20 i 
—Sa, — 4b, + 7c, —Sa, — 4b, + Te, 1, a8) 
5 


7. f—-1 -—# 4 9. [| —2 0 P) 

0 —2 a 26 20 is 

i 2 16 —10 —1 

9-6 1. See answer to Question 1, Exercises 5-2; V, = 1.05 V; see answer to 
Question 3, Exercises 5-2; see answer to Question 7, Exercises 5-2; 1.25 A. 3. See 
answer to Question 1, Exercises 7-9; I4g = 3.54/ —45° A, Ing = 7.9/ —71.6° A, 
Igo = 5/.90° A, Ice = 3.547. 45° A, Ing = 3.547 135° A; see answer to Question 
7, Exercises 7-9; see answer to Question 9, Exercises 7-9. 

Review Exercises 1. f =./6/2xRC. 3. f = R/2x/6L. 5. I, = 3.66A, I, = 
0.982 A, I, = 0.268 A, I, = 0.0893 A. 


Chapter 10 


10-3 1. 21 = 15, Zi. = 10, Zo; = 10, 29 = 15. 3. 2, = —j6, Zo = —j8, 20 = 
—j8, 22 = —j4. 5. Zu = 860, Zi. = 470, 22, = 470, Zo. = 1290. 7. 21, = 10 — 720, 
Zi = —j20, Zo = —j20, Zo = 15 — 720. 

10-4at ae Vie 0.355 ¥ 19. = 0.15 Yo ONS 5 — 0.225. 13. 9 P= [0255915 = 
—Jj0.25, Yo, = —J0.25, Yoo = 0. 5. ¥4, = 0.015, y,. = 0.01, v2, =0.01, yo. = 0.0125. 
7. ¥y, = 0.001 + 70.002, y,. = 0.001, y.; = 0.001, y.. = 0.001 + 70.002. 
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10-5 1. 2 = 25, 21 = 5, Zo = 5, Zoo = 353 yy, = 0.0412, vo = C0 cae 
= —0.00588, y.. = 0.0294. 

10-6 7. (a) A, = —273, A; = 32, A, = —8736, R; = 1170 QO, R, = 48,7000; 
(b) Ay = 279, A, = —0.97, A, = —271, R; = 35 O, R, = 928,000 ©. 

10-71. A=2,B=15,C=0.2, D=2. 3. A=2:5, 8B =—83 G0. ee 
5.1 —j1.5 V,0.1 —j0.2 A. 

10-8 3. (a) y;; = 0.03, y,. = 0.01, ¥.; = 0.01, yo, = 0.015; (6) A = le 
—100, C = —0.035, D = —3. 5. (a) yu, = 0.5 +71, Vig = 0.5, Yo: = 0.5, Von = 
0.5+ 71; (6) A = —1 —j2, B = —2,C =2 —j2, D = —1 — j2. 

7. The network consists of a series impedance of 10 Q, shunted on the left by an 
impedance of 5 (, and on the right, by an impedance of 20 Q. 

10-9 1. The equivalent network has a series impedance of 250 © and shunting 
impedances of 500 Q. 3. The equivalent T-network has an input series impedance 
of 750, a shunting impedance of —j10Q, and an output series impedance of 
j10 QO. 5. For each network? A = 1.5, B ='250, C = 0.005, D = 1°5: 


10-12 
13) 1 —oLG, joL 

et iG, to LC Capa me 
Mites 1 


areG joC 


se 
TONLE? GP bout O12, LC ol, C 
11. [1 +joC,R R 13. i 1 
ies C,C,R+jo(C,+C,) 14+ je, at RA 
Review Exercises 1. A = 3.23, B = 29.2, C = 0.292, D = 353: A —6, 5. 
C=0.2,D=6.5. V, =0.7. f, = JV 6/2xRC. 


Chapter 11 


1-14 Se 4557: 

11-2919 2083.235 kKQPS. LV: 

11-3 1. 4. 3. 32 ft/s, 80 ft/s, 112 ft/s. 5. 90 W/A. 

11-5:1. y= 3, slope = 3. 3. y’ = 2x;slope = 8: 5.°y' = 2x’ — 2)slopem =: 


3 


7. y’ = —8x + 3, slope = —29. 9. y’ = —6/x’, slope = —33 
9,/ x 6 
1126.11 6.13..4 cea. Ride bee) AX 
6 6. 3. 45x?. 5 5 Bory ele NG: 
11-6.2+ 13.2; 3. 39x? —'20x +2055. 10.5x1* = "44-08 2 3x tsa Ss 
11-6.3 1. 4x(x? — 1). 3. S(x? — 2x? + 5x —7)-°8 Bx? — 4x + 5). 5. 9x? ie 
+ AY Xx. 7. 45x71? — 2x77 4 10x78)" — $x 4. 4-8/8 — 6x- 8) 


1-6.4°1-5 3x2-- 2x. 3a (Xx 2yn( se 2)Qx? — 3x + 1) eee 


—4 —16x 
2/3f1(y — 9)-1/2 ee en en 
ag EAD oan DA iets eA E (Qx — 1)?" 7. (4x? — 3)? 
11-6.5 1. 0.8686/x. 3. 3/(3x + 1). 5. 2x cos x. 7. 8x sin (2x? + 1). 9. 42x cos 2x? 
— nm: sinax, j11. 2% sec* 27x. 13. —34/)x csc? 4/x*/2.. 155 )(e-8x =) 1 2)icsene 


Vatl 
— 3x + 1) cot (x? — 3x + 1). 17. —57*2(4.043)/x?. 19. —1e-#4, 21, —S ae 
) (x & 4 1) ( Visee &) Be 21 2 ee 
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1 6xy? + 12x?y — 7 

11-6.6 1. ener E 3. ae or pda 

11-6.7 1. y’ = 15x? + 22x — 3, y” = 30x + 22, y’” = 30. 3. y’ = 2x cos x2, 
y” = —4x* sin x? + 2 cos x2, y’”’ = —8x3 cos x? — 8x sin x? — 4x sin x?. 5. y’ = 
2xe", Y = 4x*e™ + 2e™*, yy’, = 8x8e”* + Bxe™ + 4xe’. 

11-7 1. min at G, 44). 3. max at (2, 4). 5. max at (4, 74). 

11-8 1. 0.14. 3. 1.8. 5. 0.3. 

MUR 22x | Con 3.83t GC Sans nee OC. 7.75 In (at 62 4.6) 4 C. 


9. 10%/6.9 + C. 11. $e" + C. 13, —}.c0s 28 + C. 15. —2c0s-$ +. 


11-10 1. 22.5 area units. 3. 56 area units. 5. 0. 7. 2/2 area units. 9. —27/3 area 
units. 11. 83.3 area units. 

11-11 1. (@) 2; (6) 6; (c) 15. 3. (a) 0.63E/R; (6) 0.43E/R; (c) 0.32E/R; (d)0.25E/R. 

a-t2rly— x* 4 C.23.a lags@ by 90°."5) 0 = Rix sin of -— (ob 1/aCc) x 
Imax COS ot. ; 

11-13 1. Differentiated (in order from left to right), (a) Alternating positive and 
negative spikes; (b) A square wave symmetrical about the zero axis; (c) Spikes, 
negative-positive-negative-positive; (d) Alternating negative and positive voltages. 
Positive during leading edge, negative during trailing edge. Negative voltage of 
greater absolute value than positive voltage. 

Review Exercises 1. Approximately 7.4W. 3. 770. 5. lms = 0.707Imax- 


pan, Vee 
TRU ees 


Chapter 12 


Pelle 0, 1s 2.510014) 1225.13.20,.21, 22; 23,30, 31, 32,33, 100, 101, 102, 103: 
3. (a) No; (5) Yes. 2 doesn’t exist in a radix 2 system; (c) Yes. 8 doesn’t exist in 
a radix 8 system. 

12-2 1. 6. 3. 53. 5. 594. 7. No, because these are not decimal system numbers. 
In (2) it is a binary point, and in (5) and (6) it is an octonary point. When in doubt, 
say “radix point.” 

12-3.1 1. 1000. 3. 100000. 5. 1101011. 7. 110011001. 9. 1001011110. 11. 0.0011101. 
13.0.0001. 15.0.00000001110101. 17. 110011.000001 10101. 19. 1101100.10011011001. 

P2-3a ls. 0. 3. 115.123; 

12-3.3 1. 45. 3. 227. 5. 26505. 7. 0.2426416. 9. 44.40507. 

17-3401, 6.3.3, 153.2, 5. 571.26: 

12-3.5 1. 1100100. 3. 101001011110.1001. 5. 11101100000001001.000001 11. 

12-4.1 1. 101. 3. 11000. 5. 101110.00. 

12-4.2 1. 100. 3. 1001. 5. 110010101.11. 

12-4.3 Check answers by means of ordinary subtraction. 

12-5 1. +0.710000000047. 3. +0.412007170053. 5. +0.137724073750 (number 
must be rounded off to eliminate the 18, otherwise, the 13 would be lost, and the 
18 would be interpreted as the referenced power). 

Review Exercises 1. #, $, %, &, *, ?, +, $#, $$, 9%, $&, $*, $7, $+, “YH, 
%>, Yo Yor So, “%*, %?. 3. There is no decimal point. 5. By successively multiply- 
ing the decimal number by the other radix, noting the digits that are carried over 
the decimal point. 7. 4n bits. 
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Chapter 13 


13-5 1. A AND D AND (B or NOT C), equals L. 3. C AND (A AND B, or D, all 
NoT), equals M. 5. NoT A, AND (NOT B, OR NOT C AND D) AND (B, OR NOT D) equals 


“13-6 1. S27 0255 Te 9° C. TAs: LA 


15. 17. W 19. AB=A+B,A 
N N AB = AB + AB + AB. 


13-7 1°Be 35025: 107.0, 99 CCAS BD) We xy. 

13-8 1. (a) true; (d) false; (c) true. 3. (a) true; (b) false; (c) false. 

13-9 1. valid. 3. valid. 5. valid. 7. valid. 9. not valid. 

13-10 1. Can’t be simplified. 3. A(B + C). 5. BC + AB. 7. Can’t be simplified. 
. ABC + BCD + BCD + ACD. 

13-11.1 1. A(BC + B).3.(AB+CD+AB)CD+E+F)4+F. 

13-11.2 1. (AB + AB). 3. ABC + ABC + ABC + ABC. 5. ABCD + ABCD 
+ ABCD + ABCD + ABCD + ABCD + ABCD + ABCD + ABCD. 

13-11.3 3. AB. 5. A(B + D) + BA. 7. C. 9. D(B + C). 11. Can’t be simplified. 


Review Exercises 


N=) 


Air 2 


Fuel 
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Chapter 14 


14-7 1. 2 AND gates, 1 or gate. 3. 4 AND gates, 3 or gates, 4 inverters. 5. 2 AND 
gates, 1 oR gate, 2 NAND gates, 1 Nor gate. 7. Simplified version is x = AC + B. 
Requires 1 or gate, 1 AND gate, and 2 inverters. 

Review Exercises 1. Negative logic system. 3. Reverse voltage polarities, and use 
PNP transistors. 5. Reverse voltage polarities, and use PNP transistors. 
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APPENDIX A: 
APPENDIX B: 
APPENDIX C: 


APPENDIX D; 


APPENDIX E: 
APPEN DIXIE: 


APPENDIX G: 
APPENDIX H: 
APPENDIX J: 


Natural Trigonometric 
Functions 


Common Logarithms of 
Numbers 


Natural (Napierian) 
Logarithms 


Values and Common 
Logarithms of 
Exponential Functions 


Derivatives of 
Common Functions 


A Short Table of 
Integrals 


Powers of Two 
Greek Alphabet 


Often-used 
Abbreviations 


APPENDICES 


NATURAL TRIGONOMETRIC 
FUNCTIONS 


0° (180°) 
U Sin 
0 .00000 
1 .00029 
2 .00058 
3 .00087 
4 .00116 
5 .00145 
6 .00175 
7 .00204 
8 .00233 
9 .00262 
10 00291 
ll .00320 
12 .00349 
13 00378 
14 .00407 
15 .00436 
16 .00465 
17 00495 
18 00524 
19 .00553 
20 -00582 
21 00611 
22 .00640 
23 .00669 
24 .00698 
25 .00727 
26 .00756 
27 .00785 
28 .00814 
29 -00844 
30 .00873 
31 00902 
32 .00931 
33 .00960 
34 00989 
35 .01018 
36 .01047 
37 .01076 
38 .01105 
39 .01134 
40 .01164 
4l 01193 
42 01222 
43 01251 
44 .01280 
45 .01309 
46 .01338 
47 .01367 
48 01396 
49 .01425 
50 01454 
51 .01483 
52 .01513 
53 .01542 
54 .01571 
55 .01600 
56 01629 
57 -01658 
58 .01687 
59 01716 
60 01745 
/ Cos 


90° (270°) 


NATURAL TRIGONOMETRIC FUNCTIONS 


Tan 


.00000 
.00029 
.00058 
.00087 
.00116 


.00145 
00175 
00204 
.00233 
.00262 


.00291 
.00320 
.00349 
.00378 
.00407 


.00436 
.00465 
00495 
.00524 
.00553 


.00582 
00611 
.00640 


-00669 


.00698 


.00727 
.00756 
.00785 


.00815 
-00844 


-00873 
-00902 
.00931 
.00960 


.00989 


01018 


.01047 


.01076 
01105 


01135 


01164 
.01193 
01222 
01251 
.01280 


-01309 
.01338 
.01367 
.01396 
01425 


01455 
.01484 
01513 
01542 
.01571 


-01600 
.01629 
01658 
-01687 
01716 


.01746 
Ctn 


Ctn 


co 
3437.7 
1718.9 
1145.9 
859.44 


687.55 
572.96 
491.11 
429.72 
381.97 


343.77 
312.52 
286.48 
264.44 
245.55 


229.18 
214.86 
202.22 
190.98 
180.93 


171.89 
163.70 
156.26 
149.47 


143.24. . 


137.51 
132.22 
127.32 
122.77 
118.54 


114.59 
110.89 
107.43 
104.17 
101.11 


98.218 
95.489 
92.908 
90.463 
88.144 


85.940 
83.844 
81.847 
79.943 
78.126 


76.390 
74.729 
73.139 
71.615 
70.153 


68.750 
67.402 
66.105 
64.858 
63.657 


62.499 
61.383 
60.306 
59.266 
58.261 


57.290 


Tan 


(359°) 179° 1° (181°) (358°) 178° 
Cos U 

1.0000 60 0 

1.0000 59 1 

1.0000 58 2 

1.0000 57 3 

1.0000 56 4 

1.0000 55 5 

1.0000 54 6 

1.0000 53 7 

1.0000 52 8 

1.0000 51 9 

1.0000 50 

.99999 49 

99999 48 

99999 47 

99999 46 

99999 45 

99999 44 

99999 43 

99999 42 

99998 41 

99998 40 

99998 39 

99998 38 

99998 37 

99998 36 

99997 35 

99997 34 

99997 33 

99997 By 

99996 31 

99996 30 

99996 29 

99996 28 

99995 27 

99995 26 

99995 25 

99995 24 

99994 23 

99994 22 

99994 21 

99993 20 

99993 19 

99993 18 

99992 17 

99992 16 

99991 15 

99991 14 

99991 13 

99990 12 

99990 11 

99989 10 

99989 9 9 

99989 8 8 
99988 7 7 

99988 6 6 
99987 5 5 
99987 4 4 
99986 3 3 
99986 2 2 

99985 1 1 

99985 0 0 
Sin / u 


(269°) 89° 91° (271°) (268°) 88° 
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2° (182°) 
Sin 


NATURAL TRIGONOMETRIC FUNCTIONS 


Tan 


Ctn 


(357°) 177° 


.03490 
.03519 
.03548 
.03577 
.03606 


.03635 
.03664 
.03693 
.03723 
.03752 


.03781 
.03810 
03839 
.03868 
.03897 


.03926 
.03955 
-03984 
.04013 
04042 


.04071 
04100 
04129 
.04159 
.04188 


04217 
04246 
04275 
04304 
-04333 


CoOrIMOM RPHWrHo| > 


04362 


92° (272°) 
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03492 
.03521 
.03550 
.03579 
.03609 


.03638 
.03667 
.03696 
.03725 
.03754 


.03783 
.03812 
.03842 
.03871 
.03900 


.03929 
.03958 


.03987 
04016 
04046 


04075 
.04104 
.04133 
04162 
.04191 


.04220 
.04250 
.04279 
.04308 
.04337 


-04366 
.04395 
04424 
04454 
04483 


04512 
04541 
.04570 
-04599 
04628 


.04658 
.04687 
04716 
.04745 
04774 


.04803 
.04833 
04862 
.04891 
.04920 


.04949 
.04978 
.05007 
-05037 
.05066 


-05095 
05124 
.05153 
-05182 
.05212 


05241 


Ctn 


28.636 
28.399 
28.166 
27.937 
27.712 


27.490 
27.271 
27.057 
26.845 
26.637 


26.432 
26.230 
26.031 
25.835 
25.642 


25.452 
25.264 
25.080 
24.898 
24.719 


24.542 
24.368 
24.196 
24.026 
23.859 


23.695 
23.532 
23.372 
23.214 
23.058 


22.904 
22.752 
22.602 
22.454 
22.308 


22.164 
22.022 
21.881 
21.743 
21.606 


21.470 
21.337 
21.205 
21.075 
20.946 


20.819 
20.693 
20.569 
20.446 
20.325 


20.206 
20.087 
19.970 
19.855 
19.740 


19.627 
19.516 
19.405 
19.296 
19.188 


19.081 


Tan 


-99890 
99889 
99888 
99886 


99885 
99883 
99882 
99881 
99879 


99878 
99876 
-99875 
.99873 
99872 


89870 
99869 
.99867 
99866 
99864 


-99863 


~lo enwaa mrudM3©0© 


Sin 
(267°) 87° 


3° (183°) 


(356°) 176° 


06424 
.06453 
06482 
06511 


06540 
-06569 
.06598 
06627 
06656 


.06685 
.06714 
06743 
.06773 
.06802 


.06831 
.06860 
06889 
.06918 
.06947 
.06976 
Cos 


93° (273°) 


05854 
05883 
.05912 
05941 


.05970 
.05999 
06029 
-06058 
.06087 


06116 
-06145 
06175 
.06204 
06233 


.06262 
-06291 
06321 
.06350 
.06379 


.06408 
-06438 
.06467 
.06496 
.06525 


06554 
06584 
.06613 
06642 
-06671 


.06700 
.06730 
.06759 
-06788 
.06817 


06847 
-06876 
-06905 
.06934 
-06963 


.06993 


Ctn 


19.081 
18.976 
18.871 
18.768 
18.666 


18.564 
18.464 
18.366 
18.268 
18.171 


18.075 
17.980 
17.886 
17.793 
17.702 


17.611 
17.521 
17.431 
17.343 
17.256 


17.169 
17.084 
16.999 
16.915 
16.832 


16.750 
16.668 
16.587 
16.507 
16.428 


16.350 
16.272 
16.195 
16.119 
16.043 


15.969 
15.895 
15.821 
15.748 
15.676 


15.605 
15.534 
15.464 
15.394 
15.325 


15.257 
15.189 
15.122 
15.056 
14.990 


14.924 
14.860 
14.795 
14.732 
14.669 


14.606 
14.544 
14.482 
14.421 
14.361 


14.301 


Tan 


99774 
99772 
99770 
-99768 


-99766 
99764 
99762 
.99760 
99758 


.99756 


~| = 
So KBPNWRET MIDWOOD 


Sin 
(266°) 86° 


NATURAL TRIGONOMETRIC FUNCTIONS 
4° (184°) (355°) 175° 5° (185°) (354°) 174° 


94° (274°) (265°) 85° 95° (275°) (264°) 84° 
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6° (186°) 
Sin 


NATURAL TRIGONOMETRIC FUNCTIONS 


Tan 


Ctn 


(353°) 173° 


10453 
-10482 
10511 
10540 
.10569 


-10597 
10626 
10655 
10684 
10713 


10742 
10771 
.10800 
10829 
.10858 


.10887 
-10916 
10945 
.10973 
11002 


-11031 
.11060 
-11089 
11118 
11147 


11176 
11205 
11234 
11263 
11291 


11320 


Wonton Pwnreo| > 


11349 
11378 
11407 
11436 


11465 
11494 
11523 
11552 
-11580 


-11609 
-11638 
-11667 
11696 
11725 


11754 
.11783 
11812 
11840 
-11869 


.11898 
11927 
11956 
11985 
12014 


12043 
12071 
12100 
12129 
12158 
12187 
Cos 


96° (276°) 


.10510 
10540 
10569 
10599 
10628 


10657 
-10687 
10716 
.10746 
10775 


-10805 
-10834 
-10863 
-10893 
10922 


10952 
.10981 
11011 
-11040 
-11070 


-11099 
11128 
11158 
11187 
11217 


11246 
11276 
11305 
.11335 
11364 


-11394 
-11423 
11452 
11482 
11511 


11541 
-11570 
-11600 
11629 
-11659 


-11688 
11718 
11747 
11777 
11806 


.11836 
-11865 
11895 
11924 
11954 


.11983 
12013 
12042 
12072 
12101 


12131 
12160 
12190 
12219 
12249 


12278 


Ctn 
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9.5144 
9.4878 
9.4614 
9.4352 
9.4090 


9.3831 
9.3572 
9.3315 
9.3060 
9.2806 


9.2553 
9.2302 
9.2052 
9.1803 
9.1555 


9.1309 
9.1065 
9.0821 
9.0579 
9.0338 


9.0098 
8.9860 
8.9623 
8.9387 
8.9152 


8.8919 
8.8686 
8.8455 
8.8225 
8.7996 


8.7769 
8.7542 
8.7317 
8.7093 
8.6870 


8.6648 
8.6427 
8.6208 
8.5989 
8.5772 


8.5555 
8.5340 
8.5126 
8.4913 
8.4701 


8.4490 
8.4280 
8.4071 
8.3863 
8.3656 


8.3450 
8.3245 
8.3041 
8.2838 
8.2636 


8.2434 
8.2234 
8.2035 
8.1837 
8.1640 


8.1443 


Tan 


99283 
.99279 
-99276 


99272 
-99269 
.99265 
-99262 
.99258 
99255 
Sin 
(263°) 83° 


~ | = 
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7° (187°) 
Sin 


12187 
12216 
12245 
12274 
12302 


eL2300 
.12360 
12389 
12418 
12447 


12476 
12504 
-12533 
12562 
12591 


12620 
12649 
12678 
12706 
12735 


12764 
12793 
12822 
12851 
-12880 


12908 
12937 
12966 
12995 
13024 


-13053 


WHoUHA PwNrHo!| > 


-13081 
-13110 
13139 
-13168 


-13197 
13226 
13254 
.13283 
13312 


13341 
-13370 
-13399 
13427 
-13456 


13485 
13514 
13543 
13572 
-13600 


13629 
13658 
-13687 
-13716 
13744 


13773 
13802 
13831 
13860 
13889 
13917 
Cos 


97° (277°) 


Tan 


12278 
12308 
-12338 
-12367 
12397 


12426 
12456 
12485 
eZoly 
12544 


12574 
-12603 
12633 
12662 
12692 


12722 
12751 
12781 
12810 
-12840 


12869 
12899 
12929 
12958 
12988 


-13017 
13047 
-13076 
13106 
13136 


13165 
13195 
13224 
13254 
13284 


-13313 
13343 
-13372 
13402 
-13432 


-13461 
-13491 
13521 
-13550 
-13580 


-13609 
-13639 
.13669 
-13698 
13728 


-13758 
-13787 
-13817 
13846 
-13876 


.13906 
13935 
-13965 
-13995 
14024 


14054 
Ctn 


Ctn 


8.1443 
8.1248 
8.1054 
8.0860 
8.0667 


8.0476 
8.0285 
8.0095 
7.9906 
7.9718 


7.9530 
7.9344 
7.9158 
7.8973 
7.8789 


7.8606 
7.8424 
7.8243 
7.8062 
7.7882 


7.7704 
7.7525 
7.7348 
7.7171 
7.6996 


7.6821 
7.6647 
7.6473 
7.6301 
7.6129 


7.5958 
7.5787 
7.5618 
7.5449 
7.5281 


7.5113 
7.4947 
7.4781 
7.4615 
7.4451 


7.4287 
7.4124 
7.3962 
7.3800 
7.3639 


7.3479 
7.3319 
7.3160 
7.3002 
7.2844 


7.2687 
7.2531 
7.2375 
7.2220 
7.2066 


7.1912 
7.1759 
7.1607 
7.1455 
7.1304 


7.1154 


Tan 


(352°) 172° 


~| (ad 
SO KROL DMIOWO 


Sin 
(262°) 82° 


8° (188°) 
Sin 


NATURAL TRIGONOMETRIC FUNCTIONS 


Tan 


Ctn 


(351°) 171° 


-13917 
13946 
13975 
14004 
-14033 


.14061 
-14090 
14119 
14148 
14177 


14205 
14234 
14263 
14292 
-14320 


14349 
-14378 
14407 
14436 
14464 


-14493 
14522 
14551 
14580 
-14608 


-14637 
-14666 
14695 
14723 
14752 


14781 
14810 
-14838 
-14867 
-14896 


14925 
14954 
14982 
15011 
-15040 


15069 
-15097 
15126 
15155 
15184 


15212 
15241 
15270 
15299 
15327 


15356 
-15385 
15414 
15442 
15471 


-15500 
15529 
15557 
15586 
15615 


-15643 
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Cos 


98° (278°) 


-14054 
14084 
14113 
14143 
-14173 


14202 
14232 
14262 
14291 
14321 


14351 
14381 
14410 
14440 
.14470 


-14499 
14529 
14559 
14588 
14618 


14648 
14678 
14707 
-14737 
14767 


-14796 
14826 
14856 
14886 
14915 


14945 
.14975 
-15005 
-15034 
15064 


15094 
15124 
-15153 
15183 
pLb213 


-15243 
15272 
15302 
.15332 
15362 


.15391 
15421 
15451 
15481 
15511 


15540 
15570 
.15600 
.15630 
.15660 


.15689 
15719 
15749 
.15779 
-15809 


15838 


Ctn 


7.1154 
7.1004 
7.0855 
7.0706 
7.0558 


7.0410 
7.0264 
7.0117 
6.9972 
6.9827 


6.9682 
6.9538 
6.9395 
6.9252 
6.9110 


6.8969 
6.8828 
6.8687 
6.8548 
6.8408 


6.8269 
6.8131 
6.7994 
6.7856 
6.7720 


6.7584 
6.7448 
6.7313 
6.7179 
6.7045 


6.6912 
6.6779 
6.6646 
6.6514 
6.6383 


6.6252 
6.6122 
6.5992 
6.5863 
6.5734 


6.5606 
6.5478 
6.5350 
6.5223 
6.5097 


6.4971 
6.4846 
6.4721 
6.4596 
6.4472 


6.4348 
6.4225 
6.4103 
6.3980 
6.3859 


6.3737 
6.3617 
6.3496 
6.3376 
6.3257 


6.3138 


Tan 


-98854 
98849 
98845 
98841 


-98836 
-98832 
-98827 
-98823 
-98818 


-98814 
-98809 
98805 
-98800 
98796 


-98791 
-98787 
98782 
-98778 
.98773 
.98769 
Sin 
(261°) 81° 


~lo enwaan mruL3©8 


NATURAL TRIGONOMETRIC FUNCTIONS / 541 


9° (189°) 
Sin 


Tan 


Cin 


(350°) 170° 


15643 
15672 
15701 
.15730 
15758 


.15787 
-15816 
15845 
.15873 
15902 


-15931 
15959 
15988 
.16017 
-16046 


16074 
.16103 
.16132 
16160 
.16189 


16218 
16246 
16275 
16304 
16333 


WoUMD RWrHol! > 


16361 


15838 
15868 
.15898 
15928 
15958 


15988 
16017 
16047 
16077 
-16107 


-16137 
16167 
16196 
16226 
16256 


.16286 
16316 
16346 
16376 
-16405 


16435 
16465 
16495 
16525 
16555 


16585 
-16615 
16645 
16674 
.16704 


16734 
16764 
16794 
16824 
16854 


16884 
16914 
16944 
16974 
-17004 


2/033 
.17063 
.17093 
17123 
17153 


.17183 
17213 
17243 
17273 
-17303 


-17333 
-17363 
17393 
17423 
17453 


17483 
17513 
17543 
-17573 
-17603 


-17633 


6.3138 
6.3019 
6.2901 
6.2783 
6.2666 


6.2549 
6.2432 
6.2316 
6.2200 
6.2085 


6.1970 
6.1856 
6.1742 
6.1628 
6.1515 


6.1402 
6.1290 
6.1178 
6.1066 
6.0955 


6.0844 
6.0734 
6.0624 
6.0514 
6.0405 


6.0296 
6.0188 
6.0080 
5.9972 
5.9865 


5.9758 
5.9651 
5.9545 
5.9439 
5.9333 


5.9228 
5.9124 
5.9019 
5.8915 
5.8811 


5.8708 
5.8605 
5.8502 
5.8400 
9.8298 


5.8197 
5.8095 
5.7994 
5.7894 
9.7794 


5.7694 
5.7594 
5.7495 
5.7396 
5.7297 


5.7199 
5.7101 
5.7004 
5.6906 
5.6809 


5.6713 


99° (279°) 


(260°) 80° 


10° (190°) 
Sin 


-17365 
-17393 
17422 
-17451 
17479 


-17508 
17537 
-17565 
17594 
-17623 


-17651 
-17680 
17708 
-17737 
-17766 


17794 
.17823 
17852 
-17880 
.17909 


-17937 
.17966 
-17995 
-18023 
-18052 


18081 
-18109 
-18138 
-18166 
-18195 


18224 
-18252 
-18281 
-18309 
-18338 


-18367 
-18395 
18424 
18452 
18481 


.18509 
-18538 
18567 
.18595 
18624 


-18652 
-18681 
.18710 
18738 
.18767 


-18795 
18824 
18852 
-18881 
.18910 


18938 
.18967 
-18995 
19024 
.19052 


-19081 


WonNHuT RPwrHo!| ~ 


Cos 


100° (280°) 


NATURAL TRIGONOMETRIC FUNCTIONS 


Tan 


.17633 
-17663 
-17693 
17723 
-17753 


-17783 
.17813 
-17843 
.17873 
.17903 


-17933 
-17963 
.17993 
-18023 
-18053 


.18083 
-18113 
-18143 
-18173 
-18203 


-18233 
-18263 
-18293 
-18323 
-18353 


18384 
18414 
18444 
18474 
18504 


18534 
-18564 
-18594 
-18624 
-18654 


18684 
18714 
-18745 
18775 
-18805 


18835 
18865 
.18895 
18925 
.18955 


-18986 
19016 
19046 
19076 
-19106 


-19136 
-19166 
-19197 
19227 
19257 


19287 
-19317 
.19347 
.19378 
-19408 


19438 


Ctn 
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Ctn 


5.6713 
5.6617 
5.6521 
5.6425 
5.6329 


5.6234 
5.6140 
5.6045 
5.5951 
5.5897 


5.5764 
5.5671 
5.5578 
5.5485 
5.5393 


5.5301 
5.5209 
5.5118 
5.5026 
5.4936 


5.4845 
5.4755 
5.4665 
5.4575 
5.4486 


5.4397 
5.4308 
5.4219 
5.4131 
5.4043 


5.3955 
5.3868 
5.3781 
5.3694 
5.3607 


5.3521 
5.3435 
5.3349 
5.3263 
5.3178 


5.3093 
5.3008 
5.2924 
5.2839 
5.2755 


5.2672 
5.2588 
5.2505 
5.2422 
5.2339 


5.2257 
5.2174 
5.2092 
5.2011 
5.1929 


5.1848 
5.1767 
5.1686 
5.1606 
5.1526 


5.1446 


Tan 


(349°) 169° 
Cos 


98481 
98476 
98471 
98466 
98461 


98455 
-98450 
98445 
98440 
-98435 


-98430 
98425 
-98420 
98414 
-98409 


98404 
-98399 
98394 
98389 
.98383 


.98378 
-98373 
-98368 
-98362 
-98357 


98352 
98347 
-98341 
98336 
-98331 


-98325 
.98320 
-98315 
.98310 
-98304 


98299 
98294 
-98288 
-98283 
-98277 


98272 
98267 
.98261 
-98256 
-98250 


-98245 
.98240 
-98234 
.98229 
98223 


98218 
98212 
.98207 
-98201 
98196 


-98190 
-98185 
-98179 
98174 
98168 


98163 
Sin 


~lo enwanan mrv38©8 


(259°) 79° 


11° (191°) 
Sin 


.19081 
19109 
19138 
-19167 
19195 


19224 
-19252 
-19281 
-19309 
-19338 


-19366 
.19395 
19423 
19452 
-19481 


19509 
-19538 
19566 
19595 
19623 


19652 
-19680 
-19709 
-19737 
-19766 


Wonon Pwrro| ~ 


19794 
-19823 
-19851 
-19880 
-19908 


19937 
19965 
.19994 
-20022 
-20051 


.20079 
.20108 
-20136 
-20165 
-20193 


.20222 
.20250 
-20279 
-20307 
.20336 


.20364 
.20393 
-20421 
-20450 
.20478 


.20507 
.20535 
.20563 
-20592 
-20620 


.20649 
.20677 
.20706 
.20734 
.20763 
.20791 

Cos 


101° (281°) 


Tan 


.19438 
19468 
19498 
19529 
19559 


-19589 
-19619 
19649 
-19680 
.19710 


19740 
.19770 
.19801 
-19831 
-19861 


.19891 
19921 
19952 
.19982 
-20012 


-20042 
.20073 
-20103 
.20133 
.20164 


.20194 
20224 
.20254 
-20285 
-20315 


-20345 
.20376 
-20406 
-20436 
-20466 


.20497 
-20527 
.20557 
-20588 
.20618 


-20648 
-20679 
.20709 
.20739 
.20770 


-20800 
-20830 
.20861 
.20891 
.20921 


-20952 
.20982 
21013 
.21043 
.21073 


21104 
21134 
21164 
21195 
21225 


.21256 
Ctn 


Ctn 


5.1446 
5.1366 
5.1286 
5.1207 
5.1128 


5.1049 
5.0970 
5.0892 
5.0814 
5.0736 


5.0658 
5.0581 
5.0504 
5.0427 
5.0350 


5.0273 
5.0197 
5.0121 
5.0045 
4.9969 


4.9894 
4.9819 
4.9744 
4.9669 
4.9594 


4.9520 
4.9446 
4.9372 
4.9298 
4.9225 


4.9152 
4.9078 
4.9006 
4.8933 
4.8860 


4.8788 
4.8716 
4.8644 
4.8573 
4.8501 


4.8430 
4.8359 
4.8288 
4.8218 
4.8147 


4.8077 
4.8007 
4.7937 
4.7867 
4.7798 


4.7729 
4.7659 
4.7591 
4.7522 
4.7453 


4.7385 
4.7317 
4.7249 
4.7181 
4.7114 


4.7046 


Tan 


(348°) 168° 
Cos 


98163 
-98157 
98152 
-98146 
-98140 


98135 
-98129 
98124 
98118 
98112 


98107 
98101 
-98096 
-98090 
98084 


.98079 
-98073 
-98067 
-98061 
-98056 


-98050 
-98044 
.98039 
-98033 
98027 


-98021 
-98016 
-98010 
-98004 
.97998 


97992 
-97987 
-97981 
97975 
-97969 


97963 
-97958 
-97952 
97946 
97940 


97934 
97928 
97922 
97916 
97910 


-97905 
.97899 
-97893 
-97887 
97881 


97875 
-97869 
.97863 
97857 
97851 


97845 
-97839 
97833 
.97827 
97821 
97815 
Sin 
(258°) 78° 


~ | is 
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NATURAL TRIGONOMETRIC FUNCTIONS 
12° (192°) (347°) 167° 13° (193°) (346°) 166° - 
Sin Tan Ctn Cos 


22495 .23087 4.3315 .97437 
.22523  .23117 4.3257 .97430 
22552 .23148 4.3200 .97424 
22580 .23179 4.3143 .97417 
-22608 .23209 4.3086 .97411 


22637 .23240 4.3029 .97404 
22665 .23271 4.2972 .97398 
22693 .23301 4.2916 .97391 
22722 .23332 4.2859 .97384 
22750 .23363 4.2803 .97378 


22778 .23393 4.2747 .97371 
22807 .23424 4.2691 .97365 
22835 23455 4.2635 + .97358 
22863 .23485 4.2580 .97351 
22892 .23516 4.2524 .97345 


22920 .23547 4.2468 .97338 
22948 23578 4.2413 .97331 
22977 .23608 4.2358 .97325 
-23005 .23639 4.2303 .97318 
-23033 .23670 4.2248 .97311 


.23062 .23700 4.2193 .97304 
23090 .23731 4.2139 .97298 
23118 .23762 4.2084 .97291 
23146 .23793 4.2030 .97284 
23175 .23823 4.1976 .97278 


23203 .23854 4.1922 .97271 
23231 .23885 4.1868 .97264 
23260 .23916 4.1814 .97257 
23288 .23946 4.1760 .97251 
23316 .23977 4.1706 .97244 


23345  .24008 4.1653 .97237 


.21256 
.21286 
.21316 
.21347 
.21377 


.21408 
.21438 
.21469 
.21499 
.21529 


.21560 
.21590 
21621 
21651 
.21682 


é .21712 
21246 .21743 
21275 21773 
Aen .21804 

.21834 


: .21864 
21388 .21895 
21417 .21925 
ity 21956 

21986 


: .22017 
.21530 .22047 
21559 .22078 
21587 .22108 
-21616 .22139 


21644 | .22169 


WoNOW PWrREo| ~ 
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21672 22200 4. 97623 
21701 .22231 4. 97617 
21729 = .22261 97611 
21758 .22292 97604 


.23373  .24039 4.1600 .97230 
23401 .24069 4.1547 .97223 
-23429 .24100 4.1493 .97217 
-23458 .24131 4.1441 .97210 


21786 .22322 4. .97598 
21814 .22353 4. 97592 
.21843  .22383 4. 97585 
21871 .22414 97579 
21899 .22444 .97573 


21928 .22475 4. .97566 
21956 .22505 4. 97560 
21985 .22536 .97553 
22013 .22567 97547 
.22041  .22597 .97541 


22070 .22628 4. 97534 
22098 .22658 4. 97528 
22126 .22689 4. 97521 
22155 .22719 4.4015 .97515 
22183 .22750 4.3956 .97508 


22212 .22781 4.3897 .97502 
22240 .22811 4.3838 .97496 
22268 .22842 4.3779 .97489 
22297 .22872 4.3721 97483 
22325 .22903 4.3662 .97476 


-22353 .22934 4.3604 .97470 
22382 .22964 4.3546 .97463 
-22410 .22995 4.3488 .97457 
22438 .23026 4.3430 .97450 
22467 .23056 4.3372 .97444 
22495 .23087 4.3315 .97437 
Cos Ctn Tan Sin 


102° (282°) (257°) 77° 103° (283°) (256°) 76° 


23486 .24162 4.1388 .97203 
23514 .24193 4.1335 .97196 
23542 .24223 4.1282 .97189 
23571 .24254 4.1230 .97182 
23599 .24285 4.1178 .97176 


23627 .24316 4.1126 .97169 
23656 .24347 4.1074 .97162 
23684 .24377 4.1022 .97155 
23712 .24408 4.0970 .97148 
23740 .24439 4.0918 .97141 


23769 .24470 4.0867 .97134 
23797 .24501 4.0815 .97127 
-23825 .24532 4.0764 .97120 
23853 .24562 4.0713 .97113 
23882 .24593 4.0662 .97106 


23910 .24624 4.0611 .97100 
.23938 .24655 4.0560 .97093 
23966 .24686 4.0509 .97086 
23995 .24717 4.0459 .97079 
24023 .24747 4.0408 .97072 


-24051 .24778 4.0358 .97065 
24079 .24809 4.0308 .97058 
24108 .24840 4.0257 .97051 
24136 .24871 4.0207 .97044 
24164 .24902 4.0158 .97037 


24192 .24933 4.0108 .97030 
Cos Ctn Tan Sin 


~lo enrwRa miu38©8© 
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NATURAL TRIGONOMETRIC FUNCTIONS / 543 


14° (194°) 
Sin 


NATURAL TRIGONOMETRIC FUNCTIONS 


Tan 


Ctn 


(345°) 165° 


.24192 
24220 
.24249 
.24277 
.24305 


.24333 
24362 
.24390 

24418 


Wogan pPwreo| ~ 


104° (284°) 
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.24933 
24964 
.24995 
-25026 
.25056 


.25087 
.25118 
.25149 
-25180 
25211 


25242 
.25273 
.25304 
:25335 
-25366 


.25397 
25428 
.25459 
.25490 
.25521 


.25552 
.25583 
.25614 
.25645 
.25676 


.25707 
.25738 
25769 
-25800 
-25831 


.25862 
.25893 
25924 
25955 
-25986 


-26017 
-26048 
.26079 
.26110 
.26141 


.26172 
.26203 
-26235 
.26266 
26297 


.26328 
26359 
.26390 
26421 
.26452 


-26483 
-26515 
-26546 
.26577 
-26608 


-26639 
-26670 
.26701 
-26733 
.26764 


.26795 


Ctn 


4.0108 
4.0058 
4.0009 
3.9959 
3.9910 


3.9861 
3.9812 
3.9763 
3.9714 
3.9665 


3.9617 
3.9568 
3.9520 
3.9471 
3.9423 


3.9375 
3.9327 
3.9279 
3.9232 
3.9184 


3.9136 
3.9089 
3.9042 
3.8995 
3.8947 


3.8900 
3.8854 
3.8807 
3.8760 
3.8714 


3.8667 
3.8621 
3.8575 
3.8528 
3.8482 


3.8436 
3.8391 
3.8345 
3.8299 
3.8254 


3.8208 
3.8163 
3.8118 
3.8073 
3.8028 


3.7983 
3.7938 
3.7893 
3.7848 
3.7804 


3.7760 
3.7715 
3.7671 
3.7627 
3.7583 


3.7539 
3.7495 
3.7451 
3.7408 
3.7364 


3.7321 


Tan 


-96623 
-96615 
-96608 
-96600 


96593 


~lo eprwaan oi10808 


Sin 
(255°) 75° 


15° (195°) 
Sin 


-25882 
.25910 
.25938 
-25966 
.25994 


.26022 
.26050 
-26079 
.26107 
.26135 


.26163 
.26191 
-26219 
26247 
-26275 


-26303 
-26331 
-26359 
-26387 
26415 


.26443 
.26471 
.26500 
-26528 
-26556 


26584 
.26612 
.26640 
.26668 
.26696 


.26724 
26752 
.26780 
.26808 
.26836 


.26864 
-26892 
.26920 
-26948 
.26976 


-27004 
-27032 
.27060 
.27088 
.27116 


.27144 
27172 
-27200 
.27228 
-27256 


-27284 
-27312 
-27340 
-27368 
.27396 


27424 
27452 
-27480 
-27508 
.27536 


.27564 


Cos 


105° (285°) 
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Tan 
.26795 
26826 
26857 
26888 
.26920 


.26951 


-26982 


.27013 
27044 
.27076 


-27107 
.27138 


27169 
-27201 
.27232 


27263 


27294 
27326 
.27357 


-27388 


.27419 
27451 
27482 
.27513 
27545 


.27576 
.27607 
-27638 
.27670 


27701 


.27732 
.27764 
.27795 
.27826 
.27858 


.27889 
.27921 
.27952 


-27983 


-28015 


-28046 
.28077 
.28109 
.28140 


-28172 
-28203 


.28234 
-28266 
.28297 
.28329 


.28360 
-28391 
.28423 
28454 
-28486 


-28517 
-28549 
-28580 
-28612 
-28643 


.28675 
Ctn 


Ctn 


3.7321 
3.7277 
3.7234 
3.7191 
3.7148 


3.7105 
3.7062 
3.7019 
3.6976 
3.6933 


3.6891 
3.6848 
3.6806 
3.6764 
3.6722 


3.6680 
3.6638 
3.6596 
3.6554 
3.6512 


3.6470 
3.6429 
3.6387 
3.6346 
3.6305 


3.6264 
3.6222 
3.6181 
3.6140 
3.6100 


3.6059 
3.6018 
3.5978 
3.5937 
3.5897 


3.5856 
3.5816 
3.5776 
3.5736 
3.5696 


3.5656 
3.5616 
3.5576 
3.5536 
3.5497 


3.5457 ~ 


3.5418 
3.5379 
3.5339 
3.5300 


3.5261 
3.5222 
3.5183 
3.5144 
3.5105 


3.5067 
3.5028 
3.4989 
3.4951 
3.4912 


3.4874 


Tan 


96206 
96198 
-96190 
96182 
96174 


96166 
-96158 
-96150 
96142 
96134 


96126 


(344°) 164° 


Cos 


-96593 
96585 
96578 


-96570 
96562 


-96555 
96547 
96540 


96532 
96524 


96517 
.96509 
-96502 


-96494 
-96486 


96479 
96471 
96463 


96456 


96238 
-96230 
96222 
96214 


~ | = 
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Sin 
(254°) 74° 


NATURAL TRIGONOMETRIC FUNCTIONS 
16° (196°) (343°) 163° 17° (197°) (342°) 162° 
Sin Tan Ctn 


-29237 .30573 3.2709 
29265 .30605 3.2675 
29293 .30637 3.2641 
29321 .30669 3.2607 
-29348 .30700 3.2573 


29376 .30732 3.2539 
29404 .30764 3.2506 
29432 .30796 3.2472 
-29460 .30828 3.2438 
-29487  .30860 3.2405 


29515 30891 3.2371 
29543 .30923 3.2338 
29971 30955 3.2305 
29599 30987 3.2272 
29626 .31019 3.2238 


29654 31051 3.2205 
29682 .31083 3.2172 
29710 .31115 3.2139 
29737 .31147 3.2106 
29765 .31178 3.2073 


29793 .31210 3.2041 
29821 .31242 3.2008 
29849 .31274 3.1975 
-29876 .31306 3.1943 
-29904  .31338 3.1910 


29932 31370 3.1878 
29960 .31402 3.1845 
29987 31434 3.1813 
30015 .31466 3.1780 
30043 .31498 3.1748 


30071 .31530 3.1716 


WOUND BwrwHo|] ~ 


30098 .31562 3.1684 
30126 .31594 3.1652 
30154 .31626 3.1620 
30182 .31658 3.1588 


30209 .31690 3.1556 
30237 .31722 3.1524 
30265 .31754 3.1492 
30292 .31786 3.1460 

31818 3.1429 


31850 3.1397 
31882 3.1366 
31914 3.1334 
31946 3.1303 
31978 3.1271 


32010 3.1240 
32042 3.1209 
32074 3.1178 
32106 3.1146 
232139) 321115 


32171 3.1084 
32203 3.1053 
32235 3.1022 
32267 3.0991 
32299 3.0961 


.32331 3.0930 
32363 3.0899 
32396 3.0868 
32428 3.0838 
32460 3.0807 


32492 3.0777 
Ctn Tan 


106° (286°) (253°) 73° 107° (287°) (252°) 72° 


NATURAL TRIGONOMETRIC FUNCTIONS / 545 


18° (198°) 
Sin 


~ 


NATURAL TRIGONOMETRIC FUNCTIONS 


Tan 


.30902 
30929 
.30957 
.30985 
31012 


.31040 
31068 
31095 
31123 
31151 


31178 
31206 
31233 
31261 


COOnNDO PwWH-O 


32034 
32061 
32089 


32171 
32199 
32227 
32254 


-32282 
.32309 
32337 
32364 
32392 


32419 
32447 
32474 
32502 
32529 
32557 
Cos 


108° (288°) 


32492 
32524 


32556 
32588 
32621 


.32653 
32685 
.32717 


32749 
32782 


32814 
32846 
32878 


32911 
32943 


32975 
.33007 
.33040 
33072 


33104 


.33136 
.33169 
33201 


.33233 
.33266 


33298 
.33330 
33363 


33395 
33427 


33460 
33492 
33524 


33557 
33589 


-33621 
33654 
.33686 
33718 
33751 


.33783 
33816 
33848 
33881 
33913 


33945 
33978 
-34010 
34043 
34075 


-34108 
34140 
-34173 
34205 
-34238 


34270 
.34303 
34335 
34368 
34400 


34433 


Ctn 


546 / APPENDIX A 


Ctn 


3.0777 
3.0746 
3.0716 
3.0686 
3.0655 


3.0625 
3.0595 
3.0565 
3.0535 
3.0505 


3.0475 
3.0445 
3.0415 
3.0385 
3.0356 


3.0326 
3.0296 
3.0267 
3.0237 
3.0208 


3.0178 
3.0149 
3.0120 
3.0090 
3.0061 


3.0032 
3.0003 
2.9974 
2.9945 
2.9916 


2.9887 
2.9858 
2.9829 
2.9800 
2.9772 


2.9743 
2.9714 
2 9686 
2.9657 
2.9629 


2.9600 
2.9572 
2.9544 
2.9515 
2.9487 


2.9459 
2.9431 
2.9403 
2.9375 
2.9347 


2.9319 
2.9291 
2.9263 
2.9235 
2.9208 


2.9180 
2.9152 
2:9125 
2.9097 
2.9070 


2.9042 


Tan 


(341°) 161° 


Cos 


95106 
-95097 
-95088 
-95079 
-95070 


-95061 
.95052 
.95043 
-95033 
95024 


95015 
-95006 
.94997 
94988 
-94979 


94970 
94961 
94952 
94943 
94933 


94924 
94915 


-94906 
94897 
94888 


94878 
94869 
-94860 
94851 
94842 


94832 
94823 
94814 
94805 
94795 


94786 
94777 
94768 
-94758 
-94749 


94740 
-94730 
94721 
94712 
94702 


94693 
94684 
94674 
94665 
94656 


94646 
-94637 
94627 
94618 
94609 


-94599 
94590 
-94580 
94571 
94561 


94552 


~lo enwaan ornlH. 


Sin 
(251°) 71° 


19° (199°) 
/ Sin 
0 32557 
1 32584 
2 32612 
3 .32639 
4 32667 
5 32694 
6 32722 
7 32749 
8 SANA 
9 32804 
10 32832 
11 .32859 
12 .32887 
13 32914 
14 32942 
15 32969 
16 32997 
17 33024 
18 33051 
19 33079 
20 33106 
21 33134 
22 33161 
23 .33189 
24 .33216 
25 33244 
26 33271 
27 .33298 
28 33326 
29 peepee! 
30 .33381 
31 .33408 
32 33436 
33 33463 
34 33490 
35 33518 
36 33545 
37 .33573 
38 .33600 
39 33627 
40 33655 
41 .33682 
42 .33710 
43 33737 
44 33764 
45 33792 
46 .33819 
47 33846 
48 33874 
49 -33901 
50 .33929 
51 33956 
52 .33983 
53 34011 
54 34038 
55 34065 
56 34093 
57 34120 
58 34147 
59 34175 
60 34202 
/ Cos 
109° (289°) 


Tan 


34433 
34465 
34498 
34530 
34563 


34596 
34628 
34661 
34693 
34726 


34758 
34791 
34824 
34856 
34889 


34922 
34954 
34987 
-35020 
35052 


.35085 
35118 
35150 
.39183 
35216 


35248 
35281 
35314 
35346 
35379 


35412 
35445 
35477 
.35510 
35543 


35576 
.35608 
35641 
35674 
35707 


35740 
35772 
35805 
35838 
39871 


35904 
35937 
39969 
-36002 
36035 


36068 
36101 
36134 
.36167 
36199 


.36232 
36265 
36298 
-36331 
36364 


36397 
Ctn 


Ctn 


2.9042 
2.9015 
2.8987 
2.8960 
2.8933 


2.8905 
2.8878 
2.8851 
2.8824 
2.8797 


2.8770 
2.8743 
2.8716 
2.8689 
2.8662 


2.8636 
2.8609 
2.8582 
2.8556 
2.8529 


2.8502 
2.8476 
2.8449 
2.8423 
2.8397 


2.8370 
2.8344 
2.8318 
2.8291 
2.8265 


2.8239 
2.8213 
2.8187 
2.8161 
2.8135 


2.8109 
2.8083 
2.8057 
2.8032 
2.8006 


2.7980 
2.7955 
2.7929 
2.7903 
2.7878 


2.7852 
2.7827 
2.7801 
2.7776 
2.7751 


2.7725 
2.7700 
2.7675 
2.7650 
2.7625 


2.7600 
2.7575 
2.7550 
2.7525 
2.7500 


2.7475 


Tan 


(340°) 160° 
Cos / 
94552 | 60 
-94542 59 
-94533 58 
-94523 57 
94514 56 
-94504 55 
-94495 54 
-94485 53 
-94476 52 
94466 51 
94457 50 
-94447 49 
-94438 48 
-94428 47 
-94418 46 
.94409 45 
-94399 44 
-94390 43 
-94380 42 
-94370 41 
-94361 40 
-94351 39 
-94342 38 
-94332 37 
-94322 36 
94313 35 
-94303 34 
-94293 33 
-94284 32 
-94274 31 
-94264 30 
-94254 29 
94245 28 
-94235 27 
-94225 26 
-94215 25 
-94206 24 
-94196 23 
-94186 22 
-94176 21 
-94167 20 
-94157 19 
-94147 18 
-94137 17 
.94127 16 
94118 15 
-94108 14 
-94098 13 
-94088 12 
-94078 11 
-94068 10 
-94058 9 
-94049 8 
-94039 7 
-94029 6 
-94019 5 
-94009 4 
.93999 3 
-93989 2 
-93979 1 
-93969 0 
Sin , 

(250°) 70° 


NATURAL TRIGONOMETRIC FUNCTIONS 
20° (200°) (339°) 159° 21° (201°) (338°) 158° 
Sin Tan Ctn Cos Sin Tan Ctn Cos 


34202 .36397 2.7475 .93969 .35837 .38386 2.6051 .93358 
34229 .36430 2.7450 .93959 35864 38420 2.6028 .93348 
34257 .36463 2.7425 .93949 .35891 .38453 2.6006 .93337 
34284 36496 2.7400 .93939 35918 ae 2.5983 .93327 
34311 .36529 2.7376 .93929 35945 2.5961 .93316 


34339 36562 2.7351 .93919 B/E 2.5938 .93306 
34366 .36595 2.7326 .93909 36000 . 2.5916 .93295 
34393 .36628 2.7302 .93899 36027. 2.5893 .93285 
34421 .36661 2.7277 .93889 36054 2.5871 .93274 
34448 .36694 2.7253 .93879 -36081 2.5848 .93264 


34475 .36727 2.7228 .93869 36108. 2.5826 .93253 
34503 .36760 2.7204 .93859 36135. 2.5804 .93243 
34530 36793 2.7179 .93849 36162 . 2.5782 .93232 
34557 .36826 2.7155 .93839 36190 2.5759 .93222 
34584 .36859 2.7130 .93829 36217 2.5737 .93211 


34612 .36892 2.7106 .93819 36244. 2.5715 .93201 
34639 .36925 2.7082 .93809 36271 . 2.5693 .93190 
34666 .36958 2.7058 .93799 36298 2.5671 .93180 
34694 .36991 2.7034 .93789 36325 2.5649 .93169 
34721 .37024 2.7009 .93779 36352 2.5627 .93159 


34748 37057 2.6985 .93769 36379 . 2.5605 .93148 
34775 .37090 2.6961 .93759 36406. 2.5583 .93137 
34803 .37123 2.6937 .93748 36434. 2.5561 .93127 
34830 .37157 2.6913 .93738 36461 2.5539 .93116 
34857 .37190 2.6889 .93728 36488 2.5517 .93106 


34884 .37223 2.6865 .93718 236015). 2.5495 .93095 
34912 .37256 2.6841 .93708 36542. 2.5473 .93084 
34939 .37289 2.6818 .93698 36569. 2.5452 .93074 
34966 .37322 2.6794 .93688 36596 2.5430 .93063 
34993 .37355 2.6770 .36623 2.5408 .93052 


35021 .37388 2.6746 36650. 2.5386 .93042 


COouM90H pPwreol| > 


36677. : -93031 
36704. 4 -93020 
36731)". -93010 
36758. -92999 


35048 .37422 2.6723 .93657 
35075 .37455 2.6699 .93647 
35102 .37488 2.6675 .93637 
35130 .37521 2.6652 .93626 


36785. : -92988 
36812. : 92978 
36839. ; -92967 
.36867 -92956 
36894 92945 


30921. ‘ 92935 
36948. : 92924 
OOO TOM ‘ 92913 
3/002. ; 92902 
23/029. 4 92892 


63/0000: g 92881 
3/083. : 92870 
OHLONE : 92859 
COASTS 39997 2: -92849 
37164. : .92838 


S371 91. 92827 
PHANG 92816 
37245 92805 
VPs. Z 92794 
31299". : 92784 


37326. : 92773 
ROL 0SmE : 92762 
.37380 A ‘92751 
37407 : 92740 
37434 : 92729 


92718 


35157 .37554 2.6628 .93616 
35184 .37588 2.6605 .93606 
35211 .37621 2.6581 .93596 
35239 .37654 2.6558 .93585 
35266 .37687 2.6534 .93575 


35293 .37720 2.6511 .93565 
35320 .37754 2.6488 .93555 
35347 .37787 2.6464 .93544 
35375 .37820 2.6441 .93534 
35402 .37853 2.6418 .93524 


35429 .37887 2.6395 .93514 
35456 .37920 2.6371 .93503 
35484 .37953 2.6348 .93493 
35511 .37986 2.6325 .93483 
35538 .38020 2.6302 .93472 


35565 .38053 2.6279 .93462 
35592 .38086 2.6256 .93452 
35619 .38120 2.6233 .93441 
35647 .38153 2.6210 .93431 
35674 .38186 2.6187 .93420 


-35701 .38220 2.6165 .93410 
35728 .38253 2.6142 .93400 
39/55 .38286 2.6119 .93389 
35782 .38320 2.6096 .93379 
39810 .38353 2.6074 .93368 
35837 .38386 2.6051 .93358 
Cos Ctn Tan Sin 


110° (290°) (249°) 69° 111° (291°) (248°) 68° 


~lo BPMWRO M~I00 
~ | _ 
SO KNW MICO 


NATURAL TRIGONOMETRIC FUNCTIONS / 547 


NATURAL TRIGONOMETRIC FUNCTIONS 


22° (202°) (337°) 157° 
M Sin Tan Ctn Cos , 
0 37461 .40403 2.4751 .92718 60 
1 37488 .40436 2.4730 .92707 59 
2 .37515 .40470 2.4709 .92697 58 
3 37542 40504 2.4689 .92686 57 
4 37569 .40538 2.4668 .92675 56 
5 37595 .40572 2.4648 .92664 55 
6 37622 40606 2.4627 .92653 54 
7 37649 .40640 2.4606 .92642 53 
8 37676 .40674 2.4586 .92631 52 
9 37703 .40707 2.4566 .92620 51 
10 .37730 .40741 2.4545 .92609 50 
11 37757 ~=.40775 24525 .92598 49 
12 .37784 40809 2.4504 .92587 48 
13 37811 .40843 2.4484 .92576 47 
14 37838 .40877 2.4464 .92565 46 
15 37865 .40911 2.4443 .92554 45 
16 37892 40945 2.4423 .92543 44 
17 37919 .40979 2.4403 .92532 43 
18 -37946 .41013 2.4383 .92521 42 
19 37973 .41047 2.4362 .92510 41 
20 37999 .41081 2.4342 .92499 40 
21 38026 .41115 2.4322 .92488 39 
22 38053 .41149 2.4302 .92477 38 
23 38080 .41183 2.4282 .92466 37 
24 .38107 .41217 2.4262 .92455 36 
25 38134 .41251 2.4242 .92444 35 
26 38161 .41285 2.4222 .92432 34 
27 38188 .41319 2.4202 .92421 33 
28 38215 .41353 2.4182 .92410 32 
29 38241 .41387 2.4162 .92399 31 
30 -38268 .41421 2.4142 .92388 30 
31 -38295 .41455 2.4122 .92377 29 
32 38322 .41490 2.4102 .92366 28 
33 -38349 .41524 2.4083 .92355 27 
34 38376 .41558 2.4063 .92343 26 
35 38403 .41592 2.4043 .92332 25 
36 -38430 .41626 2.4023 .92321 24 
37 38456 .41660 2.4004 .92310 23 
38 38483 .41694 2.3984 .92299 22 
39 -38510 .41728 2.3964 .92287 21 
40 -38537 .41763 2.3945 .92276 20 
41 38564 .41797 2.3925 .92265 19 
42 -38591 .41831 2.3906 .92254 18 
43 38617 .41865 2.3886 .92243 17 
44 38644 .41899 2.3867 .92231 16 
45 .38671 .41933 2.3847 .92220 15 
46 38698 .41968 2.3828 .92209 14 
47 .38725 .42002 2.3808 .92198 13 
48 -38752 .42036 2.3789 .92186 12 
49 38778 .42070 2.3770 .92175 11 
50 -38805 .42105 2.3750 .92164 10 
ill -38832 .42139 2.3731 .92152 9 
52 -38859 .42173 2.3712 .92141 8 
53 38886 .42207 2.3693 .92130 if 
54 38912 .42242 2.3673 .92119 6 
55 -38939 .42276 2.3654 .92107 5 
56 -38966 .42310 2.3635 .92096 4 
57 38993 .42345 2.3616 .92085 3 
58 -39020 .42379 2.3597 .92073 7 
59 39046 .42413 2.3578 .92062 1 
60 -39073 .42447 2.3559 .92050 0 
/ Cos Ctn Tan Sin i/ 


112° (292°) 


548 / APPENDIX A 


(247°) 67° 


23° (203°) 
ly Sin 
0 .39073 
1 39100 
2 39127 
3 39153 
4 39180 
5 39207 
6 39234 
7 .39260 
8 39287 
9 39314 
10 39341 
11 39367 
12 39394 
13 39421 
14 39448 
15 39474 
16 39501 
17 39528 
18 .39555 
19 39581 
20 .39608 
21 39635 
22 39661 
23 -39688 
24 39715 
25 39741 
26 .39768 
27 39795 
28 .39822 
29 39848 
30 39875 
31 39902 
32 39928 
33 39955 
34 39982 
35 40008 
36 40035 
37 40062 
38 40088 
39 40115 
40 40141 
41 40168 
42 40195 
43 40221 
44 -40248 
45 40275 
46 40301 
47 40328 
48 40355 
49 40381 
50 40408 
51 40434 
52 40461 
53 40488 
54 40514 
55 40541 
56 -40567 
57 40594 
58 40621 
59 40647 
60 40674 


Tan 


42447 
42482 
42516 
42551 
42585 


42619 
42654 
42688 
42722 
42757 


42791 
42826 
42860 
42894 
42929 


42963 
42998 
43032 
43067 
43101 


-43136 
43170 
43205 
43239 
43274 


-43308 
43343 
43378 
43412 
43447 


43481 
43516 
43550 
43585 
-43620 


43654 
43689 
43724 
43758 
43793 


43828 
43862 
43897 
43932 
-43966 


44001 
44036 
44071 
44105 
44140 


44175 
44210 
44244 
44279 
44314 


44349 


Ctn 


2.3559 
2.3539 
2.3520 
2.3501 
2.3483 


2.3464 
2.3445 
2.3426 
2.3407 
2.3388 


2.3369 
23301 
2.3332 
2.3313 
2.3294 


2.3276 
2.3257 
2.3238 
2.3220 
2.3201 


2.3183 
2.3164 
2.3146 
2.3127 
2.3109 


2.3090 
2.3072 
2.3053 
2.3035 
2.3017 


2.2998 
2.2980 
2.2962 
2.2944 
2.2925 


2.2907 
2.2889 
2.2871 
2.2853 
2.2835 


2.2817 
2.2799 
2.2781 
2.2763 
2.2745 


2.2727 
2.2709 
2.2691 
2.2673 
2.2655 


2.2637 
2.2620 
2.2602 
2.2584 
2.2566 


2.2549 
2.2531 
2.2513 
2.2496 
2.2478 


2.2460 


113° (293°) 


Tan 


(336°) 156° 

Cos / 
.92050 60 
.92039 59 
92028 58 
92016 57 
92005 56 
-91994 55 
-91982 54 
91971 53 
91959 52 
91948 51 
91936 50 
91925 49 
91914 48 
-91902 47 
-91891 46 
91879 45 
91868 44 
91856 43 
91845 42 
91833 41 
-91822 40 
91810 39 
91799 38 
91787 37 
91775 36 
91764 35 
91752 34 
91741 33 
91729 32 
-91718 31 
91706 30 
91694 29 
91683 28 
91671 27 
91660 26 
91648 25 
91636 24 
91625 23 
91613 22 
91601 21 
-91590 20 
-91578 19 
-91566 18 
91555 17 
-91543 16 
91531 15 
-91519 14 
-91508 13 
91496 12 
91484 11 
91472 10 
91461 9 
91449 8 
91437 7 
91425 6 
91414 5 
91402 4 
91390 3 
.91378 2 
91366 1 
91355 0 

Sin. / 


(246°) 66° 


NATURAL TRIGONOMETRIC FUNCTIONS 
24° (204°) (335°) 155° 25° (205°) (334°) 154° 
Sin Tan Ctn Cos Sin Tan Ctn Cos / 


40674 .44523 2.2460 .91355 42262 .46631 2.1445 .90631 60 
40700 .44558 2.2443 .91343 42288 .46666 2.1429 .90618 59 
40727 44593 2.2425 .91331 42315 .46702 2.1413 .90606 58 
40753 44627 2.2408 .91319 42341 .46737 2.1396 .90594 57 
40780 44662 2.2390 .91307 42367 .46772 2.1380 .90582 56 


40806 .44697 2.2373 .91295 42394 .46808 2.1364 .90569 55 
40833 .44732 2.2355 .91283 42420 .46843 2.1348 .90557 54 
40860 .44767 2.2338 .91272 42446 46879 2.1332 .90545 53 
40886 .44802 2.2320 .91260 42473, 46914 2.1315 .90532 52 
40913 .44837 2.2303 .91248 42499 .46950 2.1299 .90520 51 


40939 .44872 2.2286 .91236 10 42525 46985 2.1283 .90507 50 
40966 .44907 2.2268 .91224 11 42552 47021 2.1267 .90495 49 
40992 44942 2.2251 .91212 12 42578 47056 2.1251 .90483 48 
41019 44977 2.2234 .91200 13 42604 .47092 2.1235 .90470 47 
41045 45012 2.2216 .91188 14 42631 .47128 2.1219 .90458 46 


41072 45047 2.2199 .91176 15 42657 47163 2.1203 .90446 45 
41098 45082 2.2182 .91164 16 42683 .47199 2.1187 .90433 44 
41125 45117 2.2165 .91152 17 42709 .47234 2.1171 .90421 43 
41151 .45152 2.2148 .91140 18 42736 .47270 2.1155 .90408 42 
41178 = .45187 2.2130 .91128 19 42762 .47305 2.1139 .90396 41 


41204 .45222 2.2113 .91116 20 42788 47341 2.1123 .90383 40 
41231 .45257 2.2096 .91104 21 42815 47377 2.1107 .90371 39 
41257 45292 2.2079 .91092 22 42841 47412 2.1092 .90358 38 
41284 45327 2.2062 .91080 23 42867 .47448 2.1076 .90346 37 
41310 .45362 2.2045 .91068 24 42894 47483 2.1060 .90334 36 


41337 .45397 2.2028 .91056 25 42920 .47519 2.1044 .90321 35 
41363 .45432 2.2011 .91044 26 42946 .47555 2.1028 .90309 34 
41390 .45467 2.1994 .91032 27 42972 .47590 2.1013 .90296 33 
41416 45502 2.1977 .91020 28 42999 .47626 2.0997 .90284 32) 
41443 .45538 2.1960 .91008 29 43025 47662 2.0981 .90271 31 


30 43051 .47698 2.0965 .90259 30 
31 43077 .47733 2.0950 .90246 29 
32 43104 .47769 2.0934 .90233 28 
33 43130 .47805 2.0918 .90221 27 
34 43156 .47840 2.0903 .90208 26 


35 43182 .47876 2.0887 .90196 25 
36 43209 47912 2.0872 .90183 24 
37 43235 .47948 2.0856 .90171 23 
38 43261 .47984 2.0840 .90158 22 
39 43287 .48019 2.0825 .90146 21 


40 43313 .48055 2.0809 .90133 20 
4l -43340 .48091 2.0794 .90120 19 
42 43366 .48127 2.0778 .90108 18 
43 43392 .48163 2.0763 .90095 17 
44 43418 .48198 2.0748 .90082 16 


45 43445 48234 2.0732 .90070 15 
46 43471 48270 2.0717 .90057 14 
47 43497 .48306 2.0701 .90045 13 
48 43523 48342 2.0686 .90032 12 
49 43549 .48378 2.0671 .90019 11 


WoUHMT RWNwHo| > 
Worm RWrHo|] > 


41469 .45573 2.1943 .90996 


41496 .45608 2.1926 .90984 
41522 45643 2.1909 .90972 
41549 .45678 2.1892 .90960 
41575 .45713 2.1876 .90948 


41602 .45748 2.1859 .90936 
41628 45784 2.1842 .90924 
41655 .45819 2.1825 .90911 
1681 .45854 2.1808 .90899 
41707 .45889 2.1792 .90887 


41734 .45924 2.1775 .90875 
41760 .45960 2.1758 .90863 
41787 .45995 2.1742 .90851 
41813 .46030 2.1725 .90839 
41840 .46065 2.1708 .90826 


41866 .46101 2.1692 .90814 
41892 .46136 2.1675 .90802 
41919 .46171 2.1659 .90790 
41945 .46206 2.1642 .90778 
41972 .46242 2.1625 .90766 


41998 .46277 2.1609 .90753 10 50 43575 .48414 2.0655 .90007 10 
42024 .46312 2.1592 .90741 9 51 43602 .48450 2.0640 .89994 9 
-42051 .46348 2.1576 .90729 8 52 43628 .48486 2.0625 .89981 8 
-42077 .46383 2.1560 .90717 7 53 43654 .48521 2.0609 .89968 7 
42104 .46418 2.1543 .90704 6 54 43680 .48557 2.0594 .89956 6 
-42130 .46454 2.1527 .90692 5 55 43706 .48593 2.0579 .89943 5 
-42156 .46489 2.1510 .90680 4 56 43733 .48629 2.0564 .89930 4 
42183 .46525 2.1494 .90668 3 57 43759 .48665 2.0549 .89918 3 
42209 .46560 2.1478 .90655 2 58 .43785 .48701 2.0533 .89905 2 
42235 .46595 2.1461 .90643 1 59 43811 .48737 2.0518 .89892 1 
42262 .46631 2.1445 .90631 0 60 43837 .48773 2.0503 .89879 0 
Cos Ctn Tan Sin / ls Cos Ctn Tan Sin / 
114° (294°) (245°) 65° 115° (295°) (244°) 64° 


NATURAL TRIGONOMETRIC FUNCTIONS / 549 


NATURAL TRIGONOMETRIC FUNCTIONS 


26° (206°) (333°) 153° 27° (207°) (332°) 152° 
U Sin Tan Ctn Cos U U Sin Tan Ctn Cos 

0 43837 .48773 2.0503 .89879 60 0 45399 .50953 1.9626 .89101 

1 .43863 .48809 2.0488 .89867 59 1 45425 .50989 1.9612 .89087 

2 43889 .48845 2.0473 .89854 58 2 -45451 .51026 1.9598 .89074 

3 43916 .48881 2.0458 .89841 57 3 -45477 .51063 1.9584 .89061 

4 .43942 .48917 2.0443 .89828 56 4 -45503 .51099 1.9570 .89048 

5 -43968 .48953 2.0428 .89816 55 5 45529 .51136 1.9556 .89035 

6 43994 .48989 2.0413 .89803 54 6 45554 .51173 1.9542 .89021 

7 44020 .49026 2.0398 .89790 53 7 45580 .51209 1.9528 .89008 

8 44046 .49062 2.0383 .89777 52 8 -45606 .51246 1.9514 .§8995 

9 44072 .49098 2.0368 .89764 51 9 45632 .51283 1.9500 .88981 

10 44098 .49134 2.0353 .89752 50 45658 .51319 1.9486 .88968 

11 44124 .49170 2.0338 .89739 49 -45684 .51356 1.9472 .88955 

12 44151 .49206 2.0323 .89726 48 45710 .51393 1.9458 .88942 

13 44177 .49242 2.0308 .89713 47 -45736 .51430 1.9444 .88928 

14 -44203 .49278 2.0293 .89700 46 -45762 .51467 1.9430 .88915 

15 -44229 .49315 2.0278 .89687 45 -45787. .51503 1.9416 .88902 

16 44255 .49351 2.0263 .89674 44 -45813 .51540 1.9402 .88888 

17 44281 .49387 2.0248 .89662 43 45839 .51577 1.9388 .88875 

18 44307 .49423 2.0233 .89649 42 45865 .51614 1.9375 .88862 

19 44333 .49459 2.0219 .89636 41 45891 .51651 1.9361 .88848 

20 -44359 49495 2.0204 .89623 40 -45917 .51688 1.9347 .88835 

21 44385 .49532 2.0189 .89610 39 45942 51724 1.9333 .88822 

22 44411 .49568 2.0174 .89597 38 45968 .51761 1.9319 .88808 

23 44437 .49604 2.0160 .89584 37 45994 .51798 1.9306 .88795 

24 44464 .49640 2.0145 .89571 36 46020 .51835 1.9292 .88782 

25 44490 .49677 2.0130 .89558 35 46046 .51872 1.9278 .88768 

26 44516 .49713 2.0115 .89545 34 46072 .51909 1.9265 .88755 

27 44542 .49749 2.0101 .89532 33 46097 .51946 1.9251 .88741 

28 44568 .49786 2.0086 .89519 32 46123 .51983 1.9237 .88728 

29 44594 .49822 2.0072 .89506 31 -46149 .52020 1.9223 .88715 

30 -44620 .49858 2.0057 .89493 30 46175 .52057 1.9210 .88701 

31 44646 .49894 2.0042 .89480 29 -46201 _.52094 1.9196 .88688 

32 44672 .49931 2.0028 .89467 28 46226 .52131 1.9183 .88674 

33 44698 .49967 2.0013 .89454 27 46252 .52168 1.9169 .88661 

34 44724 .50004 1.9999 .89441 26 46278 .52205 1.9155 .88647 

35 44750 .50040 1.9984 .89428 25 -46304 .52242 1.9142 .88634 

36 44776 .50076 1.9970 .89415 24 46330 .52279 1.9128 .88620 

37 44802 .50113 1.9955 .89402 23 -46355 .52316 1.9115 .88607 

38 44828 .50149 1.9941 .89389 22 .46381 .52353 1.9101 .88593 

39 44854 .50185 1.9926 .89376 21 46407 .52390 1.9088 .88580 

40 44880 .50222 1.9912 .89363 20 46433 .52427 1.9074 .88566 

41 -44906 .50258 1.9897 .89350 19 46458 .52464 1.9061 .88553 

42 -44932 .50295 1.9883 .89337 18 46484 .52501 1.9047 .88539 

43 44958 .50331 1.9868 .89324 17 46510 .52538 1.9034 .88526 

44 -44984 .50368 1.9854 .89311 16 46536 .52575 1.9020 .88512 

45 45010 .50404 1.9840 .89298 15 46561 .52613 1.9007 .88499 

46 5036 .50441 1.9825 .89285 14 46587 .52650 1.8993 .88485 

47 45062 .50477 1.9811 89272 13 46613 .52687 1.8980 .88472 

48 45088 .50514 1.9797 .89259 12 46639 .52724 1.8967 .88458 

49 45114 .50550 1.9782 .89245 11 46664 .52761 1.8953 .88445 

50 -45140 .50587 1.9768 .89232 10 46690 .52798 1.8940 .88431 

51 45166 .50623 1.9754 .89219 9 46716 .52836 1.8927 .88417 9 
52 45192 .50660 1.9740 .89206 8 46742 .52873 1.8913 .88404 8 
53 45218 .50696 1.9725 .89193 7 46767 .52910 1.8900 .88390 i 
54 45243 .50733 1.9711 .89180 6 -46793 .52947 1.8887 .88377 6 
55 45269 .50769 1.9697 .89167 5 -46819 .52985 1.8873 .88363 5 
56 45295 .50806 1.9683 .89153 4 46844 .53022 1.8860 .88349 4 
57 45321 .50843 1.9669 .89140 3 -46870 .53059 1.8847 .88336 3 
58 45347 .50879 1.9654 .89127 2 46896 .53096 1.8834 .88322 2 
59 45373 .50916 1.9640 .89114 1 46921 .53134 1.8820 .88308 1 
60 -45399 .50953 1.9626 .89101 0 -46947 .53171 1.8807 .88295 0 
/ Cos Cin Tan Sin / Cos Ctn Tan Sin / 
116° (296°) (243°) 63° 117° (297°) (242°) 62° 


550 / APPENDIX A 


NATURAL TRIGONOMETRIC FUNCTIONS 
28° (208°) (331°) 151° 29° (209°) (330°) 150° 
Sin Tan Ctn Cos id Sin Tan Ctn 


46947 .53171 1.8807 .88295 60 48481 .55431 1.8040 
46973 .53208 1.8794 .88281 59 48506 .55469 1.8028 
6999 .53246 1.8781 .88267 58 48532 .55507 1.8016 
47024 .53283 1.8768 .88254 57 48557 .55545 1.8003 
47050 .53320 1.8755 .88240 56 48583 .55583 1.7991 


47076 .53358 1.8741 .88226 55 48608 .55621 1.7979 
47101 .53395 1.8728 .88213 54 48634 .55659 1.7966 
7127 .53432 1.8715 .88199 53 48659 .55697 1.7954 
47153 .53470 1.8702 .88185 52 48684 .55736 1.7942 
47178 .53507 1.8689 .88172 51 48710 .55774 1.7930 


47204 .53545 : 48735 .55812 1.7917 
11 47229 .53582 1.8663 .88144 49 48761 .55850 1.7905 
12 47255 .53620 1.8650 .88130 48 48786 .55888 1.7893 
13 47281 .53657 1.8637 .88117 47 48811 .55926 1.7881 
47306 .53694 48837 .55964 1.7868 


47332 .53732 F 48862 .56003 1.7856 
16 47358 .53769 1.8598 .88075 44 48888 .56041 1.7844 
17 47383 .53807 1.8585 .88062 43 48913 56079 1.7832 
18 47409 .53844 1.8572 .88048 42 48938 .56117 1.7820 
47434 .53882 48964 .56156 1.7808 


47460 .53920 ; 48989 .56194 1.7796 
21 47486 .53957 1.8533 .88006 39 A9014 .56232 1.7783 
22 47511 .53995 1.8520 .87993 38 49040 .56270 1.7771 
23 47537 .54032 1.8507 .87979 37 49065 .56309 1.7759 
47562 .54070 49090 .56347 1.7747 


47588 .54107 : A9116 .56385 1.7735 
26 47614 .54145 1.8469 .87937 34 9141 56424 1.7723 
27 47639 .54183 1.8456 .87923 33 A9166 .56462 1.7711 
28 47665 .54220 1.8443 .87909 32 49192 .56501 1.7699 
47690 .54258 49217 .56539 1.7687 


47716 .54296 : 49242 .56577 1.7675 
31 47741 .54333 1.8405 .87868 29 
32 47767 =.54371 1.8392 .87854 28 
33 | .47793 .54409 1.8379 .87840 27 
47818 .54446 


47844 54484 | 
36 47869 .54522 1.8341 .87798 24 
37 47895 .54560 1.8329 .87784 23 
38 47920 SHEE 1.8316 .87770 22 


: 54673 : 
41 47997 .54711 1.8278 .87729 19 
42 48022 .54748 1.8265 .87715 18 
43 48048 .54786 1.8253 .87701 17 
54824 


: 04862 : 
46 48124 .54900 1.8215 .87659 14 
47 48150 .54938 1.8202 .87645 13 
48 48175 rene 1.8190 .87631 12 
5 


4 55051 3 
51 48252 .55089 1.8152 .87589 
52 48277 55127 1.8140 .87575 
53 48303 .55165 1.8127 .87561 
95203 


55241 
56 48379 .55279 1.8090 .87518 
57 48405 .55317 1.8078 .87504 
58 -48430 .55355 1.8065 .87490 
99393 


99431 


WOUSM PHwrmHo| ~ 
COUR Bwreo| ~ 


49268 .56616 1.7663 
9293 .56654 1.7651 
49318 .56693 1.7639 
49344 .56731 1.7627 


-49369 .56769 1.7615 
49394 .56808 1.7603 
49419 .56846 1.7591 
49445 56885 1.7579 
49470 56923 1.7567 


49495 .56962 1.7556 
49521 .57000 1.7544 
49546 .57039 1.7532 
49571 .57078 1.7520 
49596 .57116 1.7508 


49622 .57155 1.7496 
49647 .57193 1.7485 
49672 .57232 1.7473 
49697 .57271 1.7461 
49723 .57309 1.7449 


49748 .57348 1.7437 
49773 .57386 1.7426 
49798 .57425 1.7414 
49824 .57464 1.7402 
49849 .57503 1.7391 


49874 57541 17379 
49899 57580 17367 
49924 .57619 1.7355 
49950 .57657 = 1.7344 
49975 .57696 1.7332 
50000 .57735 1.7321 


Cos Ctn Tan 
118° (298°) (241°) 61° 119° (299°) (240°) 60° 


NATURAL TRIGONOMETRIC FUNCTIONS / 551 


30° (210°) 


50000 .57 
50025 .57 
50050 .57 
50076 .57 
50101 .57 


50126 .57 
50151 .57 
00176 .58 
50201 .58 


COND pwreo| ~ 


14 | .50352 .58 


17 00428 .58 


22 | 150553 .58 
23 | .50578 .58 
24 | 150603 58 


27 50679 .58 


30 90754 .58 
33 50829 .59 


35 00879 .59 
36 50904 .59 
37 90929 .59 
38 50954 .59 
39 50979 .59. 


40 51004 .59 
4l 01029 59 
42 91054 .59 
43 51079 59 
44 51104 .59 


45 51129  .59. 
46 01154 .59 
47 51179 .59 
48 51204 .59 
49 20 1:229\95.59) 


50 01254 59 
51 91279 59 
52 91304 .59 
53 91329 .59 
54 51354 .59 


55 201379) 1 259) 
56 51404 59 
57 91429 59) 
58 01454 .60 
59 91479 .60 


60 -51504 .60 
/ Cos Cc 


120° (300°) 


552 / APPENDIX A 


Sin Tan Ctn Cos / 


00227 .58085 1.7216 .86471 51 


10 50252 .58124 1.7205 .86457 50 
11 90277 .58162 1.7193 .86442 49 
12 50302 .48201 1.7182 .86427 48 
13 50327 .58240 1.7170 .86413 47 


15 50377 .58318 1.7147 .86384 45 
16 50403 .58357 1.7136 .86369 44 


18 90453 .58435 1.7113 .86340 42 
19 00478 .58474 1.7102 .86325 41 


20 50503 .58513 1.7090 .86310 40 
21 50528 .58552 1.7079 .86295 39 


25 00628 .58709 1.7033 .86237 35 
26 00654 .58748 1.7022 .86222 34 


28 50704 .58826 1.6999 .86192 32 
29 00729 .58865 1.6988 .86178 31 
31 00779 .58944 1.6965 .86148 29 
32 00804 .58983 1.6954 .86133 28 


34 | .50854 159061 1.6932 .86104 | 26 


NATURAL TRIGONOMETRIC FUNCTIONS 
(329°) 149° 31° (211°) (328°) 148° 
Sin Tan Ctn Cos 


-51504 .60086 1.6643 .85717 60 
-51529 .60126 1.6632 .85702 59 
51554 .60165 1.6621 .85687 58 
51579 .60205 1.6610 .85672 57 
-51604 .60245 1.6599 .85657 


91628 .60284 1.6588 .85642 
51653 .60324 1.6577 .85627 54 
51678 .60364 1.6566 .85612 53 
91703 .60403 1.6555 .85597 52 
51728 .60443 1.6545 .85582 


51753 .60483 1.6534 .85567 
11 -51778 .60522 1.6523 .85551 49 
12 51803 .60562 1.6512 .85536 48 
13 91828 .60602 1.6501 .85521 47 
51852 .60642 1.6490 .85506 


51877 .60681 1.6479 .85491 45 
16 51902 .60721 1.6469 .85476 44 
17 -51927 .60761 1.6458 .85461 43 
18 -51952 .60801 1.6447 .85446 42 
51977 .60841 1.6436 .85431 


52002 .60881 1.6426 .85416 40 
21 52026 .60921 1.6415 .85401 39 
22 92051 .60960 1.6404 .85385 38 
23 02076 .61000 1.6393 .85370 37 
24 52101 .61040 1.6383 .85355 


52126 .61080 1.6372 .85340 
26 92151 .61120 1.6361 .85325 34 
27 52175 .61160 1.6351 .85310 | 33 
28 52200 .61200 1.6340 .85294 32 
52225 .61240 1.6329 .85279 


52250 .61280 1.6319 .85264 30 
31 02275 .61320 1.6308 .85249 29 
32 02299 .61360 1.6297 .85234 28 
33 02324 .61400 1.6287 .85218 27 
52349 .61440 1.6276 .85203 


02374 .61480 1.6265 .85188 
36 92399 .61520 1.6255 .85173 24 
37 52423 .61561 1.6244 .85157 23 
38 02448 .61601 1.6234 .85142 22 
-92473 .61641 1.6223 .85127 


-52498 .61681 1.6212 .85112 
41 52522 .61721 1.6202 .85096 19 
42 52547 .61761 1.6191 .85081 18 
43 52572 .61801 1.6181 .85066 17 
02597 .61842 1.6170 .85051 


-52621 .61882 1.6160 .85035 
46 52646 .61922 1.6149 .85020 14 
47 52671 .61962 1.6139 .85005 13 
48 52696 .62003 1.6128 .84989 12 
52720 .62043 1.6118 .84974 


52745 .62083 1.6107 .84959 
51 52770 .62124 1.6097 .84943 
52 52794 .62164 1.6087 .84928 
53 92819 .62204 1.6076 .84913 
54 52844 .62245 1.6066 .84897 


55 .52869 .62285 1.6055 ..84882 
56 -52893 .62325 1.6045 .84866 
57 52918 .62366 1.6034 .84851 
58 -52943 .62406 1.6024 .84836 
59 52967 .62446 1.6014 .84820 
60 -52992 .62487 1.6003 .84805 
tn Tan Sin Ctn Tan Sin 


(239°) 59° 121° (301°) (238°) 58° 


735 1.7321 .86603 60 
774 1.7309 .86588 59 
813 1.7297 .86573 58 
851 1.7286 .86559 57 
890 1.7274 .86544 56 


929 1.7262 .86530 55 
968 1.7251 .86515 54 
007 1.7239 .86501 53 
046 1.7228 .86486 52 


279 1.7159 .86398 46 


396 1.7124 .86354 43 


591 1.7067 .86281 38 
631 1.7056 .86266 37 
670 1.7045 .86251 36 


787 1.7011 .86207 33 


905 1.6977 .86163 30 


022 1.6943 .86119 27 


101 1.6920 .86089 25 
140 1.6909 .86074 24 
179 1.6898 .86059 23 
218 1.6887 .86045 22 
258 1.6875 .86030 21 


297 1.6864 .86015 20 
336 1.6853 .86000 19 
376 1.6842 .85985 18 
415 1.6831 .85970 17 
454 1.6820 .85956 16 


494 1.6808 .85941 15 
933 1.6797 .85926 14 
573 1.6786 .85911 13 
612 1.6775 .85896 12 
651 1.6764 .85881 11 


691 1.6753 .85866 
730 1.6742 .85851 
770 1.6731 .85836 
809 1.6720 .85821 
849 1.6709 .85806 


888 1.6698 .85792 
928 1.6687 .85777 
967 1.6676 .85762 
007 1.6665 .85747 
046 1.6654 .85732 


086 1.6643 .85717 


~| = 
SC KFNWR DrIICOO 
~lo FPNMWOWPU M~IC0Cw 


Cos 


NATURAL TRIGONOMETRIC FUNCTIONS 
32° (212°) (327°) 147° 33° (213°) (326°) 146° 
i Tan Ctn Cos Sin Tan Ctn 


-62487 1.6003 .84805 54464 .64941 1.5399 
-62527 1.5993 .84789 54488 .64982 1.5389 
62568 1.5983 .84774 54513 .65024 1.5379 
62608 1.5972 .84759 54537 .65065 1.5369 
62649 1.5962 .84743 -54561 .65106 1.5359 


62689 1.5952 .84728 54586 .65148 1.5350 
-62730 1.5941 .84712 54610 .65189 1.5340 
62770 1.5931 .84697 -54635 .65231 1.5330 
62811 1.5921 .84681 04659 .65272 1.5320 
62852 1.5911 .84666 54683 .65314 1.5311 


62892 1.5900 .84650 04708 .65355 1.5301 
-62933 1.5890 .84635 94732. .65397 1.5291 
-62973 1.5880 .84619 94756 .65438 1.5282 
63014 1.5869 .84604 04781 .65480 1.5272 
63055 1.5859 .84588 04805 .65521 1.5262 


-63095 1.5849 .84573 54829 .65563 1.5253 
-63136 1.5839 .84557 04854 .65604 1.5243 
63177 1.5829 .84542 04878 .65646 1.5233 
63217 1.5818 .84526 04902 .65688 1.5224 
63258 1.5808 .84511 54927 .65729 1.5214 


-63299 1.5798 .84495 54951 .65771 1.5204 
63340 1.5788 .84480 04975 .65813 1.5195 
63380 1.5778 .84464 54999 .65854 1.5185 
-63421 1.5768 .84448 55024 .65896 1.5175 
63462 1.5757 .84433 00048 .65938 1.5166 


-63503 1.5747 .84417 55072 .65980 1.5156 
-63544 1.5737 .84402 99097 .66021 1.5147 
-63584 1.5727 .84386 55121 .66063 1.5137 
-63625 1.5717 .84370 09145 .66105 1.5127 
-63666 1.5707 .84355 “Oo LGd ay 1.5118 


Corgan PwWreo| > 


-63707 1.5697 .84339 55194. 1.5108 


-63748 1.5687 .84324 HVS 1.5099 
-63789 1.5677 .84308 00242. 1.5089 
63830 1.5667 .84292 00266 . 1.5080 
63871 1.5657 .84277 SOOeO Lame 1.5070 


63912 1.5647 .84261 Ey 1.5061 
-63953 1.5637 .84245 ARRER) 1.5051 
63994 1.5627 .84230 200S03:e 1.5042 
64035 1.5617 .84214 55388. 1.5032 
-64076 1.5607 .84198 : : 1.5023 


64117 1.5597 .84182 3 é 1.5013 
54000 .64158 1.5587 .84167 - : 1.5004 
04024 .64199 1.5577 .84151 : : 1.4994 
54049 .64240 1.5567 .84135 ; : 1.4985 
54073 .64281 1.5557 .84120 ; 4 1.4975 


54097 .64322 1.5547 .84104 4 : 1.4966 
54122 .64363 1.5537 .84088 cl : 1.4957 
54146 .64404 1.5527 .84072 3 4 1.4947 
54171 .64446 1.5517 .84057 ; : 1.4938 
54195 .64487 1.5507 .84041 3 é 1.4928 


54220 .64528 1.5497 .84025 1.4919 
54244 .64569 1.5487 .84009 1.4910 
54269 .64610 1.5477 .83994 1.4900 
94293 .64652 1.5468 .83978 1.4891 
94317 .64693 1.5458 .83962 1.4882 


-54342 .64734 1.5448 .83946 1.4872 
-54366 .64775 1.5438 .83930 1.4863 
-54391 .64817 1.5428 .83915 1.4854 
-54415 .64858 1.5418 .83899 1.4844 
-54440 .64899 1.5408 .83883 1.4835 
-54464 .64941 1.5399 .83867 1.4826 
Cos Ctn Tan Sin Tan 


122° (302°) (237°) 57° 123° (303°) (236°) 56° 


~| = 
oOo RPrmoORO Mm~000O 


NATURAL TRIGONOMETRIC FUNCTIONS / 553 


NATURAL TRIGONOMETRIC FUNCTIONS 
34° (214°) (325°) 145° 35° (215°) (324°) 144° 
Sin Tan Ctn Cos / Sin Tan Ctn Cos 


55919 .67451 1.4826 .82904 60 97358 .70021 1.4281 .81915 
55943 .67493 1.4816 .82887 59 97381 .70064 1.4273 .81899 
55968 .67536 1.4807 .82871 58 57405 .70107 1.4264 .81882 
55992 .67578 1.4798 .82855 57 97429 .70151 1.4255 .81865 
-56016 .67620 1.4788 .82839 56 97453 .70194 1.4246 .81848 


56040 .67663 1.4779 .82822 55 97477 70238 1.4237 .81832 
56064 .67705 1.4770 .82806 54 97501 .70281 1.4229 .81815 
56088 .67748 1.4761 .82790 53 97524 .70325 1.4220 .81798 
96112 .67790 1.4751 .82773 52 9/548 .70368 1.4211 .81782 
56136 .67832 1.4742 .82757 51 97572 .70412 1.4202 .81765 


10 56160 .67875 1.4733 .82741 50 9/596 .70455 1.4193 .81748 
11 56184 67917 1.4724 .82724 49 97619 .70499 1.4185 .81731 
12 96208 .67960 1.4715 .82708 48 97643 .70542 1.4176 .81714 
13 56232 .68002 1.4705 .82692 47 07667 .70586 1.4167 .81698 
14 96256 .68045 1.4696 .82675 46 97691 .70629 1.4158 .81681 


15 06280 .68088 1.4687 .82659 45 57715 .70673 1.4150 .81664 
16 56305 .68130 1.4678 .82643 44 97738 .70717 1.4141 81647 
17 96329 .68173 1.4669 .82626 43 97762 .70760 1.4132 .81631 
18 06353 .68215 1.4659 .82610 42 97786 .70804 1.4124 .81614 
19 56377 .68258 1.4650 .82593 41 97810 .70848 1.4115 .81597 


20 56401 .68301 1.4641 .82577 40 97833 .70891 1.4106 .81580 
21 56425 .68343 1.4632 .82561 39 97857 .70935 1.4097 .81563 
22 96449 .68386 1.4623 .82544 38 57881 .70979 1.4089 .81546 
23 56473 .68429 1.4614 .82528 37 57904 .71023 1.4080 .81530 
24 96497 .68471 1.4605 .82511 36 97928 .71066 1.4071 .81513 


25 56521 .68514 1.4596 .82495 35 57952 .71110 1.4063 .81496 
26 56545 .68557 1.4586 .82478 34 57976 .71154 1.4054 .81479 
27 06569 .68600 1.4577 .82462 33 57999 .71198 1.4045 .81462 
28 06593 .68642- 1.4568 .82446 32 98023 .71242 1.4037 .81445 
29 96617 .68685 1.4559 .82429 31 58047 .71285 1.4028 .81428 


30 06641 .68728 1.4550 .82413 30 58070 .71329 1.4019 .81412 
31 06665 .68771 1.4541 .82396 29 
32 96689 .68814 1.4532 .82380 28 
33 96713 .68857 1.4523 .82363 27 
34 56736 .68900 1.4514 .82347 26 


35 06760 .68942 1.4505 .82330 25 
36 06784 .68985 1.4496 .82314 24 
37 06808 .69028 1.4487 .82297 23 
38 56832 .69071 1.4478 .82281 22 
39 06856 .69114 1.4469 .82264 21 


40 06880 .69157 1.4460 .82248 20 
41 96904 .69200 1.4451 .82231 19 
42 96928 .69243 1.4442 .82214 18 
43 96952 .69286 1.4433 .82198 17 
44 96976 .69329 1.4424 .82181 16 


45 97000 .69372 1.4415 .82165 15 
46 97024 .69416 1.4406 .82148 14 
47 97047 .69459 1.4397 .82132 13 
48 97071 .69502 1.4388 .82115 12 
49 97095 .69545 1.4379 .82098 11 


WornMHan PHWreo | = 
COON Pwreo | > 


58094 .71373 1.4011 .81395 
58118 .71417 1.4002 .81378 
58141 .71461 1.3994 .81361 
98165 .71505 1.3985 .81344 


58189 .71549 1.3976 .81327 
-58212 .71593 1.3968 .81310 
-58236 .71637 1.3959 .81293 
58260 .71681 1.3951 .81276 
58283 .71725 1.3942 .81259 


-98307 .71769 1.3934 .81242 
98330 .71813 1.3925 .81225 
98354 .71857 1.3916 .81208 
98378 .71901 1.3908 .81191 
98401 .71946 1.3899 .81174 


98425 .71990 1.3891 .81157 
98449 .72034 1.3882 .81140 
98472 .72078 1.3874 .81123 
98496 .72122 1.3865 .81106 
08519 .72167 1.3857 .81089 


50 57119 .69588 1.4370 .82082 10 -58543 .72211 1.3848 .81072 

51 57143 .69631 1.4361 .82065 9 58567 .72255 1.3840 .81055 9 
52 -57167 .69675 1.4352 .82048 8 -58590 .72299 1.3831 .81038 8 
53 -57191 .69718 1.4344 .82032 7 -58614 .72344 1.3823 .81021 7 
54 57215 .69761 1.4335 .82015 6 -58637 .72388 1.3814 .81004 6 
55 -57238 .69804 1.4326 .81999 5 -58661 .72432 1.3806 .80987 5 
56 -47262 .69847 1.4317 .81982 4 58684 .72477 1.3798 .80970 4 
57 -57286 .69891 1.4308 .81965 3 58708 .72521 1.3789 .80953 3 
58 -57310 .69934 1.4299 .81949 Z -58731 .72565 1.3781 .80936 2 
59 -57334 .69977 1.4290 .81932 1 -58755 .72610 1.3772 .80919 1 
60 -57358 .70021 1.4281 .81915 0 -58779 .72654 1.3764 80902 0 
/ Cos Ctn Tan Sin / Cos Ctn Tan Sin / 

Mrsecen ttl Recat SN ern kia ead ah aptiios reed larw gees 
124° (304°) (235°) 55° 125° (305°) (234°) 54° 


554 / APPENDIX A 


NATURAL TRIGONOMETRIC FUNCTIONS 
36° (216°) (323°) 143° 37° (217°) (322°) 142° 
Sin Tan Cin Cos Sin Tan 


58779 .72654 1.3764 .80902 60182 .75355 
58802 .72699 1.3755 .80885 60205 .75401 
58826 .72743 1.3747 .80867 60228 .75447 
58849 .72788 1.3739 .80850 60251 .75492 
58873 .72832 1.3730 .80833 60274 .75538 


58896 .72877 1.3722 .80816 -60298 .75584 
-58920 .72921 1.3713 .80799 60321 .75629 
-58943 .72966 1.3705 .80782 60344 .75675 
-58967 .73010 1.3697 .80765 60367 .75721 
98990 .73055 1.3688 .80748 -60390 .75767 


99014 .73100 1.3680 .80730 60414 .75812 
99037 .73144 1.3672 .80713 -60437 .75858 
99061 .73189 1.3663 .80696 -60460 .75904 
99084 .73234 1.3655 .80679 60483 .75950 
99108 .73278 1.3647 .80662 -60506 .75996 


59131 .73323 1.3638 .80644 60529 .76042 
99154 .73368 1.3630 .80627 -60553 .76088 
99178 .73413 1.3622 .80610 60576 .76134 
99201 .73457 1.3613 .80593 -60599 .76180 
99225 .73502 1.3605 .80576 60622 .76226 


59248 .73547 1.3597 .80558 -60645 .76272 
99272 .73592 1.3588 .80541 60668 .76318 
59295 .73637 1.3580 .80524 60691 .76364 
99318 .73681 1.3572 .80507 60714 .76410 
99342 .73726 1.3564 .80489 60738  .76456 


99365. .73771 1.3555 .80472 60761 .76502 
99389 .73816 1.3547 .80455 60784 .76548 
59412 .73861 1.3539 .80438 -60807 .76594 
99436 .73906 1.3531 .80420 -60830 .76640 
59459 .73951 1.3522 .80403 60853 .76686 


60876 .76733 


WHONUMM RPUWreo| > 
CONMDM PWHYRKO | 


59482 .73996 1.3514 .80386 
60899 .76779 
60922 .76825 
60945 .76871 
-60968 .76918 


99506 .74041 1.3506 .80368 
99529 .74086 1.3498 .80351 
99552 .74131 1.3490 .80334 

74176 1.3481 .80316 


74221 1.3473 80299 
74267 1.3465 .80282 
74312 1.3457 .80264 
74357 1.3449 .80247 
74402 1.3440 .80230 


74447 1.3432 .80212 
74492 1.3424 .80195 
74538 1.3416 .80178 
74583 1.3408 .80160 
74628 1.3400 .80143 


: 74674 1.3392 .80125 
99856 .74719 1.3384 .80108 
99879 .74764 1.3375 .80091 
99902 .74810 1.3367 .80073 
59926 .74855 1.3359 .80056 


99949 .74900 1.3351 .80038 
99972 .74946 1.3343 .80021 
99995 .74991 1.3335  .80003 
-60019 .75037 1.3327 .79986 
60042 .75082 1.3319 .79968 


60065 .75128 1.3311 .79951 
-60089 .75173 1.3303 .79934 
60112 .75219 1.3295 .79916 
-60135 .75264 1.3287 .79899 
60158 .75310 1.3278 .79881 
60182 .75355 1.3270 .79864 
Cos Ctn Tan Sin 


126° (306°) (233°) 53° 127° (307°) (232°) 52° 


60991 .76964 
61015 .77010 
61038 .77057 
61061 .77103 
61084 .77149 


-61107  .77196 
61130 .77242 
61153 .77289 
61176 = .77335 
61199 .77382 


61222 .77428 
61245 .77475 
-61268 .77521 
.61291 .77568 
61314 .77615 


61337 .77661 
-61360 .77708 
61383 .77754 
61406 .77801 
61429 77848 


61451 .77895 
61474 .77941 
17988 
-78035 
.78082 


78129 


~| = 
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NATURAL TRIGONOMETRIC FUNCTIONS / 555 


38° (218°) 
Sin 


61566 
61589 
61612 
61635 
61658 


61681 
61704 
61726 
61749 
61772 


61795 
61818 
61841 
61864 
61887 


61909 
61932 
61955 
.61978 
-62001 


-62024 
62046 
.62069 
62092 
62115 


62138 
.62160 
62183 
62206 
62229 


62251 
62274 
62297 
62320 
62342 


62365 
62388 
62411 
62433 
62456 


62479 
62502 
62524 
62547 
.62570 


62592 
62615 
62638 
62660 
62683 


62706 
62728 
62751 
62774 
62796 


62819 
62842 
62864 
62887 
.62909 


62932 


WoomMDea Rwnmeo| ~ 


Cos 


128° (308°) 


NATURAL TRIGONOMETRIC FUNCTIONS 


Tan 


78129 
78175 
.18222 
.78269 
78316 


.18363 
-78410 
-18457 
.78504 
78551 


78598 
78645 
.18692 
18739 
.78786 


78834 
./8881 
18928 
78975 
79022 


-79070 
79117 
79164 
79212 
79259 


.79306 
79354 
79401 


79449 


79591 
-79639 
79686 
79734 


79781 
19829 
19877 


79924 


19972 


-80020 
-80067 
80115 


80163 
80211 


80258 
-80306 
-80354 


-80402 
.80450 


-80498 
80546 
80594 
80642 
-80690 


80738 
-80786 
80834 
80882 
.80930 


-80978 


Ctn 


556 / APPENDIX A 


Ctn 


1.2799 
1.2792 
1.2784 
1.2776 
1.2769 


1.2761 
1.2753 
1.2746 
1.2738 
1.2731 


1.2723 
1.2715 
1.2708 
1.2700 
1.2693 


1.2685 
1.2677 
1.2670 
1.2662 
1.2655 


1.2647 
1.2640 
1.2632 
1.2624 
1.2617 


1.2609 
1.2602 
1.2594 
1.2587 
1.2579 


1.2572 
1.2564 
1.2557 
1.2549 
1.2542 


1.2534 
1.2527 
1.2519 
1.2512 
1.2504 


1.2497 
1.2489 
1.2482 
1.2475 
1.2467 


1.2460 
1.2452 
1.2445 
1.2437 
1.2430 


1.2423 
1.2415 
1.2408 
1.2401 
1.2393 


1.2386 
1.2378 
1.2371 
1.2364 
1.2356 


1.2349 


Tan 


(321°) 141° 
Cos 


.78801 
-/8783 
78765 


78747 
.78729 


78711 
78694 
-18676 


.78658 
-78640 


78622 
-/8604 
-78586 


.78568 
-78550 


78532 
78514 
-78496 
18478 
.78460 


78442 
78424 
78405 
-78387 
-78369 


78351 
.18333 
78315 
18297 
.78279 


-78261 
78243 
78225 
-78206 
78188 


78170 
78152 
78134 
78116 
.78098 


.18079 
78061 
.78043 
78025 
78007 


.17988 
77970 
17952 
17934 
77916 


77897 
17879 
77861 
77843 
17824 


77806 
17788 
77769 
iia 
17133 


17715 


ee | = 
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Sin 
(231°) 51° 


39° (219°) 
Sin 


62932 
62955 
62977 
-63000 
-63022 


-63045 
-63068 
-63090 
63113 
63135 


-63158 
-63180 
63203 
-63225 
63248 


63271 
-63293 
63316 
63338 
-63361 


-63383 
-63406 
63428 
63451 
63473 


-63496 
63518 
-63540 
-63563 
-63585 


-63608 
-63630 
63653 
-63675 
63698 


63720 
63742 
-63765 
-63787 
63810 


-63832 
63854 
63877 
-63899 
63922 


63944 
-63966 
63989 
64011 
64033 


-64056 
.64078 
64100 
64123 
64145 


64167 
64190 
64212 
64234 
64256 


64279 


COUR RWroHo| ~ 


Cos 


129° (309°) 


Tan 


80978 
81027 
81075 
81123 
81171 


81220 
81268 
81316 
81364 
81413 


81461 
81510 
81558 
-81606 
81655 


-81703 
81752 
-81800 
81849 
-81898 


81946 
81995 
-82044 
-82092 
82141 


82190 
82238 
82287 
82336 
82385 


82434 
82483 
82531 
82580 
.82629 


82678 
82727 
82776 
82825 
-82874 


82923 
82972 
83022 
83071 
83120 


-83169 
83218 
83268 
-83317 
83366 


83415 
-83465 
83514 
-83564 
83613 


83662 
83712 
.83761 
83811 
.83860 


.83910 


Ctn 


Ctn 


1.2349 
1.2342 
1.2334 
1.2327 
1.2320 


1.2312 
1.2305 
1.2298 
1.2290 
1.2283 


1.2276 
1.2268 
1.2261 
1.2254 
1.2247 


1.2239 
1.2232 
1.2225 
1.2218 
1.2210 


1.2203 
1.2196 
1.2189 
1.2181 
1.2174 


1.2167 
1.2160 
1.2153 
1.2145 
1.2138 


1.2131 
1.2124 
1.2117 
1.2109 
1.2102 


1.2095 
1.2088 
1.2081 
1.2074 
1.2066 


1.2059 
1.2052 
1.2045 
1.2038 
1.2031 


1.2024 
1.2017 
1.2009 
1.2002 
1.1995 


1.1988 
1.1981 
1.1974 
1.1967 
1.1960 


1.1953 
1.1946 
1.1939 
1.1932 
1.1925 


1.1918 
Tan 


.76791 


-76698 
76679 
76661 
76642 
.76623 


-76604 


(320°) 140° 
Cos 


17715 
77696 
17678 


.17660 
77641 


17623 
77605 
77586 


77568 
77550 


77531 
17513 
77494 


77476 
17458 


77439 
77421 
17402 


17384 


77329 
77310 
77292 


77236 
77218 


pies) 
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Sin 
(230°) 50° 


NATURAL TRIGONOMETRIC FUNCTIONS 
40° (220°) (319°) 139° 41° (221°) (318°) 138° 
Tan Ctn Cos Sin Tan Ctn Cos 


83910 1.1918 .76604 65606 .86929 1.1504 .75471 
-83960 1.1910 .76586 65628 .86980 1.1497 .75452 
84009 1.1903 .76567 -65650 .87031 1.1490 .75433 
84059 1.1896 .76548 65672 .87082 1.1483 .75414 
84108 1.1889 .76530 -65694 .87133 1.1477 .75395 


84158 1.1882 .76511 65716 .87184 1.1470 .75375 
-84208 1.1875 .76492 65738 .87236 1.1463 .75356 
84258 1.1868 .76473 65759 .87287 1.1456 .75337 
84307 1.1861 .76455 65781 .87338 1.1450 .75318 
84357 1.1854 .76436 65803 .87389 1.1443 .75299 


84407 1.1847 .76417 -65825 .87441 1.1436 .75280 
84457 1.1840 .76398 -65847 .87492 1.1430 .75261 
84507 1.1833 .76380 65869 .87543 1.1423 .75241 
84556 1.1826 .76361 -65891 .87595 1.1416 .75222 
84606 1.1819 .76342 65913 .87646 1.1410 .75203 


84656 1.1812 .76323 65935 .87698 1.1403 .75184 
-84706 1.1806 .76304 -65956 .87749 1.1396 .75165 
84756 1.1799 .76286 65978 .87801 1.1389 .75146 
-84806 1.1792 .76267 -66000 .87852 1.1383 .75126 
84856 1.1785 .76248 -66022 .87904 1.1376 .75107 


-84906 1.1778 .76229 -66044 .87955 1.1369 .75088 
84956 1.1771 .76210 -66066 .88007 1.1363 .75069 
85006 1.1764 .76192 -66088 .88059 1.1356 .75050 
85057 1.1757 .76173 66109 .88110 1.1349 .75030 
85107 1.1750 .76154 66131 .88162 1.1343 .75011 


85157 1.1743 .76135 66153 .88214 1.1336 .74992 
85207 1.1736 .76116 66175 .88265 1.1329 74973 
85257 1.1729 .76097 66197 .88317 1.1323 .74953 
-85308 1.1722 .76078 -66218 .88369 1.1316 .74934 
85358 1.1715 .76059 66240 .88421 1.1310 .74915 


WONOM PWrEo| ~ 


85408 1.1708 .76041 66262 .88473 1.1303 .74896 


85458 1.1702 .76022 66284 .88524 1.1296 .74876 
85509 1.1695 .76003 -66306 .88576 1.1290 .74857 
85599 1.1688 .75984 66327 .88628 1.1283 .74838 
85609 1.1681 .75965 66349 .88680 1.1276 .74818 


-85660 1.1674 .75946 66371 .88732 1.1270 .74799 
-85710 1.1667 .75927 -66393 .88784 1.1263 .74780 
85761 1.1660 .75908 -66414 .88836 1.1257 .74760 
85811 1.1653 .75889 66436 .88888 1.1250 .74741 
85862 1.1647 .75870 66458 .88940 1.1243 .74722 


85912 1.1640 .75851 -66480 .88992 1.1237 .74703 
85963 1.1633 .75832 66501 .89045 1.1230 .74683 
86014 1.1626 .75813 66523 .89097 1.1224 .74664 
86064 1.1619 .75794 66545 .89149 1.1217 .74644 
86115 1.1612 .75775 66566 .89201 1.1211 .74625 


86166 1.1606 .75756 66588 .89253 1.1204 .74606 
86216 1.1599 .75738 -66610 .89306 1.1197 .74586 
86267 1.1592 .75719 -66632 .89358 1.1191 .74567 
86318 1.1585 .75700 66653 .89410 1.1184 .74548 
86368 1.1578 .75680 -66675 .89463 1.1178 .74528 


86419 1.1571 .75661 66697 .89515 1.1171 .74509 
86470 1.1565 .75642 66718 .89567 1.1165 .74489 
-86521 1.1558 .75623 66740 .89620 1.1158 .74470 
86572 1.1551 .75604 66762 .89672 1.1152 .74451 
86623 1.1544 .75585 66783 .89725 1.1145 .74431 


.86674 1.1538 .75566 66805 .89777 1.1139 .74412 
86725 1.1531 .75547 66827 .89830 1.1132 .74392 
86776 1.1524 .75528 66848 .89883 1.1126 .74373 
-86827 1.1517 .75509 .66870 .89935 1.1119 .74353 
-86878 1.1510 .75490 .66891 .89988 1.1113 .74334 
-86929 1.1504 .75471 .66913 .90040 1.1106 .74314 
Cos Ctn: Tan Sin Cos Ctn Tan Sin 


130° (310°) (229°) 49° 131° (311°) (228°) 48° 


~ | Lom) 
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42° (222°) 
Sin 


NATURAL TRIGONOMETRIC FUNCTIONS 


Tan 


Ctn 


(317°) 137° 
Cos 


66913 
66935 
.66956 
66978 
66999 


.67021 
67043 
67064 
67086 
67107 


67129 
.67151 
67172 
.67194 
67215 


67237 
67258 
67280 
67301 
67323 


67344 
.67366 
67387 
67409 
.67430 


67452 
67473 
-67495 
67516 
-67538 


WoNMM RBWrHeo!l > 


.67559 


67580 
-67602 
67623 
-67645 


67666 
67688 
67709 
67730 
67752 


67773 
67795 
67816 
.67837 
67859 


-67880 
67901 
67923 
67944 
-67965 


67987 
-68008 
-68029 
-68051 
68072 


-68093 


132° (312°) 


558 / APPENDIX 


.90040 
90093 
90146 
.90199 
90251 


90304 
90357 
90410 
90463 
90516 


.90569 
90621 
-90674 
90727 
.90781 


90834 
-90887 
-90940 
.90993 
91046 


.91099 
91153 
.91206 
-91259 
91313 


91366 
91419 
-91473 
91526 
91580 


91633 
91687 
91740 
91794 
91847 


91901 
91955 
92008 
92062 
92116 


92170 
92224 
92277 
92331 
92385 


92439 
92493 
92547 
.92601 
92655 


92709 
92763 
92817 
92872 
92926 


92980 
93034 
-93088 
93143 
93197 


93252 
Ctn 


1.1106 
1.1100 
1.1093 
1.1087 
1.1080 


1.1074 
1.1067 
1.1061 
1.1054 
1.1048 


1.1041 
1.1035 
1.1028 
1.1022 
1.1016 


1.1009 
1.1003 
1.0996 
1.0990 
1.0983 


1.0977 
1.0971 
1.0964 
1.0958 
1.0951 


1.0945 
1.0939 
1.0932 
1.0926 
1.0919 


1.0913 
1.0907 
1.0900 
1.0894 
1.0888 


1.0881 
1.0875 
1.0869 
1.0862 
1.0856 


1.0850 
1.0843 
1.0837 
1.0831 
1.0824 


1.0818 
1.0812 
1.0805 
1.0799 
1.0793 


1.0786 
1.0780 
1.0774 
1.0768 
1.0761 


1.0755 
1.0749 
1.0742 
1.0736 
1.0730 


1.0724 


Tan 


74314 
74295 
74276 
74256 
14237 


74217 
74198 
74178 
74159 
74139 


74120 
74100 
74080 
74061 
74041 


74022 
74002 
13983 
-73963 
13944 


73924 
.73904 
.73885 
73865 
73846 


13826 
.73806 
73787 
73767 
13747 


13728 
-73708 
-73688 
.73669 
73649 


73629 
.73610 
.73590 
.73570 
73551 


73531 
73511 
.73491 
13472 
73452 


73432 
73413 
.73393 
.13373 
73353 


13333 
73314 
.73294 
73274 
73254 


73234 
73215 
73195 
AEE 
73155 
73135 
Sin 
(227°) 47° 


~| les 
SO KBPNWEUT MIMWO 


43° (223°) 
Sin 


68200 
68221 
-68242 
68264 
68285 


-68306 
68327 
68349 
68370 
68391 


68412 
68434 
-68455 
68476 
68497 


68518 
68539 
68561 
68582 
-68603 


68624 
68645 
-68666 
68688 
68709 


.68730 
68751 
68772 
.68793 
68814 


68835 
68857 
68878 
68899 
.68920 


68941 
68962 
68983 
-69004 
69025 


69046 
69067 
69088 
.69109 
-69130 


69151 
69172 
.69193 
69214 
69235 


69256 
69277 
69298 
.69319 
69340 


.69361 
.69382 
69403 
69424 
69445 


-69466 


WonNon Pwrro| > 


Cos 


133° (313°) 


Tan 


93252 
-93306 
-93360 
93415 
93469 


93524 
93578 
-93633 
-93688 
93742 


-93797 
93852 
-93906 
.93961 
-94016 


94071 
94125 
94180 
-94235 
94290 


94345 
94400 
94455 
.94510 
94565 


94620 
-94676 
94731 
94786 
94841 


-94896 
94952 
.95007 
-95062 
95118 


95173 
-95229 
.95284 
.95340 
-95395 


95451 
-95506 
95562 
.95618 
-95673 


.95729 
95785 
95841 
95897 
.95952 


-96008 
-96064 
96120 
96176 
96232 


96288 
96344 
-96400 
-96457 
96513 


-96569 


Ctn 


Ctn 


1.0724 
1.0717 
1.0711 
1.0705 
1.0699 


1.0692 
1.0686 
1.0680 
1.0674 
1.0668 


1.0661 
1.0655 
1.0649 
1.0643 
1.0637 


1.0630 
1.0624 
1.0618 
1.0612 
1.0606 


1.0599 
1.0593 
1.0587 
1.0581 
1.0575 


1.0569 
1.0562 
1.0556 
1.0550 
1.0544 


1.0538 
1.0532 
1.0526 
1.0519 
1.0513 


1.0507 
1.0501 
1.0495 
1.0489 
1.0483 


1.0477 
1.0470 
1.0464 
1.0458 
1.0452 


1.0446 
1.0440 
1.0434 
1.0428 
1.0422 


1.0416 
1.0410 
1.0404 
1.0398 
1.0392 


1.0385 
1.0379 
1.0373 
1.0367 
1.0361 


1.0355 


Tan 


(316°) 136° 
Cos 


73135 
73116 
73096 
.73076 
73056 


.13036 
73016 
12996 
72976 
72957 


12937 
72917 
12897 
72877 
72857 


12837 
72817 
12797 
72777 
72757 


12737 
12717 
12697 
72677 
72657 


12637 
72617 
72597 
72577 
72557 


12537 
72517 
72497 
12477 
72457 


72437 
72417 
12397 
12377 
72357 


12337 
72317 
72297 
12277 
12257 


12236 
72216 
72196 
72176 
72156 


72136 
72116 
72095 
72075 
72055 


.72035 
72015 
71995 
.71974 
71954 
.71934 
Sin 
(226°) 46° 


~lo Bpnwan aru38©%8 


NATURAL TRIGONOMETRIC FUNCTIONS 
AA? (224°) (315°) 135° 


70112 
‘70132 
‘70153 


'98499 


3 98556 

70215 .98613 

70236 .98671 1. 

70257 .98728 1.0129 
98786 1.0123 


: 98843 1.0117 
70319 .98901 1.0111 
70339 .98958 1.0105 
70360 .99016 1.0099 
70381 .99073 1.0094 


70401 .99131 1.0088 
70422 .99189 1.0082 
10443 .99247 1.0076 
70463 .99304 1.0070 
70484 .99362 1.0064 


70505 .99420 1.0058 
10525 .99478 1.0052 
70546 .99536 1.0047 
70567 .99594 1.0041 
70587 .99652 1.0035 


70608 .99710 1.0029 
70628 .99768 1.0023 
70649 .99826 1.0017 
70670 .99884 1.0012 
70690 .99942 1.0006 
70711 1.0000 1.0000 
Cos Ctn Tan 


134° (314°) (225°) 45° 


NATURAL TRIGONOMETRIC FUNCTIONS / 559 


COMMON LOGARITHMS 
OF NUMBERS 


COMMON LOGARITHMS OF NUMBERS 
100 — 150 


Proportional parts 
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Proportional parts 


.00 000 — .17 869 


COMMON LOGARITHMS OF NUMBERS / 561 


COMMON LOGARITHMS OF NUMBERS 
150 — 200 


3 4 8 9 Proportional parts 

696 725 840 869 
984 *013 *127 *156 
270 412 441 
554 696 724 
837 977. *005 


117 257 = 285 
535 562 
811 838 
*085 *112 
358 = 385 


629 656 
898 925 
*165 *192 
431 458 
696 722 


958 985 
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17.6 
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820 842 
*038 *060 


OoOnonna aon 
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7Aihihe, YAKS 


Proportional parts 


.17 609 — .30 298 


562 / APPENDIX B 


COMMON LOGARITHMS OF NUMBERS 
200 — 250 


Proportional parts 
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Proportional parts 


.30 103 — .39 950 


COMMON LOGARITHMS OF NUMBERS / 563 


COMMON LOGARITHMS OF NUMBERS 


250 — 300 
N. 0 1 2 3 4 5 6 7 8 9 Proportional parts 
250 | 39 794 811 829 846 863 881 898 915 933 950 18 
251 967 985 *002 *019 *037 | *054 *071 *088 *106 *123 At we 
252 | 40 140 157 175 192 209 226 243 261 278 295 oleae 
253 312 329 346 364 381 398 415 432 449 466 hea 
254 483 500 518 535 552 569 586 603 620 637 ai lpee 
255 654 671 688 705 722 739 756 773 790 807 ; Aa 
256 824 841 858 875 892 909 926 943 960 976 Soles 
257 993 *010 *027 *044 *061 | *078 *095 *111 *128 *145 Cle 
258i i). 41, w1G2ia) 1790 ea196) 2k? ae 229 246 263 280 296 313 ealelee 
259 330 347 363 380 397 414 430 447 464 481 : 
260 497 514 531 547 564 581 597 614 631 647 17 
261 664) 68lNn GOT) W714) © 731 747 764 780 797 814 ar 
262 830 847 863 880 396 913 929 946 963 979 oil eake 
263 996 *012 *029 *045 *062 | *078 ¥*095 *111 *127 *144 pha 
264 | 42 160 177 193 210 226 243 259 275 292 308 rs 
265 325 341 357 374 390 406 423 439 455 472 oe 
266 488 504 521 537 553 570 586 602 619 635 wala 
267 651 667 684 700 716 732 749 765 781 797 ae 
268 813 830 846 862 878 894 911 927 943 959 mel lie 
269 975 991 *008 *024 *040 | *056 *072 *088 *104 *120 . 
270 | 43 136 152 169 185 201 217 233 249 265 «281 16 
271 297 313 «329 «4345 «(361 377 393 «409 «425-441 a 
272 457 473 489° 505 521 537 553 569 584 600 nate 
273 616 632 648 664 680 696 712 727 743 759 cil pete 
274 775 791 807 823 938 854 870 886 902 917 ry 
275 933 949 965 981 996 | *012 *028 *044 *059 *075 s : 
276 | 44 091 107 122 138 154 170 185 201 217 232 onl oae 
277 248 264 279 295 311 326 342 358 373 389 74 nes 
278 404 420 436 451 467 483 498 514 529 545 oil aan 
279 560 576 592 607 623 638 654 669 685 700 : 
280 716) 73200 eTAT Ue 76208 778 793 809 824 840 855 15 
281 871 886 902 917 932 948 963 979 994 *010 Fe ear 
282 | 45 025 040 056 O71 086 102. 117 © 133 - 148 163 aileas 
283 179 194 209 225 240 55 271) 2868 Ps0l) 2917 siege 
284 332 347 362 378 393 408 423 439 454 469 Sein 
285 484 500 515 530 545 561 576 591 606 621 bes 
286 637. 652 667 682 697 710m 128) eT Sg eno te 773 a eee 
287 788 803 818 834 849 864 879 894 909 924 nots 
288 939 954 969 $84 *000 | *015 *030 *045 *060 *075 8 fae 
289 | 46 090 105 120 135 150 165 180 195 210 225 : 
290 240 255 270 285 300 315 330 345 359 374 14 
291 389 404 419 434 449 464 479 494 509 523 5 leas 
292 538 553 568 583 598 613 627 642 657 672 Shliee 
293 687. 702 716 731 746 761 776 790 805 820 mae 
294 835 850 864 879 894 909 923 938 953 967 rh 
295 982 997 *012 *026 *041 | *056 *070 *085 *100 *114 : es 
296 | 47 129 144 159 173 188 202 217 232 246 261 eb 
297 276 290 305 319 334 349 363 378 392 407 lee 
298 422 436 451 465 480 494 509 524 538 553 a ae 
299 567 582 596 611 625 640 654 669 683 698 ; 
300 712 727 741 756 770 784 799 813 828 842 log e = 0.43429 
N. 0 1 2 3 4 5 6 7 8 9 Proportional parts 


.39 794 — .47 842 


564 / APPENDIX B 


47 
48 


49 


50 


51 


52 


53 


54 


COMMON LOGARITHMS OF NUMBERS 


300 — 350 

3 4 5 6 mh 8 9 Proportional parts 

756 770 784 799 813 828 9842 

900 914 929 943 958 972 986 

044 058 0737 087i) 10182116 ws 130 

187 202 216 230 244 259 273 

330 344 359 373 387 401 416 py S 
1 1.5 

473 487 501 515 530 544 558 2] 3.0 

615 629 643 657 671 686 700 3| 4.5 

756 770 785 799 813 827 841 4| 6.0 

897 911 926 940 954 968 982 Slaw 6 

*038 *052 | *066 *080 *094 *108 *122 6 | 9.0 
7 | 10.5 

178 192 206 220 234 248 262 8 | 12.0 

318 332 346 360 374 388 402 9 | 13.5 

457 471 485 499 513 527 541 

596 610 624 638 651 665 679 

734 748 762 776 790 803 817 

872 886 900 914 927 941 955 14 

*010 *024 | *037 *051 *065 *079 *092 1) 14 

147. 161 174 188 202 215 229 2| 28 

284 297 311 325 338 352 365 3| 4.2 

420 433 447 461 474 488 501 4| 5.6 
5 7.0 

556 569 583 596 610 623 637 6| 8.4 

691 705 718 732 745 759 772 7| 98 

826 840 853 866 880 393 907 g | 11.2 

961 974 987 *001 *014 *028 *041 9 | 12.6 

095 108 121" 1354 14890162. 175 

228 242 255 268 282 295 308 

362 375 388 402 415 428 441 

495 508 521 534 548 561 574 __13 

627 640 654 667 680 693 706 1) 13 

759 772 786 799 812 825 938 2] 26 
3 3.9 

891 90. 917 930 943 957 970 4] 5.2 

*022 *035 | *048 *061 *075 *088 *101 5] 66 

153 166 179 192 205 218 231 6| 7.8 

284 297 310 323 336 349 362 ice 

414 427 440 453 466 479 492 8 | 10.4 
or aller e 

543 556 569 582 595 608 621 

673 686 699 711 724 737 750 

302815 827 840 853 866 879 

930 943 956 969 982 994 *007 

058 071 084 097 «+110 122 135 12 
1 Az 

186 199 P12 224 oy 23709 250 a 263 aul eoe 

314 326 339 352 364 377 390 3| 3.6 

441 453 466 479 491 504 517 4| 4.8 

567 580 593 605 618 631 643 5] 6.0 

694 706 7199) 7320 44k 157s 769 6] 7.2 
th 8.4 

820 832 845 857 870 882 895 8] 9.6 

945 958 970 983 995 *008 *020 9 | 10.8 

070 083 095 108 120 133 145 

195 208 220 233 245 258 270 

39099 332 345 357 370 382 394 

444 456 469 481 494 506 518 log r = 0.49715 

5 4 5 6 7 8 9 Proportional parts 


AT 712 — .54518 


COMMON LOGARITHMS OF NUMBERS / 565 


COMMON LOGARITHMS OF NUMBERS 
350 — 400 


Proportional parts 
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Proportional parts 


.54 407 — .60 304 


566 / APPENDIX B 
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62 
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64 


65 


COMMON 


LOGARITHMS OF NUMBERS 
400 — 450 
4 5 6 i 8 9 Proportional parts 
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4 5 6 7 8 9 Proportional parts 


.60 206 — .65 408 


COMMON LOGARITHMS OF NUMBERS / 567 


COMMON LOGARITHMS OF NUMBERS 


450 — 500 

N. 0 1 2 3 4 5 6 i 8 9 Proportional parts 

450 | 65 321 331 341 350 360 369 379 389 398 408 

451 418 427 437 447 456 466 475 485 495 504 

452 514 523 533 543 552 562 571 581 591 600 

453 610 619 629 639 648 658 667 677 686 696 

454 706 715 725 734 744 753 763 772 782 792 

455 801 811 820 830 839 849 858 868 877 887 

456 896 906 916 925 935 944 954 963 973 982 

457 992 *001 *011 *020 *030 | *039 *049 *058 *068 *077 10 

458 | 66 087 096 106 115 124 134 143 153 162 172 1 ae 

459 181 191 200 210 219 229. 238 247 257 266 ay 

460 276 285 295 304 314 | 323 332 342 351 361 a fas 

461 370 380 389 398 408 417 427. «4364450455 51 50 

462 464 474 483 492 502 511 521 530 539 549 s'lo66 

463 558 567 577 586 596 605 614 624 633 642 7| 7.0 

464 652 661 671 680 689 699 708 717 727 736 3| 8.0 

465 745 755 764 773 783 | 792 801 811 820 829 Fo 5 

466 839 848 857 867 876 885 894 904 913 922 

467 932 941 950 960 969 978 987 997 *006 *015 

468 67 025 034 043 052 062 071 080 089 099 108 

469 117 127 136 145 154 164 173 182 191 201 

470 210 219 228 237 247 256 265 274 284 293 

471 302 311 321 330 339 348 357 367 376 385 9 

472 394 403 413 422 431 440 449 459 468 477 

473 486 495 504 514 523 532 541 550 560 569 1| 0.9 

474 578 587 596 605 614 624 633 642 651 660 ae 

475 669 679 688 697 706 715 724 733 742 752 4) 3.6 

476 761 770 779 788 797 806 815 825 834 843 5} 4.5 

477 852 861 870 879 888 897 906 916 925 934 6 | 5.4 

478 943. 952 961 970 979 988 997 *006 *015 *024 7) 6.3 

479 68 034 043 052 061 070 079 088 O97 +106 115 : ie 

480 124 133 142 151 160 169 178 187 196 205 

481 215 224 233 242 251 260 269 278 287 296 

482 305 314 323 332 341 350 359 368 377 386 

433 395 404 413 422 431 440 449 458 467 476 

484 485 494 502 511 520 529 538 547 556 565 

485 574 583 592 601 610 619 728 637 646 655 

486 664 673 681 690 699 708 717 726 735 744 8 

487 753 762 771 780 789 797 806 815 824 833 1] 08 

488 842 851 860 869 878 886 895 904 913 922 2] 1.6 

489 931 940 949 958 966 975 984 993 *002 *011 il ek 
4 3.2 

490 | 69 020 028 037 046 055 064 +073 082 090 099 5 | 4.0 

491 108 117 126 135 4144 152 161 170 179 188 6| 4.8 

492 197 205 214 223 232 241 249 258 267 276 7] 66 

493 285 294 302 311 320 329 338 346 355 364 8] 6.4 

494 373 381 390 399 408 417 425 434 443 452 Vy) ee 

495 461 469 478 487 496 504 513 «522 «4531 539 

496 548 557 566 574 583 592 601 609 618 627 

497 636 644 653 662 671 679 688 697 705 714 

498 723 732 740 749 758 767 775 784 793 801 

499 810 819 827 836 845 854 862 871 880 888 

500 897 906 914 923 932 940 949 958 966 975 

N. 0 1 2 3 4 5 6 7 8 9 Proportional parts 


.65 321 — .69 975 


568 / APPENDIX B 


COMMON LOGARITHMS OF NUMBERS 
500 — 550 


Proportional parts 
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Proportional parts 


.69 897 — .14107 


COMMON LOGARITHMS OF NUMBERS / 569 


COMMON LOGARITHMS OF NUMBERS 


550 — 600 

N. 0 1 2 3 4 5 6 i/ 8 9 Proportional parts 
550 74 036 044 052 060 068 076 084 092 099 107 

551 fy bee ay EE) ny 155 162 170 178 186 

552 194990202) 902100 218508225 233 241 «249° «2257 ~=—«265 

553 273. +280 288 296 304 312 320 327 335 343 

554 351 359 367 374 382 390 398 406 414 421 

555 429. 437 445 453 461 468 476 484 492 500 

556 507 515 523 531 539 547 554 562 570 578 

557 586 593 601 609 617 624 632 640 648 656 

558 663 671 679 687 695 7027 10pee 71S a 7261ne 733 

559 741 749 757 764 772 780 788 796 803 811 

560 819 827 834 842 9850 858 865 873 881 889 

561 896 904 912 920 927 935 943 950 958 966 8 
562 974 981 989 997 *005 *012 *020 *028 *035 *043 Sites 
563 75 051 059 066 074 082 089 097 +105 4113 120 2 \iraie 
564 128 136 143 151 159 166 174 182 189 197 a fe oa 
565 205 213. 220 228 236 243 251 259 266 274 : AK 
566 282 289 297 305 312 320 328 335 343 351 oivas 
567 358 366 374 381 389 397 404 412 420 427 7| 56 
568 435 442 450 458 465 473 481 488 496 504 Ss ted 
569 511 519 526 534 542 549 557 565 572 580 9| 7.2 
570 587 595 603 610 618 626 633 641 648 656 

571 664 671 679 686 694 7020) 109 ee7l7 e724 2732 

572 740 747 755 762 770 778 785 793 800 9808 

573 815 823 831 838 846 853 861 868 876 884 

574 891 899 906 914 921 929 937 944 952 959 

575 967 974 982 989 997 *005 *012 *020 *027 *035 

576 76 042 050 057 065 072 080 087 095 103 110 

577 118 125 133 140 148 155 163 170 178 185 

578 193 200 208 215 223 230 238 245 253 260 

579 268 275 283 290 298 305 313 320 328 335 

580 343 350 358 365 373 380 388 395 403 410 7 
581 418 425 433 440 448 455 462 470 477 485 

582 492 500 507 515 522 530 537 545 552 559 1| 07 
583 567 574 582 589 597 604 612 619 626 634 2) 1.4 
584 641 649 656 664 671 678 686 693 701 708 - re 
585 716 723 730 738 745 753 760 768 775 782 5} 3.5 
586 790 797 805 812 819 827 834 842 849 856 6 | 4.2 
587 864 871 879 886 893 901 908 916 923 930 7) 4.9 
588 938 945 953 960 967 975 982 989 997 *004 8) 5.6 
589 77 012 019 026 034 041 048 056 063 070 078 9| 6.3 
590 085 093 100 107 115 122 129 137 144 151 

591 159 166 173 181 188 195 203 210 217 225 

592 232 240 247 254 262 269 276 283 291 298 

593 305 313 320 327 335 342 349 357 364 371 

594 379 386 393 401 408 415 422 430 437 444 

595 452 459 466 474 481 488 495 503 510 517 

596 525 532 539 546 554 561 568 576 583 590 

597 597 605 612 619 627 634 641 648 656 663 

598 670 677 685 692 699 706 714 721 728 735 

599 743. 750 757 764 772 779 786 793 801 808 

600 815 822 830 837 844 851 859 866 873 880 

N. 0 1 2 3 4 5 6 7 8 9 Proportional parts 


.74 036 — .77 880 


570 / APPENDIX B 


COMMON LOGARITHMS OF NUMBERS 


600 — 650 

N. 0 1 2 3 4 5 6 i 8 9 Proportional parts 

600 | 77 815 822 830 837 844 851 859 866 873 880 

601 887 895 902 909 916 924 931 938 945 952 

602 960 967 974 981 988 996 *003 *010 *017 *025 

603 78 032 039 046 053 061 068 075 082 089 097 

604 104 111 4118 125 + 132 140 147 154 161 168 

605 176 183 190 197 204 21m 2199226 e283 e240 

606 247 254 262 269 276 283. 290 297 305 312 

607 319 326 333 340 347 355 362 369 376 383 8 

608 390 398 405 412 419 426 433 440 447 455 en 

609 462 469 476 483 490 497 504 512 519 526 >| Sale 

610 533 540 547 554 561 569 576 583 590 597 ass 

611 604 611 618 625 633 640 647 654 661 668 al 

612 675 682 689 696 704 Takk <7 Gray RPE Teh) || sate 

613 746 753 760 767 774 781 789 796 9803 810 7 | 86 

614 817 824 831 838 845 852 859 866 873 880 eit tele 

615 888 895 902 909 916 923 930 937 944 951 eee 

616 958 965 972 979 986 993 *000 *007 *014 *021 

617 79 029 036 043 050 057 064 +071 078 085 092 

618 099 106 113 120 127 134 141 148 155 162 

619 169 176 183 190 197 204 «211 «2218 «= 225 = 232 

620 239 246 253 260 267 274 281 288 295 302 

621 309 316 323 330 337 344 351 358 365 372 7 

622 379 386 393 400 407 414 421 428. «435 442 

623 449 456 463 470 477 484 491 498 505 511 1 | 0.7 

624 518 525 532 539 546 553 560 567 574 581 a 

625 588 595 602 609 616 623. 630 637 644 650 4) 2.8 

626 657 664 671 678 685 692 699 706 713 720 5 | 3.5 

627 727 734 741 748 754 761 768 775 782 789 6 | 4.2 

628 796 803 810 817 824 831 837 844 851 858 TY) 4.9 

629 865 872 879 886 9893 900 906 913 920 927 ; ae 

630 934 941 948 955 962 969 975 982 989 996 

631 80 003 010 017 024 030 037. 044 +051 058 065 

632 072 +079 «#4085 + 092 099 1060) Listen 1200127) 1e4 

633 140 147 154 161 168 175 182 188 195 202 

634 209 216 223 229 236 243. 250 257 264 271 

635 277 284 «4291 «2298 += 305 312 318 325 332 339 

636 346 353 359 366 373 380 387 393 400 407 6 

637 414. 421 428 «4434 «441 448 455 462 468 475 1/ 0.6 

638 482 489 496 502 509 516 523 530 536 543 All ae 

639 550 557 564 570 577 584 591 598 604 611 3) | ats 
4 2.4 

640 618 625 632 638 645 652 659 665 672 679 Bi Oi 

641 686 693 699 706 713 720 726 733 740 747 6| 3.6 

642 754 760 767 774 781 787 794 801 808 814 Taleeal2 

643 821 828 835 841 848 855 862 868 875 882 8| 4.8 

644 889 895 902 909 916 922 929 936 943 949 9| 5.4 

645 956 963 969 976 983 990 996 *003 *010 *017 

646 81 023 030 037 043 050 057. 064 +070 077 084 

647 90007 menlO4 meet] Lmmetili7 1240131 137) 144 Sl 

648 158 164 171 178 += 184 191 198 204 211 218 

649 224 231 «2238:«=— 245251 258 265 271 278 285 

650 291 298 305 311 318 325 331 338 345 351 

N. 0 1 2 3 4 5 6 7 8 9 Proportional parts 


.77 815 — .81 351 


COMMON LOGARITHMS OF NUMBERS / 571 


COMMON LOGARITHMS OF NUMBERS 


650 — 700 

N. 0 1 2 3 4 5 6 if 8 9 Proportional parts 
650 81 291 298 305 311 318 SYS eel Ek} Ghhy | Shi 

651 Sater - ol) SYA SYA Sia 391 398 405 411 418 

652 425 431 438 445 451 458 465 471 478 485 

653 491 498 505 511 518 525m OS Le OCMen D4 4 OO 

654 558) 564 by eb /S bse. 591 598 604 611 617 

655 624 631 637 644 651 657. 664 671 677 684 

656 690. 697 7) 704) 710) 9717 1235 130) Slee 4S ee OO 

657 yl UES) TH ES 790 796 803 809 816 

658 823. 829 836 842 849 856 862 869 875 382 

659 889 895 902 908 915 921 928 935 941 948 

660 954 961 968 974 981 987 994 *000 *007 *014 if 


661 82 020 027 033 040 046 053 060 066 073 079 


662 086 092 099 105 112 | 119 125 132 138 145 be 
663 151 158 164 171 4178 184 191 197 204 210 3 lien 
664 217 223 «230 236 ~=243 249 256 263 269 276 4 \eale 
665 282 289 295 302 308 | 315 321 328 334 341 & ees 
666 347. 354 360 367 373 380 387 393 400 406 7: ats 
667 413. 419 426 432 439 445 452 458 465 471 3| 66 
668 478 484 491 497 504 510 517 523 530 536 9 bas 
669 543 549 556 562 569 575 582 588 595 601 7 
670 607 614 620 627 633 640 646 653 659 666 

671 672 679 685 692 698 7050 710718 724 2730 

672 737 743 750 756 763 769 776 782 789 795 

673 802 808 814 821 827 834 840 847 853 860 

674 866 872 879 885 892 898 905 911 918 924 

675 930 937 943 950 956 963 969 975 982 988 

676 995 *001 *008 *014 *020 *027 *033 *040 *046 *052 

677 | 83 059 065 072 078 085 091 097 +104 110 117 

678 |! 123 129 136 142 149 155 161 168 174 181 

679 187 193 200 206 213 219 225 232 238 245 

680 251 257 264 270 276 283 289 296 302 308 6 
681 315 321 327 334 340 347 353 359 «366 «= 372 

682 378 385 391 398 404 410 417 423 429 436 1 | 0.6 
683 442 448 455 461 467 474 480 487 493 499 2) 1.2 
684 506 512 518 525 531 537 544 550 556 563 : a 
685 569 575 582 588 594 601 607 613 620 626 S| 3.0 
686 632 639 645 651 658 664 670 677 683 689 6 | 3.6 
687 696 702 708 715 721 727 734 740 746 753 7 | 4.2 
688 759 765 771 778 784 790 797 803 809 816 8 | 4.8 
689 822 828 835 841 9847 853 860 866 872 879 9] 5.4 
690 885 891 897 904 910 916 923 929 935 942 

691 948 954 960 967 973 979 985 992 998 *004 

692 84 O11 017 023 029 036 042 048 055 061 067 

693 073 +080 086 092 098 105g 11 eel 7 eet 23 ee 30) 

694 136 142 148 155 161 167 173 180 186 192 

695 199)eee205 aac eae 230 236 242 248 255 

696 261 267 273 280 286 292 298 305 311 317 

697 323 330 336 342 348 354 361 367 373 379 

698 386 392 398 404 410 417 423 «429° «435 = 442 

699 448 454 460 466 473 479 485 491 497 504 

700 510 516 522 528 535 541 547 553 559 566 

N. 0 1 72 3 4 5 6 7 8 9 Proportional parts 


.81 291 — .84 566 


572 / APPENDIX B 


COMMON LOGARITHMS OF NUMBERS 
700 — 750 


Proportional parts 


_ 


OWNMADMHMaAWN= 
RoC oy IES 
wWnonan-=ay 


. 


1 0 
2 1 
3 a 
4 2 
5 3 
6 3 
7 4 
8 4 
9 5 


haONHAORAND 


i 


OONDHaWN= 
bt LOL a pa 
Nonononon 


Proportional parts 


.84 510 — .87 558 


COMMON LOGARITHMS OF NUMBERS / 573 


COMMON LOGARITHMS OF NUMBERS 


750 — 800 

N. 0 1 2 S 4 5 6 7 8 9 Proportional parts 
750 | 87 506 512 518 523 529 535 541 547 552 558 

75 564 570 576 581 587 593 599 604 610 616 

752 622 628 633 639 645 651 656 662 668 674 

753 679 685 691 697 703 708 714 720 726 731 

754 737. 743 749 754 760 766 772 777 + 783 = 789 

755 795 800 806 812 818 823 829 835 841 846 

756 852 858 864 869 875 881 887 892 898 904 

757 910 915 921 927 933 938 944 950 955 961 

758 967. 973 978 984 990 996 *001 *007 *013 *018 

759 | 88 024 030 036 041 047 053 058 064 070 076 

760 081 087 093 098 104 110 116 121 127 133 6 
761 138 144 150 156 161 167 173 178 184 190 ijilaoe 
762 195 201 207 213 218 224 230 235 «241 ~=«247 atl Ayo 
763 252 258 264 270 275 281 287 292 298 304 al bate 
764 309 315 321 326 332 338 343 349 355 360 rh 
765 366 372 377 383 389 | 395 400 406 412 417 cee 
766 423. 429 434 440 446 451 457 463 468 474 7| 42 
767 480 485 491 497 502 508 513 519 525 530 eitan 
768 536 542 547 553 559 564 570 576 581 587 othe 
769 593 598 604 610 615 621 627 632 638 643 

770 649 655 660 666 672 677 683 689 694 700 

771 kis Bul hi? PTE 734 739 745 750 756 

772 IP 1G WS EY IEE 790 795 801 807 812 

773 818 824 829 835 840 846 852 857 863 868 

774 874 880 885 891 9897 902 908 913 919 925 

775 930 936 941 947 953 958 964 969 975 981 

776 986 992 997 *003 *009 | *014 *020 *025 *031 +037 

777 89 042 048 053 059 064 070 076 081 087 092 

778 098 104 109 115 120 126 131 137 143 148 

779 154 159 165 170 176 182 187 193 198 204 

780 209 215 221 226 232 237. 243 «2248 «254-260 5 
781 265 271 276 282 287 293 298 304 310 315 —— 
782 321 326 332 337 343 348 354 360 365 371 1] 0.5 
783 376 382 387 393 398 404 409 415 421 426 2] 1.0 
784 432 437 443 448 454 459 465 470 476 481 - ie 
785 487 492 498 504 509 515 520 526 531 537 5} 2.5 
786 542 548 553 559 564 570 575 581 586 592 6} 3.0 
787 597 603 609 614 620 625 631 636 642 647 7) 3.6 
788 653 658 664 669 675 680 686 691 697 702 8} 4.0 
789 708 713 719 724 730 735 741 746 752 757 9574-0 
790 763 768 774 779 785 790 796 801 807 812 

791 818 823 829 834 840 845 851 856 862 867 

792 873 878 883 889 894 900 905 911 916 922 

793 927 933 938 944 949 955 960 966 971 977 

794 982 988 993 998 *004 | *009 ¥*015 *020 *026 *031 

795 | 90 037 042 048 053 059 064 069 075 080 086 

796 091 097 102 108 113 119 124 129 135 140 

797 146 151 157 162 168 173. 179 184 189 195 

798 200) 206" 21im 27a) 222 227. 233 «4238 «= 244 = 249 

799 255 260 266 271 276 282 287 293 298 304 

800 309 314 320 325 331 336 342 347 352 358 

N. 0 1 2 3 4 5 6 7 8 9 Proportional parts 


.87 506 — .90 358 


574 | APPENDIX B 


COMMON LOGARITHMS OF NUMBERS 


800 — 850 

N. 0 1 2 3 4 5 6 7 8 9 Proportional parts 
800 90 309 314 320 325 331 336 342 347 352 358 

801 363 369 374 380 385 390 396 401 407 412 

802 417 423 428 434 439 445 450 455 461 466 

803 472 477 482 488 493 499 504 509 515 520 

804 526 531 536 542 547 553 558 563 569 574 

805 580 585 590 596 601 607 612 617 623 628 

806 634. 639 644 650 655 660 666 671 677 682 

807 687 693 698 703 709 714 720 725 730 736 

808 741 747 752 757 763 768 773 779 784 789 

809 795 800 806 811 816 822 827 832 838 843 

810 849 854 859 865 870 875 881 886 891 897 6 
811 902 907 913 918 924 929 934 940 945 950 rw 
812 956 961 966 972 977 982 988 993 998 *004 Sully 
813 91 009 014 020 025 030 036 «4041 046 052 057 3 lea 8 
814 062 068 073 078 084 089 094 100 4105 4110 ee 
815 116 121 126 132 137 | 142 148 153 158 164 Ble 
816 169 174 180 185 190 is Lol ATR A pay aia 
817 VD ES. FRB RES aE 249 254 259 265 270 | PS 
818 275 281 286 291 297 302 307 312 318 323 oie 
819 328 334 339 344 350 355 360 365 371 376 ; 
820 381 387 392 397 403 408 413 418 424 429 

821 434 440 445 450 455 461 466 471 477 482 

822 487 492 498 503 508 514 519 524 529 535 

823 540 545 551 556 561 566 572 577 582 587 

824 593 598 603 609 614 619 624 630 635 640 

825 645 651 656 661 666 672 677 682 687 693 

826 698 703 709 714 719 724 730 735 740 745 

827 75ln756 ee 76l 9 766 e772 777 782 787 793 798 

828 803 808 814 819 824 829 834 840 845 850 

829 855 861 866 871 876 882 887 892 897 903 

830 908 913 918 924 929 934 $39 944 950 955 5 
831 960 965 971 976 981 986 991 997 *002 *007 ee 
832 92 012 018 023 028 033 038 044 049 054 059 1] 0.5 
833 065 070 075 080 085 091 096 101 106 111 2 | 1.0 
834 7a 22272 3 7 143 148 153 158 163 z a 
835 169 174 179 184 189 195 200 205 210 215 5} 2.5 
836 221" 9226-2231 e236 21241 2Aje 252 27 2G 2 G7, 6 | 3.0 
837 TaN RS RR) DE BE 298 304 309 314 319 7} 3.5 
838 324 330 335 340 345 350 355 361 366 371 8 | 4.0 
839 376 381 387 392 397 402 407 412 418 423 9} 4.5 
840 428 433 438 443 449 454 459 464 469 474 

841 480 485 490 495 500 505 511 516 521 526 

842 531 536 542 547 552 557 562 567 572 578 

843 583 588 593 598 603 609 614 619 624 629 

844 634. 639 645 650 655 660 665 670 675 681 

845 686 691 696 701 706 Til TANS 2B Pap TED 

846 Tew TER ESE Th aS 763. 768 773 778 783 

847 788 793 799 804 809 814 819 824 829 834 

848 840 845 850 855 860 865 870 875 881 886 

849 891 896 901 906 911 916 921 927 932 937 

850 942 947 952 957 962 967 973 978 983 988 

N. 0 i 2 3 4 5 6 if 8 9 Proportional parts 


.90 309 — .92 988 


COMMON LOGARITHMS OF NUMBERS / 575 


COMMON LOGARITHMS OF NUMBERS 
850 — 900 


Proportional parts 


973 978 
*024 *029 
075 080 
125 131 
176 = 181 


227 e232. 


sl. 


OCHONAMaWN 
Se yd ee Ged ee ah 
hONHAORAND 


a 


5 
0 
5 
0 
5 
0 
5 
0 
5 


1 0 
2 1 
3 1 
4 2 
5 2 
6 3 
if 3 
8 4 
9 4 


FE 


OCHONAMaWN= 
the ae ets Me 
ArNoOROONOD> 


Proportional parts 


92 942 — .95 468 


576 / APPENDIX B 


COMMON LOGARITHMS OF NUMBERS 


$00 — 950 

N. 0 1 2 3 4 5 6 ij 8 9 Proportional parts 
900 | 95 424 429 434 439 444 448 453 458 463 468 

90 472 477 482 487 492 497 501 506 511 516 

902 521 525 530 535 540 545 550 554 559 564 

903 569 574 578 583 588 593 598 602 607 612 

904 617 622 626 631 636 641 646 650 655 660 

905 665 670 674 679 684 689 694 698 703 708 

906 he Th Pe TR EB 737 742 746 751 756 

907 761 766 770 775 780 785 789 794 799 804 

908 809 813 818 823 828 832 837 842 847 852 

909 856 861 866 871 875 880 885 890 895 899 

910 904 909 914 918 923 928 933 938 942 947 5 
911 952 957 961 966 971 976 980 985 990 995 1 (h06 
912 999 *004 *009 *014 *019 | *023 *028 *033 *038 *042 ani 6 
913 | 96 047 052 057 061 066 071 076 080 085 090 Seas 
914 095 099 104 109 114 Wi 1 3 ER} EY Py) ees 
915 142 147 152 156 161 | 166 171 175 180 185 baa 
916 190 194 199 204 209 Pilg) YG) eR De eh 7| 36 
917 237. 242 «246 «6251 = 256 261 265 270 275 280 3| 40 
918 284 289 294 298 303 ais sik} ib) Fy Sy 9| 4:6 
919 332 336 341 346 350 355 360 365 369 374 ‘ 
920 379 384 388 393 398 402 407 412 417 421 

921 426 431 435 440 445 450 454 459 464 468 

922 473 478 483 487 492 497 501 506 511 515 

923 520 525 530 534 539 544 548 553 558 562 

924 567 572 577 581 586 591 595 600 605 609 

925 614 619 624 628 633 638 642 647 652 656 

926 661 666 670 675 680 685 689 694 699 703 

927 OS. Th BR Re PA 731 736 741 745 750 

928 755 759 764 769 774 778 783 788 792 797 

929 802 806 811 816 820 825 830 834 839 844 

930 848 853 858 862 867 872 876 881 886 890 4 
931 895 900 904 909 914 918 923 928 932 937 —— 
932 942 946 951 956 960 965 970 974 979 984 1/ 0.4 
933 988 993 997 *002 *007 *011 *016 *021 *025 *030 2) 0.8 
934 97 035 039 044 049 053 058 063 067 072 077 : ae 
935 081 086 090 095 100 104 109 114 118 123 5} 2.0 
936 128 132 137 142 146 151 155 160 165 169 6 | 2.4 
937 174 179 183 188 192 197 202 206 211 216 7) 2.8 
938 220 225 230 234 239 243° 248 «253 257 262 8 | 3.2 
939 267 271 276 280 285 290 294 299 304 308 9} 3.6 
940 S13 Ss lmno22men Ol Tee sal 336 340 345 350 354 

941 359 364 368 373 377 382 387 391 396 400 

942 405 410 414 419 424 428 433 437 442 447 

943 451 456 460 465 470 474 479 483 488 493 

944 497 502 506 511 516 520 525 529 534 539 

945 543 548 552 557 562 566 571 575 580 585 

946 589 594 598 603 607 612 617 621 626 630 

947 635 640 644 649 653 658 663 667 672 676 

948 681 685 690 695 699 10 i} Ge 

949 727, 731 «736 «740 745 749 754 759 763 768 

950 772 777 782 786 791 795 800 804 809 813 

N. 0 1 2 3 4 5 6 7 8 9 Proportional parts 


95 424 — .97 813 


COMMON LOGARITHMS OF NUMBERS / 577 


COMMON LOGARITHMS OF NUMBERS 
950 — 1000 


0 1 2 3 4 5 6 7 8 9 Proportional parts 


98 000 005 009 014 019 023 028 (032 037 041 


091 +096 100 105 109 114 1191238012732 
137. 141 146 150 155 159 164 168 173 177 
182 186 191 195 200 204 209 «214 «2218 = 223 
227. 232 236 241 245 250 254 259 263 268 5 
Vy 1) a 22) 295 299 304 308 313 aiaoe 
318 322 327 331 336 340 345 349 354 358 alia e 
363 367 372 376 381 385 390 394 399 403 3] 45 
408 412 417 421 426 430 435 439 444 448 rps mye 
453 457 462 466 471 | 475 480 484 489 493 Peli 
498 502 507 511 516 520 525 529 534 538 71 36 
543 547 552 556 561 565 570 574 579 583 ela 
588 592 597 601 605 610 614 619 623 628 9| 45 
632 637 641 646 650 655 659 664 668. 673 ‘ 
677. 682 686 691 695 700 704 709 713 717 
722 726 731 735 740 744 749 753 758 762 
767 771 776 780 784 789 793 798 802 807 
811 816 820 825 829 834 838 843 847 851 
856 860 865 869 874 878 883 887 892 896 
900 905 909 914 918 923 927 932 936 941 
945 949 954 958 963 967. 972 976 981 985 
989 994 998 *003 *007 *012 *016 *021 *025 *029 

99 034 038 043 047 052 056 061 065 069 074 
078 083 087 092 096 100 105 109 114 118 
123 127 131 136 140 145 149 154 158 162 4 
167 171 176 180 185 189 193 198 202 207 —— 
211) 216182 220) 4 224° 9229 933 238 «4242 «247 ~«251 1| 0.4 
255 260 264 269 273 977. 282 «286 = 291s 295 2) 0.8 
300 304 308 313 317 322 326 330 335 339 - ie 
344 348 352 357 361 366 370 374 379 383 5 | 2.0 
388 392 396 401 405 410 414 419 423 427 6) 2.4 
432 436 441 445 449 454 458 463 467 471 7| 2.8 
476 480 484 489 493 498 502 506 511 515 8 | 3.2 
520 524 528 533 537 542 546 550 555 559 9] 3.6 
564 568 572 577 581 585 590 594 599 603 
607 612 616 621 625 629 634 638 642 647 
651 656 660 664 669 673. 677 682 686 691 
695 699 704 708 712 jh, RAL PS ED). EE 
739 743 747 752 756 760 765 769 774 778 
782 787 791 795 800 304 808 813 817 822 
826 830 835 839 843 848 852 856 861 865 
870 874 878 883 887 891 896 900 904 909 
913. 917 922 926 930 935 939 944 948 952 
957 961 965 970 974 978 983 987 991 996 

00 000 004 009 013 O17 022 026 030 035 039 
0 1 2 3 4 5 6 7 8 9 Proportional parts 


97 1712 — .99 996 


578 / APPENDIX B 


COMMON LOGARITHMS OF NUMBERS 
1000 — 1050 


-000 0000 — .021 5614 


COMMON LOGARITHMS OF NUMBERS / 579 


COMMON LOGARITHMS OF NUMBERS 
1050 — 1100 
N. 0 1 2 3 4 5 6 
1050 021 1893 2307 2720 3134 3547 3961 4374 
1051 6027 6440 6854 7267 7680 8093 8506 
1052 022 0157 0570 0983 1396 1808 2221 2634 
1053 4284 4696 5109 5521 5933 6345 6758 
1054 8406 8818 9230 9642 *0054 *0466 *0878 
1055 023 2525 2936 3348 3759 4171 4582 4994 
1056 6639 7050 7462 7873 8284 8695 9106 
1057 024 0750 1161 1572 1982 2393 2804 3214 
1058 4857 5267 5678 6088 6498 6909 7319 
1059 8960 9370 9780 *0190 *0600 *1010 *1419 
1060 025 3059 3468 3878 4288 4697 5107 5516 
1061 7154 7563 7972 8382 8791 9200 9609 
1062 026 1245 1654 2063 2472 2881 3289 3698 
1063 5333 5741 6150 6558 6967 7375 7783 
1064 9416 9824 *0233 *0641 *1049 *1457 *1865 
1065 027 3496 3904 4312 4719 5127 5535 5942 
1066 7572 7979 8387 8794 9201 9609 *0016 
1067 028 1644 2051 2458 2865 3272 3679 4086 
1068 5713 6119 6526 6932 7339 7745 8152 
1069 9777. *0183 *0590 *0996 *1402 *1808 *2214 
1070 029 3838 4244 4649 5055 5461 5867 6272 
1071 7895 8300 8706 9111 9516 9922 *0327 
1072 030 1948 2353 2758 3163 3568 3973 4378 
1073 5997 6402 6807 7211 7616 8020 8425 
1074 031 0043 0447 0851 1256 1660 2054 2468 
1075 4085 4489 4893 5296 5700 6104 6508 
1076 8123 8526 8930 9333 9737 *0140 *0544 
1077 032 2157 2560 2963 3367 3770 4173 4576 
1078 6188 6590 6993 7396 7799 8201 38604 
1079 033 0214 0617 1019 1422 1824 2226 ©2629 
1080 4238 4640 5042 5444 5846 6248 6650 
1081 8257 8659 9060 9462 9864 *0265 *0667 
1082 034 2273 2674 3075 3477 3878 4279 4680 
1083 6285 6686 7087 7487 7888 8289 8690 
1084 035 0293 0693 1094 1495 1895 2296 2696 
1085 4297 4698 5098 5498 5898 6298 6698 
1086 8298 8698 9098 9498 9898 *0297 *0697 
1087 036 2295 2695 3094 3494 3893 4293 4692 
1088 6289 6688 7087 7486 7885 8284 8683 
1089 037 0279 0678 1076 1475 1874 2272 ~=2671 
1090 4265 4663 5062 5460 5858 6257 6655 
1091 8248 8646 9044 9442 9839 *0237 *0635 
1092 038 2226 2624 3022 3419 3817 4214 4612 
1093 6202 6599 6996 7393 7791 8188 8585 
1094 039 0173 0570 0967 1364 1761 2158 2554 
1095 4141 4538 4934 5331 5727 6124 6520 
1096 8106 8502 8898 9294 9690 *0086 *0482 
1097 040 2066 2462 2858 3254 3650 4045 4441 
1098 6023 6419 6814 7210 7605 8001 8396 
1099 9977 *0372 *0767 *1162 *1557 *1952 *2347 
1100 041 3927 4322 4716 5111 5506 5900 6295 
N. 0 1 2 3 4 5 6 
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.021 1893 — .041 7479 


COMMON LOGARITHMS OF NUMBERS 
1100 — 1150 


1 
4322 
8268 
2210 
6149 

*0084 


4016 


*0341 
4166 
7987 
1804 
5619 


9429 
3237 
7041 
0842 
4640 


8434 
2225 
6013 
9797 
3578 


7356 


041 3927 — .061 0376 


COMMON LOGARITHMS OF NUMBERS / 581 


COMMON LOGARITHMS OF NUMBERS 
1150 — 1200 


.060 6978 — .079 5068 


582 / APPENDIX B 


Values of the natural logarithms are given for numbers from 
1.00 to 10.09. 


For natural logarithms of numbers not given in the table, add 


or subtract the natural logarithms of powers of 10 to the tabular 
values. 


NATURAL 
(NAPIERIAN) LOGARITHMS C 


NATURAL (NAPIERIAN) LOGARITHMS 


0 


0.0 0000 

9531 
0.1 8232 
0.2 6236 
0.3 3647 


0.4 0547 


0.9 1629 
5551 
9325 

1.0 2962 
6471 


9861 
1.1 3140 
6315 
9392 
1.2 2378 


5276 
8093 
1.3 0833 
3500 
6098 


8629 
1.4 1099 
3508 
5862 
8160 


1.5 0408 
2606 
4756 
6862 
8924 


1.6 0944 


1.7 0475 
2277 
4047 
5786 
7495 
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NATURAL (NAPIERIAN) LOGARITHMS 


0 5 6 7 


1.7 9176 *0006 *0171 0336 
0 


2.0 0148 
1490 


*0276 
1375 
2462 


N 
6. 
6. 
6. 
6. 
6. 
6 
6. 
6. 
6. 
6. 
7 
if. 
7 
ik. 
7. 
7. 
is 
7. 
7. 
We 
8. 
8 
8 
8. 
8. 
8. 
8. 
8. 
8. 
8. 
9; 
9: 
9 
Sh 
ek 
9 
9 
9 
a 
SH 
0 
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1 


2.3 0259 
0 


z| 5 
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VALUES AND 
COMMON LOGARITHMS OF 
D EXPONENTIAL FUNCTIONS 


VALUES AND COMMON LOGARITHMS OF EXPONENTIAL FUNCTIONS 


0.01 1.0101 
0.02 1.0202 
0.03 1.0305 
0.04 1.0408 


0.06 1.0618 
0.07 1.0725 
0.08 1.0833 
1.0942 


1.1052 
1.1163 
1.1275 
1.1388 
1.1503 


1.1618 
1.1735 
1.1853 
1.1972 
1.2092 


1.2214 
1.2337 
1.2461 
1.2586 
1.2712 


ee 
BONKS CONM fPWMHO oO 


MMH BER 


1.2969 
1.3100 
1.3231 
1.3364 


24 

fe 

2 

2 

3 

2 1.3634 
3 1.3771 
3 1.3910 
3 1.4049 
3 

3 1.4333 
3 1.4477 
3 

3 

4 

4 

4 

4 

4 

4 

4 

4 


1.4623 
1.4770 


1.5068 
1.5220 
1.5373 
1.5527 


1.5841 
ki 1.6000 
48 1.6161 
1.49 1.6323 
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Logio 


-00000 
00434 
-00869 
-01303 
-01737 


-02171 
02606 
-03040 
-03474 
-03909 


04343 
04777 
05212 
-05646 
.06080 


-06514 
-06949 
-07383 
.07817 
-08252 


-08686 
09120 
09554 
-09989 
10423 


-10857 
11292 
-11726 
-12160 
12595 


-13029 
13463 
-13897 
-14332 
-14766 


-15200 
15635 
-16069 
16503 
-16937 


-17372 
-17806 
18240 
18675 
-19109 


19543 
19978 
20412 
20846 
-21280 


21715 


e7 
Value 


1.00000 
0.99005 
-98020 
-97045 
-96079 


95123 
-94176 
-93239 
-92312 
-91393 


-90484 
89583 
88692 
-87809 
86936 


-86071 
85214 
-84366 
83527 
82696 


81873 
81058 
80252 
79453 
.18663 


.17880 
17105 
-16338 
15578 
14826 


74082 
73345 
72615 
71892 
71177 


70469 
-69768 
.69073 
-68386 
-67706 


-67032 
-66365 
-65705 
-65051 
-64404 


-63763 
-63128 
-62500 
61878 
-61263 


60653 


e 7 
Logi | Value 


! 21715 60653 
0.51 1.6653 .22149 -60050 
0.52 1.6820 .22583 99452 
0.53 1.6989 -23018 58860 
0.54 1.7160 23452 58275 


! .23886 -57695 
0.56 1.7507 -24320 57121 
0.57 1.7683, .24755 -96553 
0.58 1.7860 25189 95990 
0.59 1.8040 -25623 99433 


; -26058 54881 
0.61 1.8404 -26492 54335 
0.62 1.8589 -26926 93794 
0.63 1.8776 .27361 93259 
0.64 1.8965 .27795 52729 


y 28229 52205 
0.66 1.9348 28664 -01685 
0.67 1.9542 .29098 51171 
0.68 1.9739 29532 -50662 
0.69 1.9937 .29966 50158 


! -30401 -49659 
0.71 2.0340 30835 49164 
0.72 2.0544 31269 48675 
0.73 2.0751 .31703 48191 
0.74 2.0959 32138 7711 


i 32572 47237 
0.76 2.1383 .33006 -46767 
0.77 2.1598 33441 46301 
0.78 2.1815 33875 45841 
0.79 2.2034 .34309 45384 


; 34744 44933 
0.81 2.2479 35178 44486 
0.82 2.2705 -39612 44043 
0.83 2.2933 36046 -43605 
0.84 2.3164 36481 -43171 


E 36915 42741 
0.86 2.3632 37349 42316 
0.87 2.3869 37784 41895 
0.88 2.4109 38218 41478 
0.89 2.4351 -38652 -41066 


k -39087 -40657 
0.91 2.4843 39521 40252 
0.92 2.5093 39955 39852 
0.93 2.5345 40389 39455 
0.94 2.5600 40824 39063 


: 41258 38674 
0.96 2.6117 41692 38289 
0.97 2.6379 42127 37908 
0.98 2.6645 -42561 37531 
0.99 2.6912 42995 -37158 


-43429 36788 


VALUES AND COMMON LOGARITHMS OF EXPONENTIAL FUNCTIONS 


e 2 
Logio | Value 


65144 .22313 
65578 .22091 
66013 .21871 
-66447 .21654 
-66881 .21438 


67316 21225 
67750 .21014 
68184 -20805 
-68619 -20598 
-69053 .20393 


69487 -20190 
69921 19989 
.70356 19790 
70790 -19593 
71224 19398 


.71659 19205 
.72093 19014 
72527 18825 
72961 -18637 
73396 18452 


.73830 18268 
74264 -18087 
74699 17907 
75133 -17728 
75567 17552 


-76002 17377 
76436 17204 
-76870 -17033 
77304 -16864 
77739 -16696 


18173 -16530 
-78607 16365 
79042 -16203 
79476 16041 
79910 15882 


80344 15724 
-80779 -15567 
81213 -15412 
81647 15259 
82082 15107 


82516 -14957 
82950 -14808 
83385 -14661 
83819 14515 
84253 -14370 


84687 14227 
85122 -14086 
-85556 -13946 
-85990 -13807 
86425 13670 


-86859 -13534 


e* e* 
Value Logi | Value 


2.7183 43429 36788 
2.7456 43864 36422 
2.7732 44298 .36060 
2.8011 44732 39701 
2.8292 45167 35345 


2.8577 45601 34994 
2.8864 46035 34646 
2.9154 46470 34301 
2.9447 46904 33960 
2.9743 47338 33622 


3.0042 47772 33287 
3.0344 48207 -32956 
3.0649 48641 32628 
3.0957 49075 32303 
3.1268 49510 31982 


3.1582 49944 31664 
3.1899 -50378 31349 
3.2220 50812 31037 
3.2544 51247 .30728 
3.2871 51681 30422 


3.3201 52115 30119 
3.3535 52550 .29820 
3.3872 52984 .29523 
3.4212 53418 .29229 
3.4556 53853 .28938 


3.4903 54287 -28650 
3.5254 54721 -28365 
3.5609 55155 -28083 
3.5966 59590 .27804 
3.6328 56024 27527 


3.6693 56458 .27253 
3.7062 -56893 26982 
3.7434 47327 26714 
3.7810 57761 -26448 
3.8190 58195 .26185 


3.8574 -58630 25924 
3.8962 .59064 -25666 
3.9354 -59498 .25411 
3.9749 59933 25158 
4.0149 -60367 -24908 


4.0552 -60801 -24660 
4.0960 -61236 24414 
4.1371 .61670 .24171 
4.1787 62104 -23931 
4.2207 -62538 .23693 


4.2631 62973 -23457 
4.3060 63407 23224 
4.3492 63841 .22993 
4.3929 64276 .22764 
4.4371 .64710 .22537 


4.4817 65144 -22313 
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VALUES AND COMMON LOGARITHMS OF EXPONENTIAL FUNCTIONS 


e 7% 
Logi | Value 


-86859 13534 
87293 -13399 
87727 13266 
-88162 -13134 
88596 -13003 


-89030 .12873 
89465 12745 
89899 12619 
.90333 12493 
.90768 -12369 


91202 12246 
91636 12124 
.92070 .12003 
92505 11884 
-92939 11765 


.93373 -11648 
93808 .11533 
94242 11418 
-94676 -11304 
95110 11192 


95545 11080 
-95979 -10970 
-96413 10861 
-96848 10753 
97282 -10646 


97716 10540 
98151 -10435 
-98585 -10331 
-99019 10228 
99453 10127 


0.99888 -10026 
1.00322 09926 
1.00756 -09827 
1.01191 .09730 
1.01625 09633 


1.02059 -09537 
1.02493 -09442 
1.02928 -09348 
1.03362 09255 
1.03796 .09163 


1.04231 09072 
1.04665 08982 
1.05099 -08892 
1.05534 08804 
1.05968 .08716 


1.06402 08629 
1.06836 08543 
1.07271 -08458 
1.07705 -08374 
1.08139 08291 


1.08574 -08208 


er 
Value Logi | Value 


2.50 12.182 1.08574 -08208 
2.51 12.305 1.09008 08127 
2.52 12.429 = 1.09442 -08046 
2.53 12.554 1.09877 07966 
12.680 1.10311 


: 12.807 1.10745 
2.56 12.936 1.11179 -07730 
2.57 13.066 1.11614 07654 
2.58 13.197 1.12048 .07577 
13.330 1.12482 


: 13.464 = 1.12917 
2.61 132599 1.13351 -07353 
2.62 13.736 = 1.13785 -07280 
2.63 13.874 1.14219 -07208 
2.64 14.013 1.14654 


‘ 14.154 1.15088 
2.66 14.296 1.15522 .06995 
2.67 14.440 1.15957 06925 
2.68 14.585 1.16391 06856 
2.69 14.732 1.16825 -06788 


: 14.880 1.17260 
2.71 15.029 1.17694 06654 
2.72 15.180 1.18128 .06587 
2.73 15.333 1.18562 06522 
2.74 15.487 1.18997 -06457 


: 15.643 1.19431 
2.76 15.800 1.19865 -06329 
2.77 15.959 1.20300 -06266 
2.78 16.119 1.20734 -06204 
2.79 16.281 1.21168 06142 


: 16.445 = 1.21602 
2.81 16.610 1.22037 .06020 
2.82 16.777 =: 1.22471 .05961 
2.83 16.945 1.22905 -05901 
2.84 17.116 1.23340 05843 


: 17.288 1.23774 
2.86 17.462 1.24208 05727 
2.87 17637 = 1 24643 05670 
2.88 17.814 1.25077 05613 
17.993 1.25511 


: 18.174 = 1.25945 
2.91 18.357 1.26380 05448 
2.92, 18.541 1.26814 -05393 
2.93 18.728 127248 .05340 
2.94 18.916 1.27683 -05287 


: 19.106 = 1.28117 
2.96 19.298 1.28551 -05182 
Zo) 19.492 1.28985 -05130 
2.98 19.688 1.29420 .05079 
19.886 1.29854 


20.086 1.30288 
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VALUES AND COMMON LOGARITHMS OF EXPONENTIAL FUNCTIONS 


ez 
Value Logi 


20.086 1.30288 
21.115 = 1.32460 
22.198 1.34631 
23.336 —-:1.36803 
24.533 1.38974 


25.790 1.41146 
27-113 «1.43317 
28.503 1.45489 
29.964 1.47660 
31.500 = 1.49832 


33.115 1.52003 
34.813 1.54175 
36.598 1.56346 
38.475 1.58517 
40.447 —- 1.60689 


42.521 1.62860 
44.701 1.65032 
46.993 1.67203 
49.402 1.69375 
51.935 1.71546 


54.598 = 1.73718 
60.340 1.78061 
66.686 1.82404 
73.700 1.86747 
81.451 1.91090 


90.017 1.95433 
99.484 1.99775 
109.95 2.04118 
121.51 2.08461 
134.29 2.12804 


148.41 = 2.17147 
164.02 2.21490 
181.27 = 2.25833 
200.34 2.30176 
221.41 2.34519 


244.69 2.38862 
270.43 = 2.43205 
298.87 2.47548 
330.30 2.51891 
365.04 2.56234 


403.43 2.60577 
518.01 2.71434 
665.14 2.82291 
854.06 2.93149 
1096.6 3.04006 


1808.0 3.25721 
2981.0 3.47436 
4914.8 3.69150 
8103.1 3.90865 
13360. 4.12580 


22026. 4.34294 
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Function Derivative 


en dy _ 
UP aSre. pen) 
a dy _ 
Y oe, Piegee 
= dy __du , dv , dw 
RE A gs dx dx dz dz 
ee dy _ ,du 
Y dx dx 

dy _ dv du 
he ahi dx nae dx 
= n dy _ a1 aU 
ie di ne wendy 


DERIVATIVES OF 
COMMON FUNCTIONS 


DERIVATIVES OF COMMON FUNCTIONS 


Function Derivative 
TY = 22 oe = ng 
8. y = fu), u= f(a) fy Wy du 
du dv 
9 y=— dy "de “de 
y dx v2 
du 
10. y= = i atte 
11. y= logau Gu __ 108s ¢ de 
12. y =log.u ou tau 
14. y= a" oH = a log.a 
15. y=w oH = ou & + w log. u 
16. y=sinu oH = cos uM 
17. y=cosu oH sin & 
18. y= tanu oH = sect u 
19. y=ctnu a = — ese? u 
20. y=secu oH = seo u tan u 
21. y=cscu oH = —ese wotn u 
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Elementary Forms (The constant of integration is omitted) 


yoti 
1. fo urdu = ne =. 6. [ esct edu = — cot u. 
2. fo du = Inu. 7. [ sec u tan udu = sec u. 
3. f cos udu = sin w, 8. [ese u cot udu = — ese w. 
4, [sin udu = — COS U. 9. [ter udu = In sec u. 
= [ sec udu = tan u. 10. [cot udu = In sin u. 


A SHORT TABLE 
OF INTEGRALS 


11. [ sec udu = In (sec u + tan wv). 13. il ev du = e%: / a* du = 
12. | esc udu = In (esc u — cot wu). 14. iz dv = uv — / v du. 


Expressions Involving /a? — x? 


15. [S43 -93 

V/a — x? a 

x dz NOS ca eee 
16. Var e v/a ve. 

BCE EON precnrys) MaRS el 
17. erases a Va v + 5 sin 

code ay ae len Ne ees. 
18. Tar 3 (e + 2a?) Va os 
19 Bd Beh te, ON OER eNOS ae 
A 2 /a? — x a x 
20 Pe ODA iN GUE 


21. 2 ee Sin 
Sere eet 2 
a2. [ Val Bde = 5 Vara + 5 sine 


23. [= Va — 2dr = — t(a? — 2)!, 


ae 2 er 
24. iE Va? — x2 dx _ A (a? — x2)? 4 = (« V/a* — 2 + a? sin-12) 


ee i! 2 3 
26. [evar eae (-32- fa) @— a! 


Expressions Involving ~/z? + a? 


dx 
26. Se In + V/ 2 2 
| V/ 2? + a? ic TOGA 


27 = 2 2 
Vx? + a? ae 
2 dz a a 
OG | eee aes Ne kdl «fo 2 
aay 5 Ve tat yin (e+ een a?)s 


3 ics en Ets 
29. (sS = F (a? F 2a?) x? + a?. 


30(a). f 2 _1,¢tvet@ 


x 


8 
8 
<) 
; 
[=] 
no 
a 
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FLT LY 
sate). fo. ON Te RE ne Teel yp eee at 
23/2? + a? 2a2x 2a 7: 


Va? — a? 1 ay 


dx a = 

EM is A/G Gh ee ea T Ba noe 

ee ee 2 
33. vs Eaidy =S Vet tait Sine + Va Lal), 
84. fz Vxi + aida = 4(2? + a?)?, 

a 4 2 
35. [* Va? + a? dx = 5 (a + a?)? F zt SH Get be 
4 
— Fn @ + Va +=a2), 

8/9? a? 1 es 2 2 

36. rr/e? + adr = BUF Te (GP ao GA, 


Expressions Involving +/a + bz 


edz _ _ 2(2a — bz) 
87. / Foe a Ve 
zedz —_ 2(8a% — 4abzr + 3b22x?) 
38. le Sor Va + bz. 


39. [evar teas = — Fee) (a + ba). 


Zijas 2 
40. z*~/a + ba dz Re ci EL am ON an a ah 


105b 
a. [ EFS ae = (x +a)\(a+6)+ (a—b) In (VWr+a+ Vax +5). 


42. | we Fg de = Va ab Fa) + (a +B) sin WF. 


Miscellaneous Algebraic Expressions 


dime Li a 
43. fawerae a 


dx i 1 
44, [ wtar gh @-o -ne+a}=F 


Goo a 


rta 
45. [ Vier =e ae = 5 | @ - 0) V2an =a + at sin? = — 8, 


dz ; z-—a 

46. / ———. = gin! G 

/2ar — x? a 
dx 1 x 
a yf. z(ax +b) b iS az +b 

Trigonometric and Exponential Expressions 

in? -~ifst_i,; | 

48. if sin? ax dx E q sin 2ax |. 


49. / sin’ ax dx = | - cos ax + 5 cos3 ac |. 
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50. 


61. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 
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61. 


i 
i 
i 


62. 


63. 


64. 
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1 [ 3az . be ee, 
4 = 2 NRE = Weis = 
sint ax dx 3 [ 8 Z sin 2az + 35 sin daz |. 
lfazx , sin 2az 
2 ae S| See eens Sabet | 
cos? az dz = E + 4 | 
WAT Lae 
cos’ az dz = = | sin ax — =sin3 az |. 
a 3 
1 [ 3ax ler ie 4 
4 = = = = — 
cos* az dx al 8 +7 sin 2az + a5 sin daz |. 
sin? az cos? ax dx = 4 E _ & sin. tac | 
al 8 32 ul 


e%7(a sin px — p COS px) 
a? —- p? 

e*=(a cos px + p sin pz) 
a? + p? 


eo? sin pz dz = 


e°* cos px dx = 


Miscellaneous Expressions 


; ‘lee 1 
x sin ax dx — sin ax — — % cos az. 
a a 


i! 1 . 
x cos ax dx = 72 008 ax + 7 @ sin az 


; ; 1 
sin-! azdz = x sin-taz + a3 4/1 — a?z?. 


2a*z? gl 
4a? 


: s G ——— 
x sin”! ax dx sin-tag + i V1 — ara? 
a 


In gdz = xinz — zx. 
x x 


= >sIlnz -— —. 


2 4 


4p \bIU a9 (olee 
Eee 

AY? hp = (ax — 1). 
eat 

ve dz = aa (a?x? — 2ax + 2). 


Numerical Constants 


3x = 8.14159 — 0.31831 
Tv 
x? = 9.86960 5 = 0.10132 
1 
\/r = 1.77245 — = 0.56419 
Tv Wie | 
7 = 0.01745 (e * = 0.00030 
130 180) 
e2 = 4.81048 e 2 = 0.20788 
eT = 23.14069 e-* = 0.04321 
logio €¢ = 0.48429 logio t = 0.49715 
In 10 = 2.30259 In + = 1.14473 
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0.5 

0.25 

0.125 
0.0625 
0.03125 
0.015625 
0.0078125 


0.0039062 
0.0019531 
0.00097656 
0.00048828 
0.00024414 
0.00012207 
0.000061035 
0.000030518 


POWERS OF TWO G 


A 
B 
T 
A 
E 
Z 
H 
S) 
I 
K 
A 
M 


GREEK ALPHABET 


i ete GO GS) Sy GY CoS) gen fs 


Alpha 
Beta 
Gamma 
Delta 
Epsilon 
Zeta 
Eta 
Theta 
Iota 
Kappa 
Lambda 
Mu 


YQEexesSHyeMyyory 


E€recrwiarvayomr 


Nu 

Xi 
Omicron 
Pi 

Rho 
Sigma 
Tau 
Upsilon 
Phi 

Chi 

Psi 
Omega 


ampere, A 

bel, B 

centimeter, cm 
circular mil, cmil 
coulomb, C 

cubic centimeter, cm? 
cubic foot, ft* 

cubic inch, in? 

cubic meter, m? 
cycle per second, c/s 
decibel, dB 

dyne, dyn 
electronvolt, eV 

erg, erg 

farad, F 

foot, ft 

foot per minute, ft/min 
gauss, G 

gigacycle per second, Gc/s 
gigahertz, GHz 
gilbert, Gb 

gram, g 

henry, H 

hertz, Hz 

hour, h 

inch, in. 

joule, J 

kilocycle per second, kc/s 
kilogauss, kG 
kilogram, kg 
kilohertz, kHz 
kilohm, kQ 

kilovolt, kV 


OFTEN-USED UNIT 
ABBREVIATIONS 


kilovoltampere, kVA 
kilowatt, kW 

lumen, Im 

maxwell, Mx 


megacycle per second, Mc/s 


megahertz, MHz 
megavolt, MV 
megawatt, MW 
megohm, MQ, 
mho, mho 
microampere, uA 
microfarad, wF 
microhenry, wH 
microsecond, ys 
milliampere, mA 
millihenry, mH 
millisecond, ms 
millivolt, mV 
minute (time), min 
nanoampere, nA 
nanofarad, nF 
nanosecond, ns 
neper, Np 

ohm, O 
picoampere, pA 
picofarad, pF 
picosecond, ps 
radian, rad 

volt, V 
voltampere, VA 
watt, W 
watthour, Wh 
weber, Wb 


J 


A 


ABCD parameters Parameters: 
ABCD) 
Abscissa, 31 
Absolute constant (see Constant, abso- 
lute) 
A-C bridges, mathematics of, 241—243 
A-C generator, 158-160 
Accuracy, 2 
Active element (see Element: active) 
Adders, 511-516 
Admittance: 
a complex number, 234—236 
defined, 179 
dimension of, 78 
driving point, 323 
transfer, 324 
Admittance parameters (see Parameters: 
admittance ) 
Admittance triangle, 179-182 
Alternating current, 158-168 
Alternation, defined, 161 
Amplitude: 
effective, 163 
peak, 163 
peak-to-peak, 163 
of a sinusoid, 153, 162—165 
Amplitude modulation (AM), 207-210 
defined, 207 
Analog-to-digital converter, 449 
AND gates, 497—500 
symbols of, 500 
AND, intersection of sets, 458, 459 
Angle, 136-138 
negative, trigonometric functions of, 
150-151 
phase (see Phase, angle) 
of rotation, 136-137 
Antilogarithm, 254 
Approximate numbers, 2—4 
addition of, 6 
division of, 6 
multiplication of, 5 
subtraction of, 7 
Arbitrary constant (see Constant, arbi- 
trary) 
Arccos, defined, 171 
Arcsin, defined, 171 
Arctan, defined, 171 
Argand, 218 
Argand diagram, 218, 222 


(see 


Argument, 223 

Asymptotic, defined, 75 

Average values, calculation of, 401-403 
Axis of symmetry, of a parabola, 56 


Base: 
2, B34 
10, 252 
Bilateral element (see Element: bilateral) 
Binary coded decimal (BCD) notation, 
444-446 
Binary-to-decimal conversion, 426 
Binary numbers: 
addition of, 430-431 
division of, 436—437 
multiplication of, 435-436 
subtraction of, 431—432 
Binary-to-octal conversion, 428—429 
Binary system, 419 
Biquinary code, 448 
Bit, defined, 419 
Black box, 315 
Bombelli, 218 
Boole, George, 456 
Branch, of a network, 130 
Bridges, a-c, 241-243 
Briggs, Henry, 252 (footnote) 


Cc 


Capacity, dimension of, 78 
Cardan, 218 
Cartesian coordinates, 30 
Characteristic, of a logarithm, 253 
Charge, dimension of, 77 
Circular functions, 140-151 
Cofunctions, 144 
Common (Briggs) logarithms, 253-256 
Complement, 457, 459 
Complement addition, 432-434 
Completing the square, 63-65 
Complex numbers, 61, 221-230 

addition of, 225—226 

conjugate, 228-229 

division of, 229-230 

equality of, 225 

exponential form, 287-288 

multiplication of, 227-228 
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Complex numbers (cont.): 
polar form, 223-224 
rectangular form, 222-223 
slide rule conversion of, 224 
subtraction of, 226 
Conductance, 179 
dimension of, 78 
Conjugate pairs, 228 
Constant, 27 
absolute, 27 
arbitrary, 27 
Contact closure, in switching circuits, 480 
Coordinates, 30, 31 
Cosecant, 141 
Cosine, 141 
function, graph of, 154—155 
law, 186-190 
wave, 154-155 
Cotangent, 141 
Current: 
cyclic, 112 
dimension of, 77 
direction of, 112 
Current, alternating (see Alternating cur- 
rent) 
Current sources (see Sources, current) 


Decibel, 263-268 
dbm, 267 
defined, 264 
voltage, 267-268 
Decimal-to-binary conversion, 422-425 
Decimal-to-octal conversion, 427—428 
Decrement, defined, 365 
Degree, defined, 136 
Delta process, differentiation, 370—372 
Delta-wye transform, 244 
Dependent variable (see Variable, de- 
pendent) 
Derivative: 
defined, 370 
notation, 370 
Descartes, 30 
Determinant: 
defined, 87 
expansion of nth-order, 95-98 
expansion of second-order, 88 
expansion of third-order, 91 
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Determinant (cont.): 
rules of, 95—98, 101-104 
Dibble dabble, 422 
Differential, defined, 391 
Differential equations, 403-405 
Differential notation, 391 
Differentiating circuits, 406-409 
Differentiation, 362, 372—388 
defined, 370 
of exponential functions, 379, 381 
of functions of the type y = u", 376—- 
377 
of implicit functions, 385-386 
of logarithmic functions, 379-380 
of power functions, 372-374 
of products, 377-379 
of quotients, 377-379 
successive, 386-388 
of a sum, 375 
of trigonometric functions, 379, 380 
Dimension, defined, 76 
Dimensions of equations (see Equations: 
dimensions of) 
Diode matrices, 452-453 
Discriminant, of a quadratic (see Quad- 
ratic equations: discriminant) 
Dodgson, C. L., 461 
Dodgson diagram, 461 
Domain, of a function, 25, 26 
Double-angle identities, 195-197 
Double dabble, 426 
Driving point admittance, 323 
Driving point impedance, 319 


Os BUS) 
Effective value (see Amplitude: effective) 
8-4-2-1 code, 444, 445-446 
Electron flow, 112 
Element: 

active, 111-112 

bilateral, 112 

of a determinant, 88 

linear, 112 

of a matrix, 293 

passive, 111-112 

of a set, 25, 26 

unilateral, 112 
Elimination method, 84-86 
Ellipse, 36, 212 


Equations: 
differential, 403-405 
dimensions of, 75-80 
exponential, 259 
linear, 39—53 
logarithmic, 259, 260-261 
quadratic, 54—73 
trigonometric, 200-205 
Error, defined, 49 
Euler’s identity, 286-287 
Euler, Leonard, 285 (footnote) 
Even functions, 286 
Evolution, 256, 258 
Excess-three code, 447-448 
EXCLUSIVE OR function, 512 
Exponential equations, 259 


Exponential functions, graphs of, 262 


Exponents, rules of, 247-248 


Fixed-point arithmetic, 442—443 
Floating-point arithmetic, 442, 443 
Fourier, Jacques, 289 (footnote) 
Four-pole network, 315 (footnote) 
Frequency: 

defined, 161 

dimension of, 78 

of a sinusoid, 165 
Frequency modulation (FM), 207 
Full-adder, 514 
Functions: 

circular, 140-151 

classes of, 36 

defined, 26 

domain of, 25, 26 

exponential, 36 

graph of, 30-35 

inverse trigonometric, 170-172 

linear, 36 

logarithmic, 36 

mapping of, 26 

notation used, 27—28 

quadratic, 36 

range of, 25, 26 

rational, 73-75 

_ table of, 29-30 

transcendental, 36 

trigonometric, 36, 140-141 
Function map, 470 


G 


Gate, defined, 497 

Gauss, 218 

General element, of a matrix, 294 

General linear equation, 39 

General right triangle (see Right triangle: 
general) 

Gray code, 449-451 

Gray, Frank, 449 


H 


Half-adder, 513 

Half-angle identities, 198 

Hybrid parameters (see Parameters: hy- 
brid ) 

Hyperbola, 36 


Identities, trigonometric, 191-199 
Identity, defined, 191 


Image, 25, 26 
Imaginary numbers, 219-221 
Impedance: 
a complex number, 231-233 
defined, 174 


dimension of, 78 

driving point, 319 

transfer, 319 
Impedance parameters (see Parameters: 

impedance) 
Impedance triangle, 174-178 
Implicit differentiation, 385—386 
Increment, defined, 365 
Incremental notation, 366 
Independent variable (see Variable, in- 
dependent) 

Index, of a logarithm, 253 
Inductance, dimension of, 78 
Integral: 

definite, 393, 398-400 

indefinite, 393 
Integrating circuits, 406, 409-413 
Integrating instruments, 413-415 

ball-and-disc integrator, 414-415 

odometer, 413 

planimeter, 415 

strip chart recorder, 414 

watt-hour meter, 414 
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Integration, 362, 393-397 


Interpolation, linear (see Linear interpo- 


lation) 
Intersection, of sets, 458 
Inverse matrix, 302—306 


Inverse trigonometric functions, 170-172 


Inverse variation, 74 
Inverter symbol, logic, 503 
Involution, 256, 257 
Irrational numbers, 219 


J 


j operator, 220-221 
Junction, defined, 121 


K 


Kirchhoft’s laws: 
current, 121 
voltage, 111 


L 


Laplace, 289 (footnote) 
Least significant digit (LSD), 3 
Leibnitz, 415, 456 
Limit, 75, 275, 362-365 
Linear element (see Element: linear) 
Linear equation: 
constants of, 41—43 
defined, 39 
general, 39 
graph of, 39, 40 
root, 44 
slope of, 40 
solution of, 43-45 
two-point form, 41 
Linear interpolation, 48—50 
formula, 49 
Lissajous figures, 210 
Load line, 51-54 
Logarithmic equations, 259, 260-261 
Logarithmic functions, graphs of, 262 
Logarithmic graph paper, 269-274 
loglog, 269 
semilog, 269 
types, 271 
Logarithmic tables, use of, 253-255 
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Logarithms: 
arithmetical operations, 256-258 
common (Briggs), 253-256 
defined, 250 
division, use in, 256, 257 
evolution, use in, 256, 258 
finding roots, use in, 256, 258 
involution, use in, 256, 257 
multiplication, use in, 256-257 
Napierian, 275—277 
raising to a power, use in, 256, 257 
rules of, 250—252 

Logic, 456-457 
flow diagrams, 506—510 
levels, 497 
negative systems, 497 
operators, 459-460 
positive systems, 497 
variables, 457 


Mantissa, 442 
of a logarithm, 253 
Mapping, of a function, 26 
Matrices: 
adjoint, 303-305 
defined, 293 
determinant of, 303 
difference of, 296 
diode, 452-453 
equality of, 295 
inversion of, 305-306 
inversion of second-order, 306 
nonsingular, 303, 305 (footnote) 
notation, 293 (footnote) 
postmultiplication, 301 
premultiplication, 301 
product of, 298-301 
singular, 303, 305 (footnote) 
solutions with,. 307-309 
sum of, 295 
transpose, 303 
Maximum, of a parabola, 56, 72-73 


Maximum value, calculation of, 388—390 


Measurement, 2 
Mesh analysis, 111-119 
with complex quantities, 236-240 
Mesh, independent, 130 
Metric prefixes, 12-13 
Minimum, of a parabola, 56, 72-73 


Minimum value, calculation of, 388-390 

Modulation: 
amplitude (see Amplitude modulation) 
frequency (see Frequency modulation) 
phase (see Phase modulation) 

Modulation envelope, 207 

Modulation index, 207 

Modulus, 223 

Most significant digit (MSD), 3 


NAND gate, 503-505 
symbol, 505 
Napier, John, 253 (footnote) 
Napierian logarithms, 275-277 
use of slide rule, 277 
use of tables, 276 
Natural logarithms (see Napierian log- 
arithms) 
Network topology (see Topology, of net- 
works) 
Newton, 415, 416 
Nodal analysis, 120-128 
with complex quantities, 236-240 
Node: 
defined, 121 
independent, 130 
reference, 122 
NoR gate, 505-506 
symbol, 506 
NOT circuit symbols, 503 
NoT function mechanized, 502-503 
Null matrix, 294 
Nullity, of a network, 130 
Number, of a set, 25 
Numbering systems, 419-420 
Numbers: 
approximate, 2—4 
binary, 419, 420 
complex, 61, 221-230, 287-288 
decimal, 419, 420 
imaginary, 219-221 
irrational, 219 
octal, 419, 420 
ordered, 31 
quinary, 419, 420 
rational, 219 
. real, 218-219 
rounding off, 4 
trinary, 419, 420 
Numerical codes, 444—453 


Oo 


Oblique triangle, solution of, 183—190 
Octal-to-binary conversion, 429 
Octal system, 419 
Odd functions, 285 
1, in Boolean algebra, 466—468 
OR gate, 500-502 
symbol, 502 
OR, union of sets, 459 
Ordered numbers (see Numbers: or- 
dered ) 
Ordinate, 31 


P 


Parabola, 36, 56 
Parallel binary addition, 515-516 
Parallelogram law, 138 
Parameters: 

ABCD, 336-339 

admittance, 322-325 

defined, 316 

hybrid, 329-335 

impedance, 317-320 

open-circuit, 319 

short-circuit, 323 
Passive element (see Element: passive) 
Period, of a wave, 161 
Phase, 165-168 

angle, 166 

measurement, 210-214 
Phase modulation, 207 
Phase-shift oscillator, 309-312 
Phasor, 168 

diagram, 168 
Polynomial, 45 (footnote) 
Position, in a number, 420 
Postulates, of Boolean algebra, 462-465 
Power, dimension of, 78 
Power factor, 205—207 
Power series, 285 
Power sources (see Sources, power) 
Powers of ten, 9 

addition, 9 

division, 10 

multiplication, 10 

raised to another power, 10 

subtraction, 9 
Prefixes, metric (see Metric prefixes) 
Pre-image, 26 
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Principal diagonal, of a matrix, 294 
Principal value, 171 
Proportion: 
applications of, 46-47 
defined, 45 
notation, 45 
Pythagorean identities, 192-193 


Q 


Quadratic equations: 
applications, 69-72 
axis of symmetry, 56 
completing the square, 63-65 
constants of, 57-60 
defined, 54 
discriminant, 67 
graph of, 55—57 
graphical solution, 60—61 
maximum, 56, 72-73 
minimum, 56, 72-73 
quadratic formula, 65—68 
roots of, 60—61 
solution by factoring, 62—63 
vertex, 56 


Radian, defined, 137 
Radian frequency, 161 
Radix, 419-420 
Rate of change: 
average, 367-368 
instantaneous, 369-370 
Ratio, of numbers, 45 
Rational functions (see Functions: ra- 
tional) 
Rational numbers, 219 
Reactance: 
capacitive, defined, 175 (footnote) 
dimension of, 78 
inductive, defined, 177 (footnote) 
Real numbers (see Numbers: real) 
Receiving current, 337 
Receiving voltage, 337 
Reciprocal relations, 143 
Reflected binary code (see Gray code) 
Resistance, dimension of, 78 
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Right triangle: 
general, 19 
hypotenuse, 19 
long leg, 19 
short leg, 19 
standard, 173 
Root, of a linear equation, 44 
Root-mean-square, 163 
Roots, of a quadratic equation, 60-61 
imaginary, 61, 67 
real and distinct, 61, 67 
real and equal, 61, 67 


Scalar, defined, 138 
Scale factor, 442 
Secant, 141 
Semilog graph paper, 269 
Sending current, 337 
Sending voltage, 337 
Serial adder, 515 
Serial binary addition, 515 
Series, infinite, 285 
Set, 25, 26, 457-459 
diagram, 458 
element, 25, 26 
intersection, 458 
number, 25 
union, 459 
7-4-2-1 code, 446 
Sexagesimal system, 136 (footnote) 
Shannon, Claude E., 478 
Sideband, lower, 209 
Sideband, upper, 209 
Significant figures, 2-7 
Sine, 141 
function, graph of, 152-153 
law, 184-186 
wave, 152-153 
Sinusoidal curves, 157 
Slide rule, 13 
A scale, 18 
C scale, 14 
D scale, 14 
definitions, 14 
division, 14, 16-17 
finding common logarithms, 255 
finding trigonometric functions, 146— 
147 


Slide rule (cont.) 

multiplication, 14-16 

operations, 13-21 

parts of, 14 

S scale, 19 

solution of right triangles, 19-21 

square roots, 18 

squares, 18 

ST scale, 19 

T scale, 19 
Slide rule accuracy (SRA), 15 
Slope, 40, 367 
Sources, electrical, 106 

current, 107-110 

equivalence of voltage and current, 

109-110 

power, 106 

voltage, 106-107, 109-110 
Standard notation, 8 
Standard right triangle, 173 
Steinmetz, Charles P., 218 
Subroutine, floating-point, 443 
Successive subtractions, 437-442 
Sum (or difference) identities, 193-195 
Susceptance, 179 

dimension of, 78 
Switching circuits, 478-494 

design of, 486-494 

simplification, 483—485 


T 


Tangent, 141 
Tangent function, graph of, 155-156 
Theorems, of Boolean algebra, 462-465 
Time constant: 
RC, 281 
RL, 283 
Time, dimension of, 77 
Topology, of networks, 129-132 
Transcendental functions, 36 
Transfer admittance, 324 
Transfer impedance, 319 
Transform, electrical, 164 
Transforms, network, 345—346 
Transients, electrical, 280-284 
Transmission function, 478-480 
defined, 478 
Tree, of a network, 130 


Trigonometric equations (see Equations: 
trigonometric) 
Trigonometric functions: 
defined, 140-141 
graphs of, 152-157 
signs of, 149, 157 
Trigonometric tables, use of, 145-146 
Trinomial, 63 (footnote) 
Truth function, 481—483 
Truth tables, 468—470 
Two-point form, 41 
Two-port network: 
attenuation of, 356-359 
cascade connected, 353-355 
defined, 315 
parallel connected, 352-353 
phase shift in, 356-359 
series connected, 351-352 
Two-terminal pair, 315 (footnote) 


U 
Unilateral element (see Element: uni- 
lateral) 
Union, of sets, 459 
Unit: 
defined, 76 
electrical quantities, 77-78 
measure, 2—3 
Unit circle, 152 
Unit matrix, 294 
Universal decision functions, 517-523 
Universe of discourse, 457 


V 


Variable, 26 
dependent, 26 
independent, 26 
logic, 457 
notation used, 26 
Vectors, 138-139 
components of, 139 
defined, 138 
resultant, 138 
Veitch diagram, 470, 471-477 
Vertex, of a parabola, 56 
Voltage, dimension of, 77 
Voltage source (see Sources, voltage) 


INDEX / 607 


Ww Y 


Wessel, 218 


y-axis (see Ordinate) 
Wye-delta transform, 244 


Zz 
X 


0, in Boolean algebra, 466-468 


x-axis, (see Abscissa) Zero, significant, 3 
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° Integrated, logical treatment in- 
cludes subjects ranging from basic 
operations through elementary cal- 
culus and logic 
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